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Large-amplitude motions, particularly internal rotations, are known to affect substantially
thermodynamic functions and rate constants of reactions in which flexible molecules are involved.
Up to now all methods for computing the partition functions of these motions rely on the Pitzer
approximation of more than 50 years ago, in which the large-amplitude motion is treated in
complete independence of the other �vibrational� degrees of freedom. In this paper an extended
hindered-rotor model �EHR� is developed in which the vibrational modes, treated harmonically, are
correctly separated from the large-amplitude motion and in which relaxation effects �the changes in
the kinetic-energy matrix and potential curvature� are taken into account as one moves along the
large-amplitude path. The model also relies on a specific coordinate system in which the Coriolis
terms vanish at all times in the Hamiltonian. In this way an increased level of consistency between
the various internal modes is achieved, as compared with the more usual hindered-rotor �HR�
description. The method is illustrated by calculating the entropies and heat capacities on
1,3-butadiene and 1-butene �with, respectively, one and two internal rotors� and the rate constant for
the addition reaction of a vinyