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v-representability of one-body density matrices
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We consider low-dimensional model systems with a fixed two-body interaction and a vdrnableca)
one-body potential. It is shown explicitly that an extended domain of allo(detepresentableone-body
density matrices cannot be generated in this way, the excluded domain depending on the two-body interaction
under consideration. This stands in contrast to the behavior of the diagonal part of the density matrix.
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Density-functional theoryDFT) enjoys great success as a onic system should be in the intervid,1]. We will show
practical way of incorporating complex many-body correla-with explicit numerical examples that the conditions for
tions into a manageable computational framework, in parrepresentability depend in a nontrivial way on ttfexed)
ticular, for electronic systeni4,2]. Its theoretical foundation two-body interaction under consideration, and that it is im-
as an(in principle) exact description of an interacting system possible to generate eveNrepresentable OBDM by tuning
relies on the Hohenberg-Kohn theoref3$ which state that the one-body potential. This statement is, of course, obvious
for systems with a fixed two-body interaction and a variablein the special case when the two-body interaction is absent
local potentialv(x) the local densityp(x) is sufficient to  (because the OBDM is then necessarily idempotemnit it
characterize the system completely. As a consequence thll holds in the presence of a genuine two-body interaction.
ground-state energy is a functional of the local density. In order to prove this we need a model for an interacting

Over the years, there has also been interest in developirfgrmion system where it is still possible to scan all possible
density-matrix functional theorie®MFT) [4—8], where in-  one-body potentials and construct the corresponding OBDM.
stead of the localdiagonal density p(x)=p(x,x) the full  The simplest such case is for two fermions in a discrete Fock

one-body density matrikOBDM) of the ground stat&, space generated by four single-particle states. Even then it
takes 16 independent real parameters to characterize a gen-
p(x,x")=(¥olcT (X")c(x)|¥y), (1) eral Hermitian one-body potential, but this number can be

reduced by imposing symmetry requirements.
is taken as the central quantity. This would offer significant We impose spherical symmetry and first consider two
advantages compared to traditional DFT, because the kinetigpin-; fermions that can occupy two differesbrbitals. The
energy, as well as the important exchange component of thgvailable single-particle states are created by the operators
electronic interaction energy, are completely known func-c! wherei=1,2 distinguishes the orbital and= — 3,+ }
tionals of the OBDM. Recently an explicit parameter-freejs the spin projection. A generdtotationally invariant and
DMFT model was proposefB] and demonstrated to yield Hermitian) one-body potentiah can then, apart from an un-

remarkably good results for a test series of small atoms. Afnportant additive constant, be written in second quantiza-
shown in[10], however, the functional form proposed[®  tjon as

does not obey some rigorous constraints imposed by the
properties of a homogeneous electron gas.

In the case of DMFT one has to consider systems with a =2, [~ €ClnCimt €ChyCom+ A(ClrCom+ ChrmCim) ],
fixed two-body interaction and a variable one-body potential " )
v(x,x") that is now, however, allowed to be nonlocal. A

given matrix p(x,x") is calledN representable if it corre- and requires only two independent real parametera,
sponds to the OBDM of some properly antisymmetrizedyhich can easily be varied numerically.

N-fermion wave function. It is called representable if, in The two-fermion Subspace with total angu|ar momentum
addition, it corresponds to the OBDM of the ground state ofj=0 is spanned by the three orthonormal statds)

a system interacting with the two-body potential under con-— 15[ ¢l ci1°/0), |,)=1~2[cl®c)10/0), |D3)
sideration and subject to some one-body potemt{alx’). :[CI®C;]O|O>_ The matrix elements of in this basis are

Similar definitions are applied to thd representability A __ _ _
. . . given by<¢||l)|q)J>— 265”(5”_ 6|2)+\/2A(1 5|J)(5|3
andv representability of the local density, though in general,’y 8,3). A general(rotationally invariant and Hermitiartwo-

and apart from a few special cadds2], almost any reason- . R . L
able (normalized, non-negatiydocal density is bottN rep- body interactionW is completely determined by its six ma-

resentable and representable. trix elements in this basisW;;=(®;|W|®;), with i<j
In this paper we want to draw attention to the fact that the=1,2,3. _ _
difference between representability antN representability For a fixed choice of th&V;; we vary e and A indepen-

is much more acute for the OBDM than it is for the local dently over the intervel—, +o]. For each value of andA
density. TheN-representability conditions for the OBDM are the ground statéW¥,) of the total Hamiltoniant +W was
well known[1,2]: the eigenvalues of the OBDM for a fermi- constructed. The corresponding OBDM is & 2 matrix,
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FIG. 1. Domain ofv-representable one-body density matrices,
obtained in the model of two fermions in t\/\y@% levels, for a few FIG. 2. Domain ofv-representable one-body density matrices,
choices of the two-body interactionW: (W1, W0, W3, obtained in the model of four fermions in tv?ec% levels, for a few

Wa,, W3, Wag) =(0,1,0.5,0;-0.5,2) (upper pane} (0,0.5,0.25,0, random choices of the two-body interactign
—0.25~2) (middle panel; (0,1,0.05,0;-0.05~1) (lower panel.

