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Self-consistent solution of Dyson’s equation up to second order
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Green'’s function techniques are powerful tools for studying interacting many-fermion systems in a
structural and diagrammatical way. The central equation in this method is the Dyson equation which
determines, through an approximation for the self-energy, the Green'’s function of the system. In a
previous papefJ. Chem. Physl115 15 (2001)] a self-consistent solution scheme of the Dyson
equation up to second order in the interaction, the D¢®oscheme, has been presented for
closed-shell atoms. In this context, self-consistency means that the electron propagators appearing
in a conserving approximation for the self-energy are the same as the solutions of the Dyson
equation, i.e., they are fully dressed. In the present paper this scheme is extended to open-shell
atoms. The extension is not trivial, due to the loss of spherical symmetry as a result of the partially
occupied shells, but can be simplified by applying an appropriate angular averaging procedure. The
scheme is validated by studying the second-row atomic systems B, C, N, O, and F. Results for the
total binding energy, ionization energy and single-particle levels are discussed in detail and
compared with other computational tools and with experiment. In open-valence-shell atoms a new
quantity—the electron affinity—appears which was not relevant in closed-shell atoms. The electron
affinities are very sensitive to the treatment of electron correlations, and their theoretical estimate is
a stringent test for the adequacy of the applied scheme. The theoretical predictions are in good
agreement with experiment. Also, the Dys®nscheme confirms the nonexistence of a stable
negative ion of N. The overall effect of the self-consistent Dy&bischeme with regard to the
Dyson(1) (i.e., Hartree—Fockconcept, is a systematic shift of all quantities, bringing them closer to

the experimental values. The second-order effects turn out to be indispensable for a reasonable
reproduction of the electron affinity. @002 American Institute of Physics.

[DOI: 10.1063/1.1497682

I. INTRODUCTION Refs. 1-7. This theory describes a many-body system by
means of a single-particlg.p) propagator which carries all
Computational schemes such as the Hartree—Fock angbrrelations resulting from the interaction with the other
Density Functional Theory have become quite popular in theslectrons in the atom or the molecule. The inclusion of me-
study of atomic and molecular systems over the years. Theslum effects in the construction of this so-called “dressed”
methods combine the advantage of computational speed witlectron propagator makes it an interesting and instructive
accuracy, allowing to tackle systems ranging from atoms tqool to calculate in a most thorough way all ground-state
clusters of molecules. Nowadays, the effect of electron corproperties of the electronic system, such as total binding en-
relations remains one of the intriguing issues in scientificergies, ionization energies, energy levels, occupation num-
research and is the subject of several studies based on vapers, electron charge densities, etc. As a result of the amount
ous computational tools. Density Functional Theory is caof information included in the electron propagator many ef-
pable of incorporating correlations in the calculations by theforts have been invoked to solve Dyson's equation. While
use of an additional degree of freedom: the exchangeearly attemptge.qg., Refs. 8—10had to reduce the numerical
correlation functional. However, no detailed picture of theefforts substantially, present computer technology allows a
nature of the correlations embedded in the functional ismore advanced approach. Nevertheless, it is obvious that an
available. The quest to identify which correlations are domi-exact solution scheme is excluded, since it would require the
nant in atomic and molecular systems is stimulated by modso|ution of a fully interacting many-particle problem.
ern computer technology that makes the study of electron  The insertion of correlations in the electron propagator is
correlations via advanced first-principle calculations feaSib'eensured by the introduction of an energy_dependent poten-
One of these first-principle methods is the Green’s func+jal: the so-called self-energys (E)]. It is related to the
tion formalism. Reviews on how this theory is applied in Green’s functio G(E)] by Dyson’s equation,
guantum chemistry are given in several worlsee, e.g.,

[G(E)]=[G*(E)]+[G%E)][2(E)I[G(E)], 1)
dAuthor to whom correspondence should be addressed. Electronic mail: . . . .
karel.peirs@rug.ac.be P where[ GO(E)] is the Gree_n’s function of the noninteracting
YElectronic mail: dimitri.vanneck@rug.ac.be system. The self-energy, in general a complex and nonlocal
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operator, can be expanded order by order in the interactiorthe self-energy. These effects can be incorporated in the self-
and contains all effects of the electron—electron interactionsconsistent scheme but complicate the proposed algorithm
In the self-consistent formulation of Green’s function substantially and are at the present stage out of the scope of
theory, which we apply in the present work, the electronthis work.
propagators in the expansion of the self-energy must be iden- An extensive comparative study is presented with calcu-
tical to the solution of the Dyson equation. Going beyondlations at a high perturbative level and with other computa-
first order, this requires in particular that the popagators usetional schemes(Hartree—Fock and Density Functional
in the evaluation of the self-energy have a nontrivial poleTheory methods Sufficient experimental and computational
structure, much more complicated than the single-pole strugdata are available for all atoms under study to present a valu-
ture of the Hartree—Fock propagator. able discussion of the various theoretical results. In particu-
The scheme offers a lot of opportunities to insert higherdar, special attention is paid to the reproduction of the total
order diagrams and infinite classes of diagrams, which mapinding energy and ionization energies. These properties
not be involved in standard perturbation techniques. Thavere also studied in Ref. 1 in case of closed-shell atoms.
first-order approximation to Dyson’s equation leads to theSince an open-shell atom is more likely to bind an additional
Hartree—Fock scheme. The corresponding Green’s functioflectron, another interesting quantity, the electron affinity,
can be used to calculate the Hartree—Fock values of all okenters into the discussion. It is well known that this quantity
servables of the system. This first-order approach construcis difficult to reproduce due to the necessity of incorporating
the mean field in which the electrons move but ignores othehigher-order electron correlations beyond mean-field. There-

electron correlation effects. To incorporate these effects ifiore, the electron affinity provides a stringent test for our
the s.p. propagator, insertion of higher-order diagrdats Scheme and it is demonstrated that the Dyson second-order

least of second ordein the self-energy is prerequisite. scheme improves the HF results in a very substantial manner.
In a previous papérwe addressed the prob|em of solv- The outline of this paper is as follows. In Sec. Il the

ing the Dyson equation self-consistently up to second ordefumerical scheme is discussed and the changes compared to

for closed-shell atoms. The topic of the current paper is tdhe closed-shell case in Ref. 1 are highlighted. In Sec. IV, we

extend this method to open-shell atoms such that it coverBresent our results and give special attention to a compara-

atoms like C and O. Our algorithm has two major advan-ive analysis between the various schemes and experiment.

tages. First, the self-consistency requirement, though it inFinally, a summary and some conclusions are formulated in

creases the computational cost considerably, ensures that pagC. V.

sic conservation laws are fulfille@.g., number of particles

Second, the whole procedure is performed essentially with-

out basis set limitations. The first-order Dyson equation idl. FORMALISM AND NUMERICAL SCHEME

solved exactly in coordinate space, i.e., on a radial grid. To _ _ ) ) )

treat the continuum states in a feasible way, a discretization " this section, we give a short overview of the algorithm

scheme is proposed, that necessarily leads to the introducti(%% solve Dyson’s equation self-consistently up to second or-

of a basis set. However, this basis set is truncated in such r,”and point out the ﬁxtensnc])r:js: that gre nfe(ra]de?] n OPe“I'
way that second-order results for, e.g., the first ionizatiorp '€/ Systems. A more thorough discussion of the theoretica

energy are unaffected by the truncation. Using this basis S%Eamgv'vog( fusle dAin t.he present Dyﬁﬁ); schehme Cr? n be
(which is complete for all practical purposeByson’s equa- ound in Ret. 1. Atomic units are used throughout the paper.

tion is solved up to second order in a self-consistent way. A. Mean-field procedure and angular averaging
One of the main problems to overcome is the huge in-
crease of the number of poles of the Green’s function afte{he

?;Oemgrgggtlg nstH:SLgnEz(acjé 1&11I V\cl)iitar‘]i?p;égeRi?sG?f;SS closed-shell atoms was treated nonrelativistically and with-
y 9 ' ' p out spin—orbit interaction. Using a spherical basis set with

proach to cope with this phenomenon. This algorithm pro- uantum numbermz(na,la,m|a,msa), only the principal

vides a representation of the s.p. Green'’s function in terms o? .
nd orbital angular momentum quantum numbang,,)

a few characteristic poles, chosen in such a way as to repré(j—_f_f tiate the radial funci d the orbitals sh
duce the lowest order moments of the exact distribution. 9'"'crentiate the radial wave Iunctions, and the orbitais show

The open-shell systems selected in this paper are atonfs dfaggneracy Of_ 2(2+1) in the values mla’msa.) for the
of the second row of the periodic system: B, C, N, O, and FProjection of or_bltal angular momentum aqd spin.
In these cases a nonrelativistic approach is still acceptable 1he extension presented here deals with the atoms B, C,
but, contrary to the closed-shell atoms, the spins and anguld} O, and F, open-shell atoms having a partially filleg 2
momenta can couple to nonzero orbital angular momenturl€ll- If the angular and spin part of the spherical single-
L, spinS and total angular momentudh In this work we  Particle basis is retained,

First we address the impact of the open-shell features on
single-particle basis. In Ref. 1 a series of spin-saturated

give preference to using an uncoupled representation, be- 1

cause in this way the formalism as developed for the closed-  ¢a(1) =~ ¢a(1)Y1 m (Q)xm (o), 2
shell case remains essentially unchanged, after performing a ) :

suitable angular average. the Hartree—Fock equations-V2/2—Z/r — €,,+ Viyg) (1)

We did not take into account screening effects higher=0, after integrating out the angular and spin dependence,
than second order generated by ring or ladder diagrams ibecome
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2 1,0,+1)] z " 2p spin orbital (o or )
- = - | — — — €
dr? r2 ro o) e 4 Atoms : B and O
| Occupied orbitals (K = 1)
+ > Jdr’DaB(r,r’)<pﬁ(r’)2<pa(r) A np=1;d=1
B(occ.)
| Unoccupied orbitals (i = 0)
- > fdr'Eaﬂ(r,r’)wg(r’)cpa(r’)cpg(r)=0- € 4 ny=3-np=2;d=2
B(occ.) |
The summation ovepB includes only the s.p. states that are m;=-1 0 +1
occupied in the Hartree—Fock ground state. The direct and
exchange contributions to the HF potential read 4 4 Atoms : Cand F
rL 4 | | Occupied orbitals (K = 1)
< ™ o
Dp(r,r')=2, 15 (oM, [ Yimllomy ) i 4 np=2;d-2
v ro 2L+1 | | ) )
Unoccupied orbitals (K=0)
X<|amla|YtM||amla>a T T ny=3np=1d=1
L m;=-1 0 +1
4 = —_—
Eap(r,r’)= % 120+ (Fomy [Ymllam;) FIG. 1. Partially filed 3 spin orbital in the open-shell atoms B, C, O, and
= F. n, denotes the number of electrons in the partially filled spin orbital,
><<| M |Y7|f|v|||bm| > (4) while d stands for the degeneracy of the orbital characterized by quantum

numbersn,l,mg, «.

where

atoms, anch,=2 for the C and F atoms. Fég=1 we thus
haved,=n, for ka=1 andd,=3—n, for k,=0. For clarity
(5)  the scheme is visualized in Fig. 1)
The procedure described above leads to the following
averaged HF potential:

(I bmlb|YLM||amla>: f dQYl*bmlb(Q)YLM(Q)Ylamla(ﬂ)-

The HF equation$3) depend on the choice of the occupied
2p orbitals (except for the N atoms where we assume full

occupation of the @ orbital of one spin type As a conse- 1 2 )
qguence, the radial wave functions and s.p. energies depend Dab(r r'= (21, +1)(21,+1) i Dap(r,r’) (6)
on (m, 2Ms ) as well as onif,,l ). Keeping track of the full
set of spherlcal quantum numbers would become unmanagé®?f 1a# 1 and/orlp#1,
able in the subsequent self-consistent Green’s function cal- __ 1
culation, and we therefore introduce, in case of B, C, O, and  Day(r,r')=7 2 Dop(rr)dy, m, (7
F atoms, the following angular averaging procedure. For the MM :
N atoms no angular averaging is needed. for l,=1,=1 andd,=d,=1

The | #1 orbitals are all fully occupied or completely
empty. For these levels we perform a spherical averaging by p rrl)= D, a(r,r')(1+ 6 ) )
summing in Eq(5) over all substatesy, and dividing by the al 12 m|a2m|b sl (14 Om m,
degeneracy 2+1. These orbitals are described by radial L L
wave functionsp,(r) characterized by the quantum numbers " la=lp=1 andd,=dy=2, and
a=(na,la,msa), independent ofn|a. 1 )

For thel =1 orbitals the angular averaging is somewhat ab(r r')= 6 E Dop(r,r)(1- 5m|am|b) ©

mp m

more complicated due to the presence of a partially fillpd 2 o

spin orbital, and should be performed in such a way as t0r la=lp=1,da=1 andd,=2 (or d,=2 andd,=1). The
prevent self-interaction in the HF mean field for the @c-  same expressions hold for the exchange Bggtr.r') of the
cupied states. The basic idea is to reduce the number d4F potential.

radial wave functions corresponding with different quan- In a more compact notation, which will be used in the
tum numbers, and limit the representation of tkel space remainder of the paper, the angular averaged HF potential is
to two types of radial wave functions, one associated withrewritten as,
the occupied P subspacédenoted<=1), and one associated

1 1
with the unoccupied g subspacédenoted«=0). In this way ab(r r )— dd E W, Wg,Dp(r,r'),
thel=1 spin orbitals are characterized by quantum numbers m bm m,
a=(ny,la=1m_,x,), independent ofn,_. The correspond- 1 1 (10
ing degeneracy, depends on the partial filling,, of the 2p Eap(r.r )— d.dy auWuEap(r,r’),

spin orbital with one or two electrons,=1 for the B and O
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TABLE |. Values in atomic units for the paramete®s and C, of the parabolic potentidlsee Eq.(13)], and
number of radial wave functions retained in the discretization of the continuum. Between square brackets, the
spectroscopic notation of the ground state of the atom is given.

B [Pyl C[°Pq] N [“Sz] O[*P,] F %P3l
I=0 R;; C 7.7,5.0 6.0; 5.0 5.0; 5.0 3.8; 5.0 3.5;5.0
occ. 1s-2s 1s-2s 1s-2s 1s-2s 1s-2s
virt. 3s-16s 3s-15 3s-1% 3s-15 3s-16s
I=1 R/; C 7.7; 5.0 6.0; 5.0 4.3; 5.0 3.9; 5.0 3.5; 5.0
occ. 2 2p 2p 2p 2p
virt. 3p-16p 3p-17p 3p-18p 3p-17p 3p-17p
=2 R/; C 3.9;5.0 2.0;5.0 0.0; 5.0 0.0; 5.0 0.0; 5.0
virt. 3d-1d 3d-12 3d-14d 3d-11d 3d-1Ad
=3 R/; C 2.8; 5.0 15;5.0 0.0; 5.0 0.0; 5.0 0.0; 5.0
virt. 4f-12f 4f—-8f 4f—-12f 4f-10f 4f-12f
=4 R/; C 2.1;5.0 1.0; 5.0 0.0; 5.0 0.0; 5.0 0.0; 5.0
virt. 5g-11g 5g9-7g 5g-1Qy 5g-10y 5g-12
I=5 R/; C 1.5;5.0 0.5; 5.0 0.0; 5.0 0.0; 5.0 0.0; 5.0
virt. 6h—11h 6h—-7h 6h—-8h 6h-8h 6h—12h
=6 R;; C 0.0; 5.0 0.0; 5.0 0.0; 5.0
virt. 7i-8i 7i 7i-10
=7 R/; C 0.0; 5.0
virt. 8j-9j

where the summation oven,_andm,_is restricted by the B. Dyson (1) calculation and construction of virtual

w,,, coefficients according to orbitals
In this subsection we discuss the numerical procedure to
l,#1 Wy, =1 construct the set of s.p. states which is used subsequently for
| =1 di=2 W,,=1-4 the second-order calculation. The const_ructlon is such that it
a — "a o Mk (11) approaches an almost exact treatment in coordinate space.

=1, d,=1 Wau=0m u- The HF equationg12) are first solved in coordinate
@ space on a radial grid, in order to avoid the inaccuracies
) inherent to the use of a finite basis getg., of Gauss-type
In Eq. (10) the factor 1/3 and summation over=—1,0,1  opitaly This yields the occupiechole) states and the HF
corresppnd to an averaging over the c_h(_)|ce of opcumed mean field. The higher-order diagrams in the self-energy of
values in the P spin orbital. The coefficients/,,, in EQ.  he pysori2) scheme also involve intermediary propagators
(11) then automatically select the corrent values for each o the virtual or unoccupiecparticle states. Since an exact
choice Of_'““' _ _ ) _ treatment of the continuum part of the HF Hamiltonian be-
The final HF equations in radial spader occupied as  comes prohibitive, the continuum states are discretized as
well as unoccupied statesead follows.

