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In this paper, the single-particle Green’s function approach is applied to the atomic many-body
problem. We present the self-consistent solution of the Dyson equation up to second order in the
self-energy for nonrelativistic spin-compensated atoms. This Dyson second-order scheme requires
the solution of the Hartree—Fock integro-differential equations as a preliminary step, which is
performed in coordinate spacee., without an expansion in a basis)sé&to cope with the huge
amount of poles generated in the iterative approach to tackle Dyson’s equation in second order, the
BAGEL (BAsis GEnerated by Lanczpalgorithm is employed. The self-consistent scheme is tested

on the atomic systems He, Be, Ne, Mg, and Ar with spin-saturated ground SgatBredictions of

the total binding energy, ionization energy, and single-particle levels are compared with those of
other computational schemdslensity functional theory, Hartree—FodidF), post-HF, and
configuration interactiopand with experiment. The correlations included in the Dyson second-order
algorithm produce a shift of the Hartree—Fock single-particle energies that allow for a close
agreement with experiment. @001 American Institute of Physic§DOI: 10.1063/1.1376126

I. INTRODUCTION interaction. It contains all effects of the residual two-electron
interaction and is constructed witat least in principlg ex-
Over the years, the Hartree—Fo¢kF) and density func-  act electron propagators.
tional computational schemes have become quite popular in  Obviously, an exact solution scheme is excluded, since it
the study of atomic and molecular systems. However, thevould require the solution of a fully interacting many-
effects of electron correlation are still an intriguing issue inparticle problem. However, the scheme offers a lot of oppor-
scientific research and subject of several studies based annities to insert higher order diagrams and infinite classes of
various computational tools. This trend is stimulated bydiagrams, which may not be involved in standard perturba-
modern computer technology that makes feasible the studyon techniques.
of electron correlations via advancédst-principle calcula- The first-order approximation to Dyson’s equation leads
tions. One of these first-principle methods is the Green’so the Hartree—Fock scheme. The corresponding Green'’s
function formalism. Reviews on how this theory is applied infunction, obtained by solving the Hartree—Fock equations,
quantum chemistry are given by several authiers., Refs. can be used to calculate the Hartree—Fock values of all ob-
1-6). This theory describes a many-body system by meanservables of the system. This first-order approach constructs
of a single-particle propagator which carries all correlationshe mean field in which the electrons move but ignores elec-
resulting from the interaction with the other electrons in thetron correlation effects. To incorporate these effects in the
atom or the molecule. The inclusion of medium effects in thesingle-particle propagator, insertion of higher order diagrams
construction of this so-called “dressed” electron propagator(at least of second ordein the self-energy is prerequisite.
makes it an interesting and instructive tool to calculate ina  Many attempts have been made to solve Dyson’s equa-
most thorough way all ground-state properties of the electrofion up to higher order than Hartree—Fot#? but the calcu-
system, such as total binding energies, ionization energiesations were not performed in a self-consistent way. An ob-
energy levels, occupation numbers, electron charge densitiegipus way of obtaining an approximation for the self-energy
etc. The insertion of all electron correlations in the electronis to employ a finite expansion for the self-energy. One ex-
propagator is ensured by the introduction of an energyample of this method is the well-known outer-valence
dependent potential: the so-called self-energy. It is related tGreen’s function methotOVGF),*€based on the third-order
the Green’s function by Dyson’s equation, which representgxpansion for the self-energy, and higher-order contributions
an integral equation and which in principle should be solvedare included by a renormalization procedure. Similar meth-
self-consistently. The self-energy, which is in general com-ods within this framework of third-order schemes have been
plex and nonlocal, can be evaluated order by order in thevorked out!®17:2°-2%and, in particular, we mention the work
of Schirmeret al” who succeed in an algebraic diagram-

3Author to whom correspondence should be addressed; electronic maiMatic constructionADC) of pe_:rturbation EXpanSi_OnS- This
karel.peirs@rug.ac.be and dimitri@inwfaxp2.rug.ac.be ADC scheme has been applied for the evaluation of one-
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electron properties such like affinities, ionization energiesplicate substantially the proposed algorithm and are at the
etc., with great succe$3?* and references quoted therein. present stage out of the scope of this work. An extensive
Holleboomet al?>2¢ evaluated the one-body Green’s func- comparative study is presented with similar calculations at a
tion using a second-order approximation to the self-energpigh perturbative level and with other computational
that is constructed by means of the Hartree—Fock Green'schemegHartree—Fock and density functional theory meth-
function, i.e., the self-energy is not determined self-ods. Sufficient experimental data are available for all atoms
consistently. More recently, Warstat al?” applied an all-  under study to present a valuable discussion of the various
order evaluation scheme for the self-energy based on theomputational results. In particular, special attention will be
systematic use of Dyson’s integral equation. Their approachaid to the theoretical prediction of the total binding energy,
is complete up to third order in perturbation theory and larggonization energies, and other single-particle energies of the
classes of higher-order effects are included in the propagat@lectron orbitals as well as their occupation numbers.

when solving Dyson’s equation. However, since this scheme This paper is organized as follows. In Sec. Il the applied
is not implemented self-consistently, it can not allow for theformalism and numerical scheme are outlined. Sections Il A
inclusion of infinite series of classes of diagrams. and 1IB are devoted to the basics of the theory and focus

All these schemes suffer from problems about the conespecially on the proper self-energy operator. The computa-
servation of number of particles due to the lack of self-tional approach to solve the set of coupled integro-
consistency. Scaling methdd$€*?®?°have been suggested, differential equations is discussed in Secs. IIC, 1D, and
but the physical justification of this correction is doubtful. In Il E. In Sec. Ill, we present our results and give special at-
addition, all calculations in the above mentioned studiedention to a comparative analysis between the various
make use of finite basis sets. However, the loss of completeschemes and experiment. Finally, a summary and some con-
ness due to the finite dimension of the basis, weakens thelusions are formulated in Sec. IV.
accuracy of the model for studying electron correlations on a
highly qualitative level.