+ o ways be reached in the limig—o or A—o, which is
pij ={(¥o|CimCim| o), 1.j=1.2, (8)  equivalent to having a vanishingly small two-body interac-
tion. More interesting is the presence of two holes in the
which can be ungmbiguously represented by a point in thejisk the position of which depends &, and which repre-
(p11,p12) plane, sinCy,=pyy andpz,=1-py;. AseandA  gent regions that cannot be reached by any valugiofThis
are varied, these points fill up an area in thg;(p12) plane.  means that there are subdomains bErepresentable
We have plotted these areas, for a few choices\pfin ~ OBDM:’s that are now representable. As expected the diag-
Fig. 1. onal densityp;; behaves differently in this respect: we
The disk (p1,— 3)2+ p3,=<3 represents the domain of all checked that by keeping fixed and varyinge the entire
N-representable OBDM's, since this condition guaranteesllowed interval0,1] was always covered by;;.
that both eigenvalues gf; lie in the interval[0,1]. The edge In this simple model there is no reduction of the number
of the disk corresponds to idempotent matrices, i.e., to thef degrees of freedom when going from the many-body wave
OBDM of a noninteracting system. In our case this can alfunction to the OBDM, since both have essentially two in-
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dependent componenftaking normalization into account resentability andN representability is much less acute. The
In order to eliminate the possibility that our result is an arti-schematic many-body systems in the present paper, can only
fact of this feature, we have also investigatedstightly)  demonstrate the existence of this problem. Whether it is re-
more involved case of four fermions that can occupy twoally serious enough to hinder the development of accurate
different levels with angular momenturj=3. The four-  DMFT functionals for electronic systems, is a question that
fermion subspace with total angular momentdimO is then  must be answered by constructing and testing specific model
six dimensional, whereas the general one-body potential arﬁmctionals[g,l()].
the OBDM both retain the simple two-parameter form of  one may argue that if a trial density-matrix functional is a
Egs.(2) and(3). The resulting OBDM's for a few randomly 4444 approximation to the exact functional, then the possible
taken choices otV are plotted in Fig. 2, and we observe deviation from v representability for the approximate
even more structures in the representability domain, with ground_state OBDM should not be so important_ This state-
four holes in theN-representability disk. . ment, however, depends on the type of the interparticle in-
We conclude that, in general, the domain Ofteraction. Experience with systems where the interparticle

v-representable OBDM's has complicated boundaries thafyeraction has both medium-range attraction and strong

depend on the underlying two-body interaction, i.e., théghot range repulsion shows that one has to be careful when

structure of some OBDM's is incompatible with & system of yecjaring™a functional to be a good approximation to the
particles that interact via this specific two-body interaction.q, -t one. In nuclear physics, e.g., Skyrme-type functionals
Thev-representable domain is a nontrivial subset of the dogyist which can be viewed as dénsity—matrix functionals
main of N-representable matricés/hich has simple bound- since they argquadratic or cubicfunctionals of both the
arieg. There is no reason to assume that these features wi ucleon density and kinetic-energy densii,12. These
disappear when going to the continuous Fock space of manyqtionals are highly successful in predicting ground-state
electron systems, where one deals with functionals instead Qnergies and density profiles for nuclei. However, the veloc-
functions of discrete variables. ity distributions turn out to be very different from the exact

This observation does not pose a problem at the concepseg(obtained with Green-function Monte Carlo techniques
tual level of DMFT. The exact DMFT functional can be de-13)) pye to the short-range repulsion, a significant fraction

fined, through a constrained-search formaligiy8], for all ¢ the particles move at much higher velocities than pre-

N-representable OBDM's without any referencevt@epre- gicted by the Skyrme functionals. This can be considered as

sentability. Neverthelesg, if a spegific two-bpdy interaction isy, example where a successful approximate density-matrix
such that the subdomain is considerably different from the nctional yields a density matrix that is netrepresentable

N-representable domaifas in the schematic examples that (it is of the noninteracting type, with occupation numbers
were treated hejethen one may have difficulties in con- ;o4 or ong As a result, the density matrix predicted by the
structing approximate functionals of a simple analyticalgyyyme functional is excellent on the diagonal, but fails to

form, simply ~because after minimizing over the yegcrine the off-diagonal behavior of the true density matrix.
N-representable domain the corresponding OBDM may not
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