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clusters vs periodic models: 

taking into account topology

D. Lesthaeghe et al., Ind. Eng. Chem. Res. 46, 8832 (2007)

small cluster extended cluster periodic model

older publications:

neglect of topology

limited account of structure +

fix outer hydrogens

computationally attractive computationally expensive

porous structure fully taken into 

account
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BASIS SET : GENERAL IDEA

DFT constructs the density from single-particle orbitals. We need a way to express 

these orbitals. In many practical methods, this is done by expressing them in a basis

The space of single-particle functions m has infinite dimension, there are therefore an 

infinite number of basis functions i needed. In practice, this infinite sum will be truncated

once good accuracy is achieved.
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in practice:

how to solve this equation for a given functional?

projection on a complete basis set          :

i.e. solving a matrix-form generalized eigenvalue equation 

for the expansion coefficients and energy eigenvalues

BASIS SET : GENERAL IDEA
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in practice:

how to solve this equation for a given functional?

projection on a complete basis set          :

i.e. solving a matrix-form generalized eigenvalue equation

BASIS SET : GENERAL IDEA

i.e. solving a matrix-form generalized eigenvalue equation recursively



PLANE WAVE BASIS SETS (PW)

All reciprocal-space vectors that lead to a plane wave

that is commensurate with the Bravais lattice in real space (= if the plane wave has a particular value 

in the point       , then it has the same value  in all points                                                ), form together

the reciprocal lattice of that Bravais lattice.

reciprocal lattice

; ;
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Bloch's theorem

eigenfunctions of infinitely periodic Hamiltonians can be 

labelled by a continuous quantum number k in the first 

Brillouin zone, each of which takes the form

where                follows the periodicity of the lattice,

so

PLANE WAVE BASIS SETS (PW)

Bloch’s theorem
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Bloch's theorem

eigenfunctions of infinitely periodic Hamiltonians can be 

labelled by a continuous quantum number k in the first 

Brillouin zone, each of which takes the form

where                follows the periodicity of the lattice,

so

an expansion of the Kohn-Sham eigenfunctions into a 

plane-wave basis naturally arises!

PLANE WAVE BASIS SETS (PW)

Bloch’s theorem
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it is impossible to use an infinite-size basis set

limit the calculation to a finite number of plane waves,

using a maximum wave number as truncation criterion

alternative views:

- only plane waves with an energy below

- maximum spatial resolution of

PLANE WAVE BASIS SETS (PW)

truncating the basis set



Schematic representation of the plane waves that are taken into the basis set : 

The basis set size depends only on the volume of the box and the cut-off

PLANE WAVE BASIS SETS (PW)

truncating the basis set

For a given Emax, you need more plane waves 

to describe a larger cell (smaller reciprocal 

lattice vector)

The larger you take Emax, the larger your basis,

the more accurate your calculation, and the more

expensive your calculation.
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it is impossible to determine solutions for an infinite number of 

quantum numbers k within the first Brillouin zone

observable quantities arise as integrations over k

sample the continuous quantum number k at discrete points

most common sampling method: 

Monkhorst-Pack meshes = uniformly spaced grid around the Γ point

H.J. Monkhorst and J.D. Pack, Phys. Rev. B 13, 5188 (1976)

PLANE WAVE BASIS SETS (PW)

Brillouin zone sampling



-sampling may be accurate enough if large simulation cells are used. 

Illustration with two-dimensional example

Simulation cells in real space 

PLANE WAVE BASIS SETS (PW)

Brillouin zone sampling



Brillouin zones for both calculations

Same plane waves are used in both calculations but in Calculation II, 

the atoms have more freedom within the larger

real-space cell.

PLANE WAVE BASIS SETS (PW)

Brillouin zone sampling
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What makes a plane wave basis set to be large?

The steeper the feature you want to

describe, the more basis functions

(plane waves) are needed (Gibbs 

phenomenon).

PLANE WAVE BASIS SETS (PW)

Basis set size



What makes a plane wave basis set to be large?

The steeper the feature you want to

describe, the more basis functions

(plane waves) are needed (Gibbs

phenomenon).

Back-of-the-envelop estimate for

Ca-3s: 108 plane waves.

Diagonalize 108x108 matrices...?