In this paper a self-consistent approach in solving the“' FORMALISM
second-order Dyson equation is presented. The selfA. The one-body Green’s function
consistency ensures basic conservation léag., number of
particles, but increases the computational cost considerablyGre
In addition, the whole procedure is elaborated in an almosé
exact scheme: the first-order Dyson equaﬁogrrespom_jmg propagator or one-body Green'’s function, that is defined in
to the I_—lartrec_e—Fock levelis solvet_:i exactly in coordmate_ configuration and energy spacéas
space, i.e., without the use of basis set functions. It implies
that the Hartree—Fock eigenvalue equation, which represents .

a set of coupled integro-differential equations in coordinate Gaﬁ(E):<0(A)|Ca ~ — Cp
space, is solved for each bound orbital in an iterative way on E-H+Eopti7

a spatial grid. To treat the continuum states in a feasible way,

a discretization scheme is proposed that necessarily leads to +CL ~

the introduction of a basis set. However, this basis set is E+H—-Eqpn—in
constructed such that the solution for the bound orbitals af, this expression, the labels, 3, . . . denote the quantum

obtaine_d in. coordinate space is rep_roduced. Using this basi|§, mbers of the s.p. states in a complete orthonormal basis
set(which is complete for all practical purpoge®yson’s set,c,(cp) is an annihilatior{creation operator of a particle
equation is solved up to second order in a self-consisteny, giate, (), and 7 is an infinitesimal convergence param-
way. One of the main problems of solving Dyson's equationger Equatior(1) describes the propagation of a particle or a
self-consistently is the huge increase of the number of pole ole in theA-electron system with Hamiltonia. The exact

of the Green’s function after some iterations. Several sugges- )

tions have been made in the literature to cope with thisgr%unhCI state of th?—electron s;gstem 's denoted BY(A))
phenomenor®~3¢ We apply the BAGEL(BAsis GEnerated and the correspon NG ENErgy By () - .
by the Lanczos algorithm, see Refs. 30—33) agproach, The second quantization form of the total Hamiltonkkn
in which the single-particle Green’s function is representecfeads
in terms of a few characteristic poles, chosen in such a . . . +
way as to reproduce the lowest order moments of the exact H= HO"'V:aEB (a|Ho|B)c,Cp
distribution. ’

We apply this self-consistent scheme to atomic systems. 1
We selected a number of small atoms with closed slfietls + ZQ,BZW; (apVlyd)acicicsc,, ()
coupled to zero angular momentushowing fully spherical R
symmetry and allowing for a nonrelativistic approach: He,whereH, contains the kinetic energy and electron-nucleus
Be, Ne, Mg, and Ar. We stress that we did not take intoattraction, and(ap|V|yé8),s denotes an antisymmetrized
account screening effects higher than second order generatethtrix element of the Coulomb interactidh
by ring or ladder diagrams in the self-energy. These effects From Eq.(1), the so-called Lehmann representatidior
can be incorporated in the self-consistent scheme but conthe Green'’s function is derived:

The calculations in this paper are performed using
en’s function theory. In this formalism, all observables
re derived from a central function, the single-particde)

CalO(A)). (€

Downloaded 17 Mar 2010 to 157.193.118.107. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 115, No. 1, 1 July 2001 Solution of Dyson’s equation 17

<0(A>|ca|N(A+1>><N<A+1>|cL|O<A>>+ (O(A)|cEIN(A=1))(N(A—1)|c,|0(A))

Gp(E)= - -
A N(AT1) E—Enary)TEonytin N(A= 1) E+Enea-1)"Eopy—i7

()

The location of the poles of the Green’s function is deter-approximation for the Green’s function, the self-energy is
mined by the eigenenergidsSya+1) oOf the (orthonormal  evaluated with the s.p. propagator of the previous iteration
eigenstate$N(A=1)) in the (A=1)-electron system, rela- step and is used to determine the Green's function of the
tive to the ground-state energy of tiheelectron atom, i.e., present iteration. This scheme is repeated until convergence
by (cf. Ref. 38 the electron affinityd=Eqa) —Enat+1) @nd  is reached, at which point a self-consistent solution is found.
the ionization potential=Ey 1)~ Eo(a) - The residues at The first-order self-consistent approximation to Dyson’s
the poles are related to the corresponding Feynman—Dysaquation leads to the Hartree—FoghF) equations. This is
amplituded (N(A—1)|c,|0(A)) and (0(A)|c,/N(A+1)).  graphically represented by replacing the self-energy in Fig. 1
The square of these amplitudes leads to an important expetvith its first-order approximatio® (") depicted in Fig. 2a).

mental observable namely the spectroscopic factor: The resulting self-energy is equal to the HF mean field, and
is real and energy independent. Note that the wavy line in-
Sua-1)=2 [(0(A)|clIN(A-1))[2, cludes a full antisymmetrization of the interaction.

The aim of the present study is to solve Dyson'’s equa-
(4)  tion self-consistently up to second order. This implies that
Suarn)=2 [(0(A)]c IN(A+1))[2. the second-order contributich(®, represented in Fig.(B),
@ is added to the first-order self-enerfy"). In this case, Eq.

A perturbation expansion in the Coulomb interactiérean ~ (5) can be written agcf. Fig. 3

be performed for the s.p. propagator. An appropriate re- [G(E)]=[G"F(E)]+[G"FE)I[S@(E)][G(E)], (&)

grouping of the series leads to Dyson’s equation for the one- i 1) _

body Green’s function, which is expressed in matrix form agvhere the first-order seIf—ener@l , evaluated withG(E),
has been absorbed in the HF-like propag&@6f, as shown

[GE)]=[GVE)N+[GOBIZEIGE)]. (B  in Fig. Ab).

In this equation, diagrammatically depicted in Fig. 1, The_ anal_ytical exprgssion for the second-order self-
GO(E) represents the Green’s function of the noninteractenergy is derived according to the Feynman rules and reads

ing system with Hamiltoniand,, and G(E) the fully- @) 1 1
dressed Green’s function of the interacting system WithEaB(E):W > 5(“76|V|7173>as<7274|V|,37’5>as
Hamiltonian H. The (one-fermion ling irreducible self- 71:72:73

energy, represented y(E), can be expressed as a power Taveve

series in the interaction. Apart from the Coulomb interaction
V, each term which contributes to the series also involves a
number of noninteracting propagata®&®(E). Truncation

of the expansion at some orderVhdetermines the order up
to which Dyson’s equation is solved.

B. Self-consistent solutions of Dyson’s equation A !
In the self-consistent Green’s function formali§fthe N\A/@ = Z( )
internal propagator€&(®)(E) that build the self-energy inser- A

tions should be replaced by the exact Green’s function

G(E). Hence a solution of Dyson’s equatidhb) is called (a)
self-consistent if the self-energy in E() is evaluated with

the propagatoiG(E) that coincides with the solution one

xdelf dE, G, , (E-E;+Ey)

XG5, (E1) Gy Eo). @

tries to calculate. A
This amounts to @nonlineaj self-consistency problem,
which calls for an iterative approach: starting from an initial _ 2(2)
= + *
(b)

FIG. 2. Diagrammatical representation of the first-order self-en@gsnd
second-order self-enerdy). Note that the antisymmetrization of the two-
FIG. 1. Diagrammatical representation of the general Dyson equation. body interaction is systematically included in the wavy line.
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FIG. 5. Some self-energy diagrams after one iteration in the second-order
Dyson equation.
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C. Numerical scheme for the second-order Dyson
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FIG. 3. Diagrammatical representation of the second-order Dyson equation. ~ Since we will only consider closed-shell atoms, we as-
sume spin saturation and spherical symmetry. In this case,
the general s.p. indices, 8,...,used in the preceding sec-
tions, can be restricted to the radial quantum number and

The factor; in Eq. (7) arises because of the occurrence of aorbital angular momentumngl,),(nelp), . .., in short de-

pair of equivalent fermion lines in the diagram for the self-noted bya,b,.... These indices are sufficient to specify a

energy in Fig. 4. It perfectly compensates for the fact thabound orbital in a nonrelativistic spherically symmetric and

some higher order diagrams are counted twice after iteratiorspin-saturated atom.

It is noticed that the second-order contribution to the self- It is the intention of this study to perform the calcula-

energy exhibits an energy dependence. The self-engf§ly tions as much as possible in coordinate space in order to

consists of terms that are at first sight of second order in theeduce any inaccuracy due to incompleteness of the basis
interaction. However, since the self-energy is to be condescribing the atomic orbitals. The Dyson equation in first

structed self-consistently, the s.p. propagators needed for tterder, which coincides with the HF scheme, is solved exactly
evaluation ongZB)(E) are those corresponding to the fully on a radial grid in coordinate space. In second order the
dressed Green’s functions. Because their construction reself-energy diagrams contain intermediary particle and hole
quires second-order diagrams as well, we easily see that thpropagators. This implies that an electron may scatter not
complexity of the diagrams involved in the fully dressedonly to bound virtual orbitals, but also in the continuum. An

second-order self-energy explodes after each iteration. Texact treatment of the continuum states in coordinate space is
gain insight in this increasing complexity, we give some ex-prohibitive. Therefore, we introduce some discretization

amples of self-energy diagrams after one iteration in Fig. 5scheme of the continuum part of the HF spectrum: we add to

We stress that the interaction represented by a wavy line ithe HF mean field a confining potentibl(r) of parabolic

each diagram stands for the unscreened Coulomb interacti®hape, starting at some distarRe

anq that we do not insert polarlgatlon d_lagra%.wmch Qe— U(r)=Co(r —R)(r —R)2. ®)

scribe the screened Coulomb interaction. This implies that

ring diagrams of the class as shown in Fig. 6 are not involvedNext we construct the eigenfunctions of this modified s.p.

in our self-consistent scheme. These screening diagrams aramiltonian, which constitute a discretand completgor-

expected to incorporate long range correlations into the cathonormal basis set. Finally, we truncate this set and solve
culations and will be studied in a subsequent paper. We alsthe original HF problem{without the confining potentialin
neglect relativistic corrections as they are beyond the scopiie so-obtained finite basis set. The resulting finite and dis-
and aim of the present study. Nevertheless, for heavy atonete set of HF eigenfunctions is kept fixed and used
like Kr and Xe both screening and relativistic correctionsthroughout the subsequent calculations.

become more and more importdfit! In those cases we are The choice of the parameters of the confining potential

to be mindful when drawing conclusions. and the truncation of the discrete basis will be discussed in
Sec. Il E, but the distand® and the number of retained basis
states is chosen large enough to ensure that for all occupied

E
o A
Yl I /\ Y3
E;
i V4
BA
E
FIG. 4. Second-order self-energy. FIG. 6. A second-order ring diagram.
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states the HF results in the finite basis practically coincideesult the summation in E410) is automatically restricted to

with the exact HF values in coordinate space. intermediate states of 2-particle 1-hole and 2-hole 1-particle
We have assumed the s.p. propagator and self-energy tmture, as in standard perturbation theory.

be diagonal in this basis, i.e. mixing between shells is not In general, the second-order self-energy in rltie itera-

included. Indeed, in the case of the atoms studied here, theon, 32" (E), is evaluated, through E¢10), with thenth

energy separation between orbitals that might generate iteration Green’s functiorGL”](E). The Green’s function

nondiagonal contribution to the Green’s function is IargeGg””](E) of the next iteration is then given by

enough to expect only a minor effect on the results. For two

caseqHe and Bé we have checked that the effect of includ- G+ 1](E):

ing off-diagonal self-energy contributions is quite small, at a E

least for the first iteration in the self-consistency scheme. The . Nl

assumption that the self-energy matrix is diagonal in the HF In [?]rgﬁr to l?rr,Tl%Gg into the-form of Eq.(9), th_e

basis is in principle not necessary; without this assumption‘?o'eseayj of Ga must be found; they are the solutions

however, the numerical effort increases substantially duriné’

the iteration process to convergence. eln+il= ng[n]Jrng)[”](fgjfll), (15)

aj
Within this diagonal and discrete representation, the . . 1] W ,

Green'’s function in Eq(3) can be written as a sum of simple and the corresponding reS|duS§"j (the_ spectroscoplc
strength” of the pole of the Green’s functipare given by

. n=1,2,... (14
_ EZF[n] _2(a2)[n](E)

poles,
1
S S i+l . (16)
Ga(E)=2 L L ©) 2 d
: T E—enytin T E-e~in 1—Ezg>w(5)

E=¢ln+1l
where the summation indexj is restricted to the N o o _
(A=1)-electron states that can be reached from the closedthe position of the polel"!I relative to the Fermi energy

shell atom by adding or removing an electron in orbaal determines whether it should be classified as a forward or a

The first term in Eq(9) corresponds to the so-called forward backward contribution to E¢9), i.e., €)', /> e indicates

propagating part and describes excitations in thean (A+1) excitation andsgfj+l]< e an (A—1) excitation.

(A+1)-electron system, whereas the second térackward Note that the mean field ), depicted in Fig. &), de-

propagating pajt describes excitations in  the pends on the final Green’s function. Hence after each itera-

(A—1)-electron system. tion the s.p. energies™" in Eq. (14) are updated to reflect
The second-order self-energy of Ef) becomes the changes in the occupations of all s.p. orbitals,

f f b
s Se,iSa,kSp,1 el = (a|Hola)+ > ((ac)LSV|(ac)LS),s>, SV
K E—(ejtegu—ep)tin ks !

F
(2) E)= ab,cd
Ea (E) b%d 4(2|a+1)

b b of a7
Sc,iSdkSp.l ] (10) The above algorithm must be applied until convergence

+
2 is reached.

b b i :
Kl E_(Ec,j+6d,k_ €p))—i7

where

D. The BAGEL approach for solving Dyson’s

Fapea= 2 (2L+1(2S+D[(@bLSVI(dLS)ad?® o oioy

(12) Solving Dyson’s equation self-consistently within a fi-
Because of the diagonal representation, Dyson’s equéiion nite discrete basis set leads to a dimensionality problem.
can be rewritten as Suppose the Green’s functidiEq. (9)] of iteration n in-
volvesD poles, then it is easily seen that the corresponding
G.(E)= _ (12) second-order self-enerd¥q. (10)] has of the order oD?3
a E- e:F—Eam(E) poles, and so will the Green’s function in the next iteration
n+ 1. Obviously, the number of poles becomes intractable
quickly and numerical techniques are required to reduce this
number in an acceptable way. Several methods have been
proposed in the literatufé3® and since the current study

For the self-consistent solution of Dyson’s equation we
use the following iteration scheme. In the first iteration, the
Green’s function of Eq(9) is initialized with the HF ap-

proximation, adopts the BAGEL approximation, a brief summary of this
] 0(eF—er)  O(er—€F method is presented here. More details can be found in Refs.
E)= — + —. 1 - .
G, '(E) E- iy E—e¥—iy (13  30-33, 36

The second-order self-energy in E4O) can be written
By means of Eq(10), the second-order self-energy in the in @ more compact form as

first iteration, 3! can be found. Note that in the first of . ob )
iteration theS' (S ) Coeff|C|_ent_s are nonzero only for orbitals 3@(E)= D fJ S bJ _ (19)
that are unoccupietbccupied in the HF ground state. As a F1E-wytin =1 E-wy—ip

Downloaded 17 Mar 2010 to 157.193.118.107. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



20 J. Chem. Phys., Vol. 115, No. 1, 1 July 2001 Van Neck, Peirs, and Waroquier

and contains a large numbBr + DP of simple poles. In the The final number of orbitals for each angular momentum is

BAGEL(M,M) method these large sums are replaced withfixed such that this first iteration result attains convergence.

sums of much smaller dimensidw, (2) The wall must not affect the HF results nor the out-
M M put of the first iteration of the second-order approach and is

S@E)= to increase the speed of convergence.

2B 121 E-@j+in +j§1 E-o)—i7n (19 In this way, we found that a basis set of 64 to 100 orbit-

The new pole energieﬁjf, 5)1!3, and residue{z}jf, &P, are  alsis sufficient to yield satisfactory results for the systems in

determined by the requirement that the lowest energythe current study.

weighted moments of the distribution of self-energy strength ~ An important degree of freedom in the BAGEL ap-

~ f ~b
g g

are reproduced. This means that for0,1,...,2M —1, proach is the number of poled needed to describe the
y of self-energy3 ?)(E). A suitable choice oM is such that it
frm— S ~f~fip_ f, fip yields a satisfactory reproduction of the strength distribution.
mi(p)=> Fl(@HP= , 20 ; ; e
a(P) j§=:1 7i(@)) Z 3wy 20 Starting from the HF estimate as an initial guess for the s.p.
M Db Green'’s function for each s.p. statgthe number of poles of
b : i irst iteratian @2 (E) is withi ;
mg(p): E a_jb(w?)p: S Ug(wg)p. 21) the self energy in the first |terat|®a} (E) is wnhm man
=1 J=1 ageable limits and the exact solution scheine, inclusion
For the construction of these new pole energies and residue@f all poles is still tractable. However, in the next step the
a variant of the Lanczos algorithm can be applied. number of poles is roughly cubedesulting in about 1000

When solving Dyson’s equation, the full self-energy Poles and at that stage, we should apply the BAGEL scheme

3)(E) is replaced by its BAGE(M,M) approximation as a tool to reduce the number of poles. In the first iteration,

igz)(E). As a consequence, it can be shown that the resyltVe are able to perform an exact calculation using the genuine

ing Green’s function has the small number of oniy1 2 1 poles and to compare the results with a similar calculation

: . : : S . but applying the BAGEL poles. The number of BAGEL
poles, and the dimensionality during successive iterations re- . . .
mains fixed. poles is determined such that both calculations generate the

. same value of the first ionization energy. For a fair agree-
The requwemenEsZO) and (21) o.n the mor.nerlts .Of the ment about 20 to 25 BAGEL poles are required.
BAGEL self-energy>(? also restricts the distribution of

spectral strength of the corresponding BAGEL Green'’s funcq). RESULTS

tion: its energy-weighted moments of orde+0,1,. .. ,2M ) ] )

+1 can be proven to equal those of the Green’s function that N this section we present results of the calculations. We

is obtained with the original self-ener@éf)(E). Since itis Selected a.numb.er of small systems where Hartree—Fock is a
required to reproduce exactly only the moments of the globa#?0d starting point, e.g., He and Ne. On the other hand, we
strength distribution, it is not at all obvious that individual cN0Se Be and Mg as examples of atomic systems where the
BAGEL poles of the Green's function will be close to HF approach is known to produce less accurate results, es-

eigenenergies of theAt 1)-electron system. In the discus- pecially in a finite-basis-set approach. We also performed
sion of the results, it will become clear that BAGEL poles calculations on heavier atomic systems such as Ar and Kr to

are spread out over a wide energy range, reproducing in thRe€ whether relativistic corrections are really needed to meet
L] - '41 . -

way the spectral distribution satisfactorily. The BAGEL the experimental daf&:* In addition, we also include stan-

method offers a tractable scheme to solve Dyson’s equatiofidd HF, post-HF, "and DFT calculations with the

in a self-consistent way. Once convergence has beefAUSSIAN 98 packag# on the same set of atoms using a

reached, one can lift the restriction of the number of po|e§ocalized Gaussian basis set. The post-HF methods included

and also redo the calculation one iteration further within thef!€ctron correlations by means of different perturbation
energy bin methodsee Refs. 34—36 The energy axis is schemes such as Mgller—Plesset perturbation theviBe,
discretized in a high number of energy intervéding. Each MP_4) or conflguratlo_n mteractlomCI)_. An exten_ded com-
bin carries the summed strength of all poles belonging to tha@@rson of the numerical results of this large variety of many-
specific energy interval. This procedure allows one to get £0dY techniques is carried out and a thorough discussion of

smoother and more realistic distribution of the s.p. strengtht€ various trends observed in the results is given. More
specifically, in Sec. Ill A we discuss the numerical stability

of the second-order Dyson resulteferred to as Dysd@)],
the discretization of the continuum, and the number and the

As was mentioned above, the truncation of the basis sethoice of the BAGEL poles. Sec. IlI B is devoted to a dis-
requires a careful tuning of the wall parameters to ensure sussion of the s.p. propertiéene-electron for each atom,
fair description of the continuum. The wall and the numberwhile Sec. 1l C focuses on global properties like total bind-
of orbitals per angular momentum value of the basis set aring energies.
determined on the grounds of several criteria.

(1) The HF value should have reached convergence i
function of the adopted basis set. To check whether enough In the proposed scheme in solving the second-order
orbitals of high angular momentum were retained, the firsDyson equation self-consistently, the truncation of the con-
iteration resultge.g., single-particle energiesf the Dyson tinuum must be settled in such a way that the numerical
second-order procedure are calculated for several basis setssults attain a satisfactory convergence in function of the

E. Computational parameters

r?" Numerical stability of the results
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TABLE |. Basis sets needed for a suitable discretization of the continuum.

Solution of Dyson’s equation 21

The scheme is as follows and is repeated for each atom
separately(i) The HF equations are solved self-consistently