We add to the HF potential a parabolic potential wall, at

1| d2  Iu(l,+1)| Z a relatively large distance from the atomic cerjtee denote
T2|laz T 2 Ty € ?a(r) the step function byd(x)],
Ui(n=Cy6(r —R)(r—R)?. (13

’ ’ 2
+b(OECC_) dp | dr'Dap(r,r")ep(r’)“ea(r) It turns out to be advantageous to introduce a parabolic wall
for each group of orbitals with the same orbital angular mo-
mentuml. The values of the two parameters characterizing
- 2 dbf dl”Eab(r,l”)ng(l”)goa(r')(pb(r)=0. (12)  the parabolic potential are always chosen such that they do
b(occ.) not effect the HF results for all occupied stat@s other
words that they coincide to high accuracy with the exact HF
In summary, we allow different spin orbitals for the two results without the wall The precise method for choosing
spin species. The angular averaging procedure results, fdne wall parameters also involves an optimum speed of con-
m¢= * 3, in a single HF Hamiltonian for eadk 1, and two  vergence of the second-order results in terms of the number
HF Hamiltonians, corresponding to=0 and k=1, in thel of virtual orbitals, and is explained in Sec. lll. In Table | the
=1 case. The construction of a complete and orthonormalised values of the paramete®s and R, are listed.
set of s.p. states is then straightforward. Compared to the Both occupied and unoccupied orbitdighich are also
closed-shell case in Ref. 1, the number of s.p. states ibound in this schemere constructed in coordinate space, as
roughly doubled, with a corresponding increase in the nueigenfunctions of the exact HF Hamiltonian modifiedth
merical effort. the addition of the parabolic potential. The eigenfunctions
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form a complete and orthon(_)rmal set, but a truncation of the 6;‘1. =(j(A+1)4|H|j(A+1)) —Eqa),
basis set is needed for practical purposes. However, the trun- (16)
cation is done in a controlled manner, which does not affect Eg,,—:EO(A)—(J(A—l)a|H|j(A—1)a>-
the final results. We also refer to Sec. Il for a detailed dis-
cussion of this procedure. It turns out that about 100-200 The spectroscopic factors are a measure of the fragmen-
orbitals are required to get sufficient convergence. The basi&tion of spin orbitala over the states of theA(x 1) system
sets used in the calculations are listed in Table | as well. due to correlations. In the HF approximation, the Green'’s
At this point we have a discrete and finite basis set. Thdunction GL™(E) has only one pole, corresponding to the HF
Dysor(1) calculation amounts to diagonalizing, within this energyEHF of spin orbitala, with the corresponding spectro-
basis set, the HF Hamiltonian matnxithout the confining ~ scopic factor equal to unity. The resulting expression is
parabolic potential. Of course the s.p. energies of the hole e e
states still correspond almost exactly to the coordinate space ~nr E)= 0(ea —€r)  Oler—€y)
HF results. The discrete HF basis obtained in this way is then a E-Frig E—€l-ip '
used as the starting point of the self-consistent Dy&jocal-
culation. whereeg is the Fermi energy of the system.
In a self-consistent formulation, the dressed propagators
of Eq. (14) should be used to evaluate the electron self-

(17)

C. Dyson (2) calculation energy. The contribution of second order in the interaction
We will assume the s.p. propagator and the correspondhen reads
ing self-energy to be diagonal in the discrete HF basis ob- f ot b
i i ; i _ F St iSukSe
tained in the previous subsection. In the closed-shell ca @)(E)= 2 ab.cd c,j2d, kbl
treated in Ref. 1, it was clear that nondiagonal contributions 2 bed 204 | % E—(e£j+eg o eE D+in
could only occur between s.p. states differing exclusively in ' ’ '
L b b of
their principal quantum number. For the present treatment of St Sa.kSb.

open-shell systems in the uncoupled representation a similar (18)

statement can be made using conservation of the projection
of total angular momentum and spin. Note that the angulaThe interaction coefficient§ ,p, .4 in Eq. (18) are angular
averaging scheme as introduced in Sec. Il A is consistendveraged in case of a partially filledoZshell, consistently
with this. with the procedure used for the mean field in Ex@—(11).
In general the energy separation between orbitals wittThe general expression in terms(ahtisymmetrizegimatrix

the same principal quantum numberis large enough to elements of the Coulomb interactidhreads
reduce intershell mixing, though this reasoning becomes

questionable for the discretized continuum states. It should 1 S

also be stressed that the assumption of diagonality in the abcd™ 3

principal quantum number is not strictly necessary, but

serves to make the equations more tractable and to decrease x[((am_)(bm)[V[(cm )(dm ))ad? (19

the numerical effort. In future work we plan to study the

effects of intershell mixing. The present results for, e.g., thevhere the summation ovgr=—1,0,1 represents the aver-

electron affinity are in fairly good agreement with experi- 2ging over the occupienh, values in the P shell.

ment, indicating that the effects are certainly not dominant. ~ The self-consistent solution is then found by the follow-
Using the s.p. labels as introduced in Sec. Il A, the ing iteration process:

spectral representation of the Green’s function can be written

jkil E_(Eg,j+fg,k_ eh)—im

Wy W Wum W
a b c d

my,m ., mp ,m
I PR T L P

as a sum of simple poles, [n+1]

G HE)= (20

8 e s

E + _— 14
GalB)= 2 +|7] El: E—eaﬁ—in (a4 E Sf[n+l] Sb[,”Jrl]
+
The coefficientss;’j andS); in Eq. (14) are defined as J M liin T E-& M H-iy

(21)

SLi=I(i(A+1),lcs|0(A) 2,

ngj (i (A= 1)4]c.|0(AN| (15 ;I;g;:?vl:e psré)r?:r?]z:or is used as the starting pamnt Q) of the

and represent the spectroscopic factors for, respectively, the The second-order self-energy in theth iteration,
addition and removal of an electron in spin orbiigfom the 3 @)I"(E), is constructed with theth iteration propagator,
correlatedA-electron ground statéd(A)). The summation i.e., Eq.(18) is evaluated witr8[[" , €flM, S2M anded
index| is restricted to theA = 1)-electron states that can be representing the fragmented distribution of spectral strength
reached from the ground state by adding or removing ain thenth iteration step. Also the first-order contributidf®
electron in spin orbitala. The corresponding energies of to the self-energy must be evaluated with the dressed Green'’s
these A+ 1)-electron states are related to ﬁie, andegyj in  function, resulting in HF-type energies which are updated in
Eqg. (14) as each iteration step as
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TABLE Il. Carbon first ionization energyatomic unit$. Results obtained
using the second-order self-energy in the first iteratime text Only s and
p orbitals were considered. The parameters of the parabolic potential are
C,=5, andR,;=3 (top), R;=6 (middle), R,=10 (bottom). Ng: number of
b [n s-orbitals, increasing with row numbeé\,, : number ofp-orbitals, increasing
XE 2 Wym Wam, <a'}’|v|a'y>asz Scj[ ] ) ’
a c J

w|

1
€701~ (al Hola) + o
a

with column number.
M C,TT"I|C,I'T'I|a

(22) R=3 N,=10 15 20 25
. I N,=10 0.3878 0.3921 0.3936 0.3960
whereH, is the one—body. par(tklnetlc energy and nuclear 15 0.3894 0.3937 0.3952 0.3964
Coulomb field of the Hamiltonian. 20 0.3898 03941 03956  0.3966
Note that during the iteration process of EGO) the 25 0.3962 0.3965 0.3966 0.3966
number of poles in the self-energy(®"(E) is roughly
) : R=6 N,=10 15 20 25
equal to the third power of the number of poles in the propa-
gatorGL"(E), as can be seen from E4.8). This means that ~ N.=10 0.3963 0.3964 0.3964 0.3964
during each successive iteration the number of poles in the ;g g-gggj g-gggg g-gggg g-gggg
propagator is cubed. As in Ref. 1, the BAGEL schénkis P 0.3964 03966 03060 03060
adopted to reduce the growing number of poles.
The basic idea of the BAGEL scheme consists of replac- Ri=10 Np=10 15 20 25
ing the poles and residues in the self-energy by a smaller set N.=10 0.3960 0.3961 0.3961 0.3961
of BAGEL poles, chosen so as to conserve some important 15 0.3962 0.3964 0.3964 0.3964
properties of the original self-energy. The forward and back- 20 0.3962 0.3965 0.3965 0.3966
25 0.3962 0.3965 0.3966 0.3966

ward parts of the self-energy in E(L8) can be written in a
compact form as

Df f Db b
222)“5): E UfJ . Uk;’ — (23 energy, using the BAGEL approximations for the self-energy
JF1E-wytin JF1E-w;—in in terms of a small number of poles. This is directly related
to the property of the numerical Lanczos method of fast con-
The distribution of the large numb&" of residues and en- vergence for the extremal eigenvalues of a symmetric
ergies ¢, wf) is then replaced by the smaller BAGEL set matrix.*® Moreover, the total binding energy in the Dy$an
(}jf ,;,jf), wherej=1,... M. This BAGEL set is determined Scheme can be calculatésee Ref. 1 using the Galitskii—
by the requirement that the lowest energy-weighted moment¥ligdal expression,

are equal for both distributions, i.e., 1 b b
Eg(A)=5 2 (@lHola) +a)S: (25)
M Df
2 FH(@hr= 2 ol(whP (24) and is seen to depend only on the zeroth and first energy-
= R weighted moment of the backward distribution of spectro-

scopic strength. The moment reproduction for the self-energy

wherep=0,1,...,2M —1. A similar construction is used for then ensures a fast convergence also for the total binding
the backward part of the self-energy. energy, as seen from the results in the next section.

In each iteration step we can now replace the complete
self-energy by its BAGEL approximation using a fixed num-
ber ofM poles in the forward and backward part. In this way ;| cHOICE OF BASIS SET AND PARAMETERS
the number of poles in the propagator remains the same dur-
ing successive iterations. In this section we illustrate how several parameters that

For a sufficiently large number of BAGEL poles, this enter the calculation, such as the confining potential, the
replacement has no influence on the distribution of spectronumber of virtual orbitals, and the number of BAGEL poles,
scopic strength near the Fermi energy, nor on the total bindwere chosen. We use the calculation for the carbon atom as
ing energy. In the next section we discuss the convergence an example.
the results with respect to the number of BAGEL poles.  The number of virtual orbitals was determined by con-
About 20 poles 1 =20) are required to reach convergence,sidering the ionization energy; in the first iteration, i.e.,
i.e., taking a larger number of poles has no significant effectising the HF propagators to evaluate the self-energy and
on the binding energy, valence ionization energy or electrorsolving the corresponding Dyson equation for the highest
affinity. occupied level. All two-hole/one-particle and two-particle/

The system of equations Eq®4) can be solved for the one-hole intermediate states are taken into account in the
BAGEL energies and strengths using a variant of the Lancsecond-order self-energy; the BAGEL approximation was
zos proceduré! = The virtue of the BAGEL construction, not yet used at this level. Table Il contains the ionization
where one demands reproduction of the lowest-order energenergy for a test calculation where ordyand p-orbitals are
weighted moments, lies in the fast convergence of the soluconsidered, for an increasing number of virtual orbitals, and
tions of the Dyson equation for energies near the Fermifor three quite different parabolic potentidlsee Eq13)].
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The value ofC,=5 is taken constant, but the parame®gr —37.789 forM = 10,15,20 poles, respectively. This indicates
which determines the position of the wall, is taken s the rapid convergence of the binding energy, which is essen-
=3, R=6, andR,=10, respectively. tially converged even avl=10. The results for the ioniza-

It is clear from Table Il that the ionization energy con- tion energy, 0.417, 0.416, 0.415, behave similarly, whereas
verges to the same value for all choices of the parabolithe results for the electron affinity, 0.040, 0.045, 0.046, are
potential, provided enough virtual orbitals are taken into acsomewhat more sensitive in this respect.
count. However, the convergence is fastest using the para-
bolic potential withR,=6. This is understood by realizing V. RESULTS

that for a small value of the wall distanég the confining In this section, we present some results of the Dy&on

potential distorts the HF potential and hence the bound orz 4 Dyso2) calculations on the second-row atoms B, C, N
bitals . It then requires a large number of virtual orbitals o5 and F. These open-shell atoms show near-degenéra’cy of-
get back to the coordinate space HF wave functions and €Racs in the valence-shell, and the presence of strongly inter-
ergies. On the other hand, for a very large valueRpfthe - g¢ting configuratiorl make a high-level treatment of elec-
level spacing of the virtual orbitals becomes quite small. INtyonic  correlations mandatory. A comparison between
this case a large number of virtual orbitals are needed tgneoretical results obtained in this work and with those ob-
provide a cut-off in energy which is sufficient to reach con-(ained in other computational schemes available in the
vergence for the second-order diagram. The same holds tryg, ;ssan os packag® (standard HF, post-HF, DFRnd ex-

if, instead of the positiorR,, the curvatureC, of the para-  periment is performed. In the DFT calculations, two com-
bolic potential is made very small. Stated differently, theremomy used functionals were appliéBLYP and B3LYP,
exists an optimal value for the parameters of the confiningynile the standard HF calculations are performed on the
potential, which allows an accurate discretization of the HFqE/6-311G** |evel. The post-HF methods include electron
continuum in terms of a limited set of virtual orbitals, and correlations by means of different perturbation schemes such
leads to fast convergence of the second-order self-energy. 55 Méler—Plesset perturbation theotiP2, MP4 or con-

The parameter values of the confining potential whichfigyration interactior(CI). Throughout this paper, all results
are listed in Table | were determined by a great number Ofre denoted in atomic units.

test Ca|Cu|ati0nS I|ke the one described abOVe, inVOIVing firSt First' we discuss some S.p‘ properties for the open_she”

thel-values corresponding to the occupied HF states, and igtoms. In Tables Il and IV we report the prediction of the
a second stage the highkevalues. In all cases we checked fjrst jonization energies, respectively, the electron affinities.
convergence for the first ionization energy, up to 1@.u.  These properties can be calculated in two distinct ways. One
by gradually increasing the number of virtual orbitals. Thenmethod is the so-called adiabatic approach, where the atom
we determined the paramet@y for which convergence was and ion are optimized separately and the ground-state ener-
optimal in terms of the number of virtual orbitals. The value gies are subtracted subsequently. In this way, collective fea-
of C; was kept fixed aC;=5 a.u. which we found to be a tures such as relaxation of the orbitals are included and re-
reasonable value in all calculations. Note that inclusion ofarrangement effects in the mean field of the(1) system
angular momenta with=8 did not affect the ionization en- due to the removal or addition of an electron are taken into
ergy Z, up to the required accuracy. This procedure resulteéiccount. The present Green’s function treatment, on the other
in the basis sets presented in Table I. hand, is a perturbative expansion starting from the neutral
At this point we have converged results, in terms of theatom. The energy poles of the exact Green’s function give
basis-set dimension, for the second-order diagram evaluatefimultaneously the excitation energies of tihet(1) electron
with HF propagators, i.e., the first iteration result in our it- system. This approach does not take rearrangement effects
eration scheme towards the self-consistent solution. For thgirectly into account, as in the adiabatic scheme. The highest
case of the carbon atom, e.g., we find a value of 0.4166 a.ypole in the backward propagating part corresponds to the
for the ionization energyZ;. As mentioned in Sec. Il, the ionization energy which is in first ordéHF approximatioh
self-energy is replaced by a BAGEL approximation in orderrepresented by the HF s.p. energy of the highest occupied
to keep the number of poles under control. We next investibound level.
gated the dependence of the first ionization energy, as a func- We note that Koopmans’ theorem is not valid for Kohn—
tion of the number of BAGEL polel!, by solving the Dyson Sham(KS) levels as clearly demonstrated by the poor DFT
equation with the self-energy in the corresponding BAGELresults(see third and fourth numerical column of Table).lll
approximation. FoiM =10,15,20 the result is, respectively, On the other hand, the adiabatic DFT resufisst two col-
7,=0.4171, 0.4167, 0.4166. Note the convergence, with inumns in Table Il) show a remarkable agreement with experi-
creasing number of poles, to the first-iteration result obtainednent, which emphasizes the semiempirical nature of the
without the BAGEL approximation. In our self-consistent DFT-functionals and the inclusion of these atoms in the train-
calculationsM =20 BAGEL poles are taken into account. ing set. The nonadiabatic HF estimates are reasonable, indi-
This is sufficient to guarantee converged results for the ioneating that Koopmans’ theorem is valid in HF approximation
ization energy, electron affinity, and total binding energy. Forto some extent, but apparently insufficient correlations are
carbon we checked this explicitely by performing fully self- involved to get a more stringent agreement. Anyway,
consistent calculations withl = 10 andM =15 poles, in ad- Dyson(1) provides a good starting point for Dys@ and it
dition to the standard/ =20 poles. For the carbon binding is obvious that the correlations included in the self-consistent
energy (in atomic unit3 we find —37.790, —37.789, second-order scheme generally have a beneficial effect. To
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TABLE Ill. First ionization energiegin atomic unit$. Dysor(1) stands for Hartree—Fock in the discrete basis
discussed in the text. Dys(®) gives the solution of the second order Dyson equation after one and two
iterations, and after convergence. In the first two numerical columns the adiabatic approach is used. In the next
seven columns s.p. energies are used.

DFT HF Dysor(2)

Eoy~Eon-1) —e® —eF —e

BLYP B3LYP BLYP B3LYP HF/6-31G** Dysor(1l) Firstit. Secondit. Conv. Expt.

B 0.316 0.321 0.143 0.187 0.317 0.311 0.308 0.304 0.305 0?3050
C 0.417 0.424 0.211 0.264 0.437 0.435 0.417 0.415 0.415 0.41381
N 0.532 0.538 0.286 0.352 0.568 0.571 0.534 0.535 0.537 0.53412
(@) 0.514 0.516 0.256 0.324 0.516 0.510 0.480 0.483 0.484 0.80046
F 0.643 0.647 0.353 0.431 0.673 0.674 0.608 0.616 0.619 0.64028
aReference 19. dReference 22.

PReference 20. *Reference 23.