The steepest features appear near

to the nuclei:

→ use basis functions that have such

steep features built in

PLANE WAVE BASIS SETS (PW)

Basis set size



Core electrons

• Deeply bound

• Localized around core region

• Are subject to the attractive Coulomb potential 
with respect to the positive nucleus and 
interaction mainly with other core electrons

• Orbitals do not change substantially when 
placed in various molecular environments

Valence electrons

• Single particle energies are situated near the 
Fermi-level 

• Charge density is concentrated in region 
further from the nucleus

• The valence electrons feel a screened 
Coulomb potential due to the other core 
electrons

• Valence wavefunctions are subject to strong 
oscillations in core region, as they are 
orthonormal to the core wavefunctions

• These valence wavefunctions undergo drastic 
changes depending on the molecular 
environment in which they are placed

PLANE WAVE BASIS SETS (PW)

Frozen core approximation

Not all electrons are the same ... :



PLANE WAVE BASIS SETS (PW)

Frozen core approximation



‘near’ a nucleus:

• electrons behave almost

as in a free atom (steep changes,

many plane waves would be 

needed)

• most efficient to use

atom-like basis functions

here

far away from the nucleus:

• electron density is much smoother

(‘almost constant’ = free electron)

• much fewer plane waves needed
→ Partition space into a region of atom-like

behaviour and a region of free-electron-like

behaviour.

Identifies which

sphere/atom

VOLUME PARTITIONING
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THE PAW METHOD

all-electron (Kohn-Sham)

wave function

defined everywhere

steep inside spheres

smooth outside spheres

(no suitable basis,

that’s the problem…)

pseudo

wave function

defined everywhere

smooth everwhere

expressed in plane

wave basis

all-electron 1-center

wave function

defined inside spheres

steep inside spheres

expressed in partial

wave basis

pseudo 1-center

wave function

defined inside spheres

smooth inside spheres

expressed in pseudo 

partial wave basis
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What does it want to achieve ?

→ rewrite a single-particle Kohn-Sham orbital as a sum of three contributions,

each of which can conveniently be expressed in a basis.



(slide by P. Blöchl)
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p- orbital of a Cl2 molecule

THE PAW METHOD
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

By making a choice for each of the three numbered objects, 

the rewriting we are aiming for can be unambiguously defined.

a = sum over atoms in the unit cell (or ‘augmentation spheres’)

i = sum over basis functions
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

pseudo wave function

• outside the spheres:

• identical to the all-electron wave function (which we don’t know yet)

• surely smooth, as the all-electron wave function is smooth there

• inside the spheres:

• different from the all-electron wave function

• smooth

→ How the pseudo wave function will look like, 

will be fully determined by the three choices we’ll make.
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

difference between all-electron and pseudo wave functions

alternative way to express this difference: 

34



make a choice for the all-electron partial waves

• outside the spheres: 

• it will not matter how they look like, 

continue the behaviour they had inside the spheres

• inside the spheres:

• anything that can serve as efficient basis functions for

the steep part of the all-electron wave function

• often taken as solutions of the free-atom Schrödinger equation

THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

You can use the (as yet unspecified) transformation operators to produce 

smooth pseudo-versions of the all-electron partial waves: 

Alternatively, by making a choice for these pseudo partial waves,

the transformation operators are defined:

Therefore…
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

make a choice for the pseudo partial waves

• outside the spheres: 

• choose them to be identical to the all-electron partial waves

• inside the spheres:

• choose them such that they can serve as a basis

for the pseudo wave function inside the sphere:
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

(omitting the proof/derivation here) the expansion coefficients are determined

by  applying appropriate projectors to the pseudo wave function. There is

quite some freedom to choose these element-specific projectors. 

The choice made determines how smooth the pseudo wave function will be.
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

By defining

the all-electron 1-center functions

(steep, inside sphere, expressed

in a partial wave basis)

and

the pseudo 1-center functions

(smooth, inside sphere, expressed

in a pseudo partial wave basis)

we find that the Ansatz leads to the desired expression:
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THE PAW METHOD

How does it achieve this ?

→ PAW Ansatz :

40



you know the transformation operator and can replace        in the Kohn-Sham equations by             .

This leads to a transformed KS-equation, with        as the unknown. Solve it for        , after

which you can finally fill out all items in the right-hand side of the above expression. 

THE PAW METHOD

Practical procedure :

After having made the required choices :

41



THE PAW METHOD

Important issue :

The choice of the element-dependent projector functions (the “P” in PAW) determines how

smooth the pseudo wave function will be, and hence how small the plane wave basis (and the

speed of the calculation) will be.

Generating suitable projectors is partly a kind of art, comparable to the art of generating

good pseudopotentials.

Well-tested tabulations of projector functions are either a proprietary part of code (e.g. for VASP),

or are freely available for use across codes (e.g. http://users.wfu.edu/natalie/papers/pwpaw/newperiodictable/ ).

An extensive discussion on PAW generation can be found at http://arxiv.org/pdf/1309.7274.pdf .

42

http://users.wfu.edu/natalie/papers/pwpaw/newperiodictable/
http://arxiv.org/pdf/1309.7274.pdf
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what about VASP?