He Be Ne Mg Ar Kr . . . e . . .
in coordinate space without an infinite wall, yielding ener-
o occ. Is 1s-2s 1s-2s 1s-3s 1s-3s 1s-4s gies and wave functions for the occupied orbitdig) the
Vit 25-21S 35-225 35_125 4523 4523 5510 e>_<act HF pr.o.cedure is repeated mcludlng a parabolic wall
with a specific curvature at some wall distance. The wall
occ. sl 2p 2p-3p 2p-4p should be neither too close nor too favoiding too high a
=1 level density. Due to the presence of an infinite wall, all
vi. 2p-16 2p-2lp 3p=2% 3p-22 4p-28 SPp=2P  ,hials are bound levels and for edchialue we are able to
occ. Kl construct a basis sétp; j(r)}[i=1,... npa(l)]. (iii) In the
=2 next step, we redo the HF calculation without wall, but
vit. 3d-10d 3d-1d 3d-1 3d-2A 3d-2A 4d-1&  \ithin the truncated basis as constructed(iin. The first
oce. constraint is imposed by requiring an exact reproduction of
=3 the HF results as obtained (). (iv) With the HF propaga-
virt. 4f-8f  4f-13f 4f-13F 4f-18 4f-1X 4f-18f tors determined ittiii ) for both occupied and virtual orbitals,
occ. the self-energy is constructed, and the Dyson equation yields
=4 a first iteration estimate of the dressed Green’s function.
vit. 5g-99 5¢-99 5¢g-99 5¢-149 59-149 5¢-1%  The truncation and discretization parameters should be cho-
oce. sen such that the first iteration results of the Dyson equation
=5 are not altered when changing these parameters. The mini-
virt. 6h—1th 6h—1Ch 6h—1Ch 6h-1Ch 6h-1Ch 6h-2Ch mum basis sets, fulfilling these constraints are given in
oce. Table 1.
=6 The scheme proposed above turns out to be a very reli-
vit. 7i-11  7i-11  7i-11  7i-11 7i-11 7i-16 able discretization and truncation model. Repeating the
oce. whole procedure starting with other wall parameters, we suc-
=7 ceeded in reproducing the same results, which indicates the
virt. 8j-12 stability, reliability and accuracy of the numerical outcome.
occC.
=8
virt. 9k—-1%k

2. Convergence of the iterative scheme in the BAGEL
approach

In the computational detail§Sec. II B, it is outlined

number of continuum orbitals in the model space. This im-how the maximum number of BAGEL poles was established.

plies that the dressed Green'’s functi@md the self-energy
remains unaffected when enlarging the basis set.

It is found that a value of 20-25 is sufficient for gaining
convergence in the reproduction of the spectral representa-
tion of the Green’s function and the self-energy.

1. Discretization of the continuum

At the HF level, the one-electron orbitals and the corre-

sponding wave functions are in first instance evaluated inS 1.0

coordinate space. The accuracy of these results can by n
means be achieved by HF calculations using basis sets, &
available in software packages. As outlined in the theoretical
sections of the paper, we have to consider a lot of virtual
orbitals(in the bound as well as in the continuum part of the
energy spectruin emerging as intermediate states in the $
higher order diagrams of the self-energy. Since an exac
treatment of the continuum is unfeasible, the continuum
states are discretized. We provide a method of discretizatior
of the continuum spectrum by the insertion of a parabolic
potential wall at relatively large distance from the atomic
center(see Sec. Il € This discretization scheme is applied
for each class of orbitalés,p,d, ... determined by the or-
bital momentum quantum numbér. The truncation of the
basis is governed by two degrees of freedom: the maximurr
value of the orbitalsl,,,,, and the maximum number of lev-
els, nhax, in each class of orbitals. The choice of these dis-

0.9
0.8
0.2
0.1
0.0
1.0
0.9
-8 first iteration in Dyson(2)
0.2

0.1

0.0 TS+
1.04-10 -5 0 5 10

0.9
0.8
0.2
0.1

0-0'|"-'|"'I|I"|'"'|5"'|r"
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Hartree-Fock

-10 -5 0 5 10

Dyson(2) after convergence
(Bagel approach)

cretization and truncation parameters is of the utmost imporg . 7. spectral function of the 2 orbital in Ne in Hartree—Fock

tance, as it should not alter the final results.

[Dyson(1)] and in Dysoi2).
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TABLE Il. First ionization energies for some atomic systems. Dy&pstands for Hartree—Fock in coordinate
space. Dysof®) gives the solution of Dyson’s equation in second order after one and two iterations and after
convergence.

DFT HF Dysori2)

DFT-BLYP DFT-B3LYP HF/6-311* Dyson1) Firstit. Secondit. Conv. Expt.

He 0.578 0.658 0.917 0.918 0.905 0.906 0.906 0.%9040
Be 0.200 0.231 0.309 0.309 0.330 0.318 0.320 0.8428
Ne 0.460 0.550 0.842 0.850 0.745 0.758 0.763 0.79291
Mg 0.168 0.194 0.253 0.253 0.276 0.272 0.274 0.8811
Ar 0.370 0.427 0.590 0.590 0.578 0.581 0.585 0.57046
Kr 0.333 0.383 0.524 0.524 0.526 0.555 0.560 0.51475

aReference 43. dReference 46.

PReference 44. *Reference 47.

‘Reference 45. Reference 48.

As discussed above, the second-order Dyson equation is Convergence is obtained after three to five iterations.
solved self-consistently in an iterative schejreferred to as
Dyson(2)]. In the HF approachreferred to as Dysdt)]| the

spectral function,

Sa(E)=Sp(a,E) +Sy(a,E),

with

(22

Sp<a,E>=N(§1) [{O(A)|c,IN(A+1))|?8(E-E™)

and

(23

Si(a,E)= > [(0(A)|ctIN(A-1))[26(E—E(Y),
N(A—1)

(29)

The general trend set by the first iteration is maintained, and
as a rule of thumb we notice that one pole carries about 90%
of the strength. In Table Il we present the first ionization
energies for some atomic systems as obtained in the
Dyson(2) scheme. The first column gives the exact HF esti-
mates and some of these may differ from the experimental
values in a substantial way. It is striking that the corrections
resulting from the first iteration of the Dys@®) scheme are
such that experimental agreement is almost achieved, and
that higher iterations until convergence have only a smooth
effect on the results. Similar conclusions can be drawn con-
cerning the total binding energies of the atomic systems
(Table I). It should be stressed that the experimental agree-
ment is surprisingly well achieved. Only a small fraction of

concentrates all strength in one peak located at the HF S.pne total ground-state energy is missing and this is probably
energy. Yet, in the plot with the first iteratiotFig. 7) a

serious depletion of the strength in the HF peak is nOticedDysor'(Z)
The remaining strength is distributed oveph and zhlp '

states.

due to additional higher order correlations not involved in

TABLE lll. Total ground-state energyatomic unit3 obtained with various many-body models. In MP4,
calculations with double—quadrupléDQ), single—double—quadrupléSDQ), and single—double—triple—
quadruple(SDTQ) substitutions in the ground-state Slater determinant are considered.