‘Reference 21.

illustrate the convergence to self-consistency, results of thgive the electron affinities as obtained in DFT calculations
first and second iteration are given as well. It is observed thatising standard functionals. We also report coupled-cluster
Dyson(1) overestimates the ionization energy for all open-calculations(CCSDT) with inclusion of various correction
shell atoms in this study and that the evolution toward conterms?’ their predicted theoretical values are the best avail-
vergence in Dysa2) is mostly monotonous. able in literature and are defined following an adiabatic ap-
In Table IV we collected the results for the electron af- proach,Ey(A) —Eq(A+1). Very large basis sets are used
finity, which is known as one of the atomic properties thatand various corrections such as extrapolation to the basis-set
are hardest to reproduce in ah initio calculation. The elec- limit and relativistic effects have been considered. As a con-
tron affinity provides a useful test of the computationalsequence, the results of Ref. 27 have an excellent agreement
method because correlations are generally believed to be ewith experiment but they are not completely self-consistent
tremely important. This holds in particular for boron which and not free from any empirical input.
forms the most weakly bound stable ion among the light To demonstrate the fact that correlatiofess imple-
element$* and has been the subject of many theoreticamented in DFY are extremely important to reproduce a sen-
studies?® 33 Also the existence of the negative ion of nitro- sitive observable such as the electron affinity we also include
gen has a long history: from the early experiment of Fogelin Table IV adiabatic HF results using finite basis sets
et al3* and the dissociative attachment experiment of Hotog HF/6-311G** ). They are scarcely better than the Dy&bn
et al*® up until now, no proof of the existence of this ion has results, i.e., the lowest unoccupied HF s.p. energies in the
been published. Computational estimates vary as Wéfl. discretized basis. No extra electron can be bound in the HF
The last two atomgO and B are known to have electron system(apart from the highly electronegative),Fand we
affinities that are of the most difficult ones to reprod@see, conclude that both HF schemes completely fail in reproduc-
e.g., Refs. 27,30,31,38 ing even the qualitative trend of the electron affinity through-
The fact that electron correlations play a dominant roleout the second-row atomic systems.
in the electron affinity is clearly demonstrated by the HF  As opposed to HF, the Dys@@) results turn out to be
results[Dyson(1)], which fail in reproducing even the quali- quite satisfactory. For most atoms the first iteration yields a
tative trend of the binding energies of th&{ 1) system vs drastic change in the right sense, but the predicted values for
A-particle system, resulting into a negative affinitye., no  the electron affinity still vary significantly from the con-
electron can be boundThe first two columns of Table IV verged values. This supports the important role of the com-

TABLE |V. Electron affinities(in atomic unit3. See also caption of Table IlI. In the first four numerical columns the adiabatic approach is used. In the next
four columns s.p. energies are used.

DFT CCSDT HF DysofR)
Eoa)—Eo(ar1) Al —€
BLYP B3LYP Ref. 27 HF/6-31G** Dyson(1) First it. Second it. Conv. Expt.

B —0.0165 —0.0102 0.01024 —0.030 —0.0358 —0.003 0.006 0.008 0.0102/@H?
C 0.0145 0.0202 0.04641 —0.002 —0.0198 0.033 0.045 0.046 0.046362
N —0.0470 —0.0438 - —0.109 —0.1080 —0.0491 —0.039 —0.039 <0

(e} 0.0012 0.0057 0.05368 —0.060 —0.0792 0.014 0.032 0.032 0.05369%
F 0.0642 0.0675 0.12505 0.006 —0.0369 0.098 0.126 0.126 0.12499)f

%Reference 24.
PReference 25.
‘Reference 26.
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TABLE V. Single-particle propertieenergies in atomic unitsExperimental data for core levels from Ref. 40;
for the valence levels, see Table IIl.

Single-particle energies Spectr. strength
HF/6-311G** HF(®) Dysor(1) Dyson2) Expt. Dysor(2)
B 1s| —7.697 —7.702 —7.471 0.839
—7.695 -6.91
1s7 —7.682 —7.687 —7.451 0.845
2s| —0.543 —0.543 -0.524 0.900
—0.495
2s? —0.444 —0.445 —0.457 0.932
2p| -0.317 —-0.310 -0.311 —0.305 —0.3050 0.952
C 1s| -11.34 -11.35 —11.00 0.811
—11.33 —10.44
1s? —11.30 -11.30 —10.94 0.819
2s| -0.826 -0.827 —0.755 0.847
—0.706
2s] —0.582 —0.582 —0.591 0.926
2p| —0.437 —0.433 —0.435 -0.415 —0.41381 0.942
N 1s| —15.67 —15.67 —15.25 0.850
—15.63 —15.06
1s? —15.57 —15.58 —15.19 0.866
2s| —1.160 -1.163 —1.023 0.814
—0.945
2s] —0.724 -0.725 -0.731 0.928
2p| —0.568 —0.568 -0.571 —0.537 —0.53412 0.938
e} 1s| —20.70 -20.71 —19.89 0.586
—20.67 —19.96
1s? —20.62 —20.63 —19.90 0.721
2s| —1.410 —1.418 —1.253 0.827
—1.244
2s] —1.070 -1.073 -1.025 0.908
2p| —0.703/0.606 —0.693+0.649 —0.632/-0.589 0.918/0.909
—0.632
2p7 —0.516 —0.510 —0.484 —0.50046 0.930
F 1s| —26.40 —26.41 —25.78 0.852
—26.38 —25.60
1s? —26.35 —26.36 —25.79 0.848
2s| —1.663 -1.672 —1.498 0.857
-1.573
2s? —1.469 —1.474 —1.367 0.894
2p| —0.834/-0.724 —0.803~0.752 —0.723+0.677 0.909/0.905
—0.730
2p7 -0.673 —0.674 -0.619 —0.64028 0.916

®Reference 32.