- originally developed at the University of Vienna 

by Georg Kresse and Jürgen Furthmüller

- originally a plane-wave pseudopotential code

targeting MD applications

- now one of the major PAW codes for solid-state

research

- proprietary software: source files and PAW

potentials may not be distributed; only licensed

users

this tutorial: VASP 5.2.2 on CMM's moldyn machines

your thesis: VASP 5.4.4 on UGent HPC

!! be careful: PAW potentials have changed format as from VASP 5.2.12
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4 compulsory input files:

POSCAR: geometry of the unit cell

position of the atoms

KPOINTS: Brillouin zone sampling

INCAR: all other kinds of settings (cut-off energy, number of steps, …)

POTCAR: PAW potential (proprietary!)

strictly considered functional-dependent, but mostly PBE used

CAUTION! input files always have the same name, so perform different 

calculations in different directories
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POSCAR:
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POSCAR:

title (free format)
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POSCAR:

title (free format)

scaling factor (positive) or volume (negative)
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POSCAR:

title (free format)

scaling factor (positive) or volume (negative)

unit cell vectors (read horizontally)
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POSCAR:

title (free format)

scaling factor (positive) or volume (negative)

unit cell vectors (read horizontally)

atom types and number of atoms for each (separated by spaces)
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POSCAR:

title (free format)

scaling factor (positive) or volume (negative)

unit cell vectors (read horizontally)

atom types and number of atoms for each (separated by spaces)

atomic coordinates with respect to the unit cell vectors (Direct)

or with respect to Cartesian coordinates (Cartesian)

→ same order as atom types!
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POSCAR:

volume of 40 Å3

i.e. conventional unit cell parameter of 401/3 Å = 3.420 Å

i.e. primitive unit cell parameter of 401/3 * √2 / 2 Å = 2.418 Å

2 germanium atoms per (primitive) unit cell
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POTCAR:
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POTCAR:

generated using the PBE functional
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POTCAR:

14 valence electrons outside of 

frozen core (3d10 4s2 4p2)
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POTCAR:

14 valence electrons outside of 

frozen core (3d10 4s2 4p2)
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POTCAR:

14 valence electrons outside of 

frozen core (3d10 4s2 4p2)

check the VASP manual!
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POTCAR:

date of potential generation 

(use the most recent one!)
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POTCAR:

guideline for cut-off energy

(+30% is typically needed for high precision)
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POTCAR:

multi-atom POTCAR? cat POTCAR1 POTCAR2 … > POTCAR

in the same order as in the POSCAR!

CAUTION!   the POTCAR overwrites atom type information in the POSCAR
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KPOINTS:



62

KPOINTS:

title (free format)
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KPOINTS:

title (free format)

number of k-points (manual mode) or 0 (automatic k-point mesh)
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KPOINTS:

title (free format)

number of k-points (manual mode) or 0 (automatic k-point mesh)
k-mesh type: Γ- (Gamma) or non- Γ-centred (Monkhorst-Pack)
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KPOINTS:

title (free format)

number of k-points (manual mode) or 0 (automatic k-point mesh)
k-mesh type: Γ- (Gamma) or non- Γ-centred (Monkhorst-Pack)

number of k-points in each reciprocal lattice direction

note: in practice, fewer k-points calculated due to symmetric equivalency

(so-called irreducible Brillouin zone, see output file IBZKPT)
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INCAR:
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INCAR:

solving the Kohn-Sham equation is often easier in reciprocal space

Fast Fourier Transform from real-space grid to reciprocal space
(dense grid is better, see e.g. Nyquist theorem → use Accurate in your thesis)



INCAR:

smearing is a technique to spread

electrons over unoccupied levels 

to improve convergence

ISMEAR 0 (Gaussian) 

when band gap

ISMEAR 1 (Methfessel-Paxton) 

for metals

ISMEAR -5 (tetrahedron method)

accurate but not suitable for relaxation of metals (wrong forces)
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INCAR:

in this tutorial, all calculations are on 1 CPU

for your thesis, use more CPUs on the HPC with appropriate parallelization!

NCORE = # cores / node  (semilocal functionals)  or  1  (hybrid functionals, GW, …)

KPAR = # nodes  (semilocal functionals)  or as high as possible (hybrid xc, GW, …)

CAUTION! higher parallelization leads to higher RAM memory
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INCAR:

many more keywords possible: have a look at the VASP manual!
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many output files:

OUTCAR: all information on the electronic

and ionic convergence cycles

vasprun.xml: similar to OUTCAR, but in xml format

OSZICAR: summary of the electronic and ionic convergence

CONTCAR: geometry after relaxation

IBZKPT: k-points in the irreducible Brillouin zone

EIGENVAL: electronic energy levels and occupation for each k-point

WAVECAR: wavefunction expansion coefficients → for restart purposes

CHG(CAR): charge density → for analysis and restart purposes

… dedicated output files for different types of calculations



Pulay effect
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Birch-Murnaghan equation of state