He Be Ne Mg Ar Kr
DFT DFT-BLYP —2.905 -—14.659 —128.940 -—200.081 —527.534 —2753.748
DFT-B3LYP —2913 -—-14.671 —128.951 —200.093 —527.553 —2753.754
HF HF/6-311§* —2.860 —14.572 —128.523 -199.607 —526.807 —2751.962
Dyson(1) —2.862 —14.573 -—128.549 —199.617 —526.826 —2752.108
Post-HF MP2 —2.885 —14599 —128.732 —199.629 —526.954 —2752.095
MP3 —2.889 —14.609 —128.731 -199.636 —526.966 —2752.106
MP4(DQ) —2.890 —14.613 —128.733 —199.638 —526.966 —2752.105
MP4(SDQ —2.890 —14.613 —128.733 —199.638 —526.966 —2752.105
MP4(SDTQ —2.890 —14.613 —128.736 —199.638 —526.967 —2752.107
Cl QCISD —2.891 -—-14.617 —128.733 —199.635 —526.807 —2752.104
Dysor(2)  First it. —2.899 —14.633 —128.709 -—199.751 —527.075 —2751.317
Second it. —2.899 —14.631 —128.882 —199.944 —527.421 —2753.330
Conv. —2.899 —14.628 —128.888 —199.948 —527.422 —2753.243
Expt? —2.904 —14.667 —128.928 —200.043 —527.549

®Reference 49.
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TABLE IV. Single-particle properties. The experimental energies and occupation numbers of the valence states can be found in Refs. 53-55 fat Ne, Ar, a
Kr, respectively, while the energies for the core orbitals of Be and Ne are taken from Ref. 56, for Mg and Ar from Refs. 57 and 58, and for Kr from Refs.
56 and 58. The experimental energy for He is taken from Ref. 43. The [B)spredictions are the results after convergence.

Single-particle energies Spectral strength

DFT-BLYP DFT-B3LYP HF/6-311%" Dyson(1) Dyson(2) Expt. Dysort2) Expt.
He 1s —-0.578 —0.658 -0.917 -0.918 —0.906 —0.9040 0.972
Be 1s —3.909 —4.082 —4.732 —4.733 —4.620 —-4.100 0.873
2s —-0.200 —0.231 -0.309 —0.309 —-0.320 -0.343 0.950
Ne 1s —30.48 —30.93 —32.76 —-32.77 —3151 —-31.70 0.544
—33.26 0.364

2s —1.298 —1.435 -1.919 —1.931 —1.750 —1.782 0.876 0.82)

2p —0.460 —0.550 -0.842 —0.850 —0.763 —-0.793 0.904 0.92)
Mg 1s —46.24 —46.79 —49.04 —49.03 —48.20 —-47.91 0.871
2s —2.906 —3.088 —3.765 —3.768 -3.815 —-3.26 0.503
—3.399 0.442
2p —1.706 —1.833 —-2.281 —2.282 —2.146 -1.81 0.882
3s —0.168 —0.194 —0.253 —0.253 —0.274 —-0.2811 0.962
Ar1s -114.3 —-115.1 —118.6 —-118.6 —118.0 —117.87 0.935
2s —10.83 -11.14 -12.32 -12.32 —-11.93 —12.00 0.897
2p —8.459 —8.695 —-9.570 —9.570 —9.519 —9.160 0.786

3s —-0.875 —0.968 —-1.276 —1.277 —1.159 —1.075 0.876 0.58)

3p -0.370 —0.427 —0.590 —0.590 —0.585 —-0.579 0.938 0.92)
Kr 1s —511.0 —512.7 —520.2 —520.2 —518.6 —526.75 0.879
2s —66.43 —-67.13 —69.90 —-69.91 —68.67 —70.63 0.861
2p —60.12 —-60.71 —-63.01 —-63.01 —-61.87 —62.356 0.883
3s —9.334 —9.649 -10.85 -10.85 —-10.14 -10.77 0.729
3p —7.090 —7.352 —8.333 —8.332 —7.756 —7.979 0.793
3d —3.058 —3.225 —-3.822 —3.824 —3.566 —3.47 0.901

4s —0.807 —0.890 —-1.153 —1.153 —-1.119 —-1.012 0.933 0.51@)

4p —-0.333 —0.383 —-0.524 —0.524 —0.560 —-0.519 0.960 0.996)

B. Single-particle energies and strengths become more bound, others evolve to a less bound pattern.

Single-particle energies and occupation probabilities a he spectral strengths of the highest occupied orbitals vary

resulting from a number of computational methods and ex—LOm 0'9? t9 0.96 in agreement with experlment. Althougrrz
perimental estimates are taken up in Table IV. The s.p. en€ correlations do become more and more important as the