plex electron correlations generated through the “dressedinent with the experimental trend, and for carbon and fluor
second-order self-energy. For boron it is noted that the sedhe predicted electron affinity is even remarkably accurate. In
ond iteration is even required for binding an additional par-this respect one should emphasize that the electron affinity
ticle. For the nitrogen atom the electron affinity remainsderived in the Dysof2) scheme represents a pole in the spec-
negative, in agreement with experiment where no stabléral representation of the neutral atom Green’s function,
negative nitrogen ion can be found. Of course the presenwhich simultaneously contains information on electron af-
calculation, being nonvariational in nature, cannot rule oufinities and ionization energies. The electron affinity is not
the existence of a stable negative nitrogen ion. Moreover, fodetermined from separate calculations of the ground-state en-
such a system at the edge of stability the description of thergies of neutral atom and negative ion.
single-particle continuum is likely to be crucial. Neverthe- A summary of all s.p. energies is given in Table V. The
less, all atoms start from the same type of HF spectrumenergies in the first numerical column are standard HF re-
having no bound unoccupigsorbital, and it is satisfactory sults obtained in finite basis sets using grJsSIAN 98 soft-
to see that the electron correlations in the Dy&pischeme ware package. The second column collects the HF energies
pull down onep-orbital to negative energies for all atoms in from a computational scheme that also solves the HF equa-
Table 1V, except for nitrogen. tions in coordinate spacé.This scheme solves the single-
The final converged Dysd®) results show good agree- configuration HF equations, without distinguishing spins. Fi-
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S 1s spin down in O the 1s level of oxygen from Dysofi) to the converged
107 " Dyson(2) result. It is noted that the first iteration in the
lartree-Fock level .
05 second-order procedure scatters the spectroscopic strength
’ over a large energy range and that the correlations induce a
oo shift of the quasiparticle engrg'ye.,the energy of the largest
-35 -30 -25 -20 -15 -10 -5 peak towards the Fermi energy. The effect of self-
s 107 o consistency is mainly to regroup the strength into a few frag-
051 Fistteration Dyson(2) ments and to further deplete the quasiparticle peak, while its
energy varies only little.
0.0 - : T | e R Table VI gives an overview of various predictions of the
. 1o -80 25 20 -15 -10 -5 total ground-state energy of the open-shell systems.
The DFT results are superior to those of the other
05 Conveigence Dyson(2) schemes: it was already mentioned in the paper of B8cke
T (BAGHL approach) that the correction of the BLYP function&l determined by a
0.0 += . 0 1 . . - least-squares fit to the noble-gas atoms helium through ra-
e S don, also gi llent prediction of the bindi
energy (aU) , gives an excellent prediction of the binding ener-

gies in the light open-shell systems present in this study. On
FIG. 2. Spectroscopic factor ofs] in O as predicted in the Dys@h and the other hand, the B3LYP function‘}ﬂ,an extension of the
Dyson2) scheme. BLYP functional, has been determined by fitting its param-
eters a.o. to the total binding energies of B, C, N, O, and F.
Therefore we would expect an even better agreement with

are reported in the next two columns. A thorough discussioﬁxpe_”mem for this functional. However, due to the .Iarger
has already been held for the valence ionization energies. F&2NIng set of B3LYP compared to BLYP, some slightly
the core levels the experimental information is less accuratd@r9€r deviations appear for the former. We include three HF
experiments on open-shell atoms are more involved than fgralculations in Table VI._ Thelr resul_ts are almost identical,
the closed-shells atoms and are generally limited to a rathdpough Dysofil) unsurprisingly predicts a somewhat larger
narrow energy range. Therefore the experimental data iRinding energy, since it stands for the exact HF solution in
Table V are deduced from experiments on solids. Since thesgoordinate space. The other two schemes either suffer from
levels are so tightly bound that they are relatively inert, wefinite basis effectgHF/6-311G**) or do not adopt the spin
assume that their energies are more or less independent éggree of freedom in the calculatioRef. 39 which leads to
the state of aggregation. The predictions for the core s.pa slightly less bound system.
energies in the two HF schemeHF/6-311G** and We also include in Table VI some post-HF results based
Dysorn(1)] are similar, which is not surprising as a correct upon application of perturbation techniques beyond HF, such
treatment of the configuration space will mainly affect s.p.as MP2, MP3 and a few MP4 schemes. Finally a variational
levels around the Fermi surface. The Dy&nscheme calculation(configuration interaction or ¢lhas been per-
seems to make the core levels somewhat less bound in agrdermed. When comparing these results with the Dy2pn
ment with experiment. energies it should be kept in mind that the post-HF results
In Fig. 2 we demonstrate the fragmentation process ofvere all performed using standard finite basis sets, which

nally the energies of both Dys@l) and Dysofi2) schemes

TABLE VI. Total ground-state energyatomic unit$ obtained with various many-body models. In MP4,
calculations with double-quadrup(®Q), single-double-quadrupléSDQ), and single-double-triple-quadruple
(SDTQ substitutions in the ground-state Slater determinant are considered. Experimental data are from Ref. 41.

B C N (6] F

DFT DFT-BLYP —24.649 —37.842 —54.583 —75.073 —99.742
DFT-B3LYP —24.662 —37.856 -54.599 -75.085 -99.754

HF HF/6-311G** —24.530 —37.689 —54.398 —74.805 —99.397

HF? —24.529 —37.689 —54.401 —74.809 —99.409

Dysor(1) —24.530 —37.690 —54.405 —74.815 —99.412

Post-HF MP2 —24.569 —37.745 —54.475 —74.918 —99.554

MP3 —24.583 —37.760 —54.488 —74.931 —99.563

MP4(DQ) —24.588 —37.764 —54.490 —74.932 —99.563

MP4(SDQ —24.588 —37.764 —54.490 —74.932 —99.564

MP4(SDTQ —24.588 —37.764 —54.491 —74.933 —99.565

Cl QCISD —24.591 —37.766 —54.491 —74.933 —99.564

Dyson2) First it. —24.585 —37.766 —54.505 —74.944 —99.565

Second it. —24.597 —37.786 —54.542 —75.008 —99.676

Conv. —24.600 —37.789 —54.543 —75.010 —99.678

Expt. —24.653 —37.844 —54.587 —75.063 —99.725

®Reference 39.
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makes a quantitative comparison with Dy&dnsomewhat ACKNOWLEDGMENT
unfair. They are merely given to get an idea about the effect
of gradually including a larger amount of correlations in the

description. All these calculations predict binding energieéQ
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pared to HF. However, the electron correlations in these per-
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