ergies and spectral strengths of the valence shells are acc&iPMic number increases, it may be concluded that the deple-
sible experimentally by means of electron momentumtion qf tr_]e orbitals remains moderate on the average. This
spectroscopyEMS). An excellent survey of this experimen- Ma&Y indicate that the short—range_correlatlon_s of th_eT Cou-
tal technique can be found in Refs. 50—52. All experimentalomP force between two electrons in the atomic mediim
values given in Table IV are taken from Refs. 53-58 andn€ Presence of other electrorae relatively weak. We no-
compared with the theoretical predictions of various modeldice two significant discrepancies in Table IV: the[8vel in
which are fundamentally different from each other. WeAr and the 4 level in Kr, where the experiment predicts a
present HF results on two different levels: the HF/6<¢T1  large fragmentation of the spectroscopic strength to 0.55-
level as the HF scheme solved with a triple-zeta polarized-51. The failure of our theory to reproduce this particular
basis sef and Dysoiil) which reproduces the exact HF val- feature is probably due to the fact that the second-order self-
ues as solved in coordinate space. The experiment provid@yergy is evaluated consistent with the first order self-
the energy of orbitals designated using the total angular moenergy, i.e. with propagators reflecting the HF problem in the
mentum quantum numbér To allow comparison, we made neutral atom(see Fig. 3 Some authorge.g., Ref. 59 are
an average over the experimental levels with the same prirable to reproduce the experimental fragmentation pattern by
cipal and angular momentum quantum number. using the so-called “frozen core” s.p. energies and wave
Apparently, use of a localized basis set does not caustinctions for the unoccupied electron orbitals. It is not clear
significant discrepancies with the exact HF values. On théiow this can be incorporated in the framework of a self-
contrary, the mutual agreement is even surprisingly goodgonsistent Green’s function theory. For more deeply bound
which is probably due to the particular selection of theorbitals, we do find some substantial spreading of the spec-
atomic systems under study. Taking into account correlationgoscopic strength. The<2orbital in Mg shows two poles
involved in the second-order self-energy, brings the s.p. enwith almost equal strength. We applied the energy bin
ergies closer to the experimental values. Some s.p. orbitalmethod to this orbital after convergence has been reached in
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HF Binding energy in He
HF(basis set) HF/6-311g** _2.86
HF-limit .................... Dyson(1) .
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0.34
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FIG. 9. Binding energies in He as obtained in various schemes. The results
FIG. 8. Spectral function of the2orbital in Mg in Dysori2) using the  are separated into three classes according to the use of basi¢Hbets
energy bin method in the last iteration. post-HF, CJ, to the solution in coordinate space or complete basis sets
[Dyson(1) and Dysoii2)] and to the use of the DFT concept.

the BAGEL approach. The spectral function is displayed in

Fig. 8. In contrast to the BAGEL approach where theatomic systems under consideration, and approaches the ex-
strength is mainly concentrated into a few polaso poles  perimental situation in a profound way. Only the DFT results
in case of the 8 orbital in Mg, see Table 1Y, the spectral ~can rival the Green’s function method in describing the total
function obtained in the energy bin method presents a morginding energy, but these are beyond the scope of micro-
realistic picture of the s.p. strength distribution. The case ofcopic approaches due to the implementation of functionals
Kr reveals the breakdown of the nonrelativistic approxima-Which have an essentially empirical character. In fact, it is
tion. Starting from the HF value, thes&nergy predicted in not surprising that the predictive power of DFT prevails on
Dysor(2) approaches the experimental value in the rightthat of Dysori2) in all cases considered here. The Becke

sense, whereas thepZenergy deviates from fit. correctioff® of the BLYP functiondi® has been determined
by a least-squares fit to exact the atomic Hartree—Fock data
C. Total binding energy of the six noble-gas atoms helium through radon. The

led ¢ the d q s funcii ; B3LYP functionaf? should be regarded as an extension of
Knowledge of the dressed s.p. Green’s functions foly,o ) yvp functional with exchange—correlation corrections,

egch. orbitgl allows us to c_alculiate the total pinding %gergXNhose coefficients have been fitted to a high number of ion-
with inclusion of all correlations implemented in Dys@n ization energies, ionization potentials, proton affinities, and

Np atomic energies. Due to the larger training set, we notice
Egs(A)= > 2 > dE(h+E)G4(E), (25 some slightly larger deviations from the experimental noble-
a=1em gas data under study in this work.
whereNy, is the dimension of the basis set dmdlenotes the
one-body partkinetic energy and mean fieldf the Hamil- V. SUMMARY AND CONCLUSIONS
tonian of the system. The contour should enclose all ioniza-
tion poles of the Green'’s function. More explicitly, this equa-
tion can be cast in the form

In this paper, we implemented a self-consistent approach
to the Dyson equation up to second order for the atomic
system. The model space was constructed such that the so-
1 Np M lution to the Hartree—Fock problem in the basis set coincides
Egs(A)= §(<Ho>+ > > bg,jég,j)- (26)  with the exact solution of the Hartree—Fock equations in
a=1j=t coordinate space. Special care has been taken of the trunca-
Here,M is the number of backward BAGEL poles, of which tion and discretization parameters to ensure a fair description
b;j represents the strength ae@j the position. The numeri- of the continuum part of the energy spectrum. The major
cal results for the atomic systems under consideration arproblem remaining when solving Dyson’s equation self-

taken up in Table Ill. In addition, we also take up the consistently is the enormous increase in poles over the itera-
Hartree—Fock ground-state energies as obtained by usingt@mns. To keep this explosion under control, the BAGEL
localized Gaussian basis set. scheme was adopted, allowing for an accurate treatment of

The Dysoiil) prediction can be regarded as the limit of the lowest order energy-weighted moments of the Green’s
all HF results using finite basis sdtdF/6-311g** inclusive function and the self-energy.
(see Fig. 9. Perturbation schemes beyond HF involve addi-  In order to test our method, we carried out extensive
tional correlations yielding a larger binding and achieving acalculations on the ground-state configuration of the nonrel-
better agreement with experiment. As could be expectedtivistic closed-shell atoms He, Be, Ne, Mg, and Ar. We
configuration interactio(Cl) determines the limit for this compared the results with other computational schemes on
class of post-HF perturbation schemes. Involving more corvarious level§HF, post-HF, Cl, and DFFand with experi-
relations by definition Dysdi2) is obviously superior for all ment. For the total energy, the ionization energy and the
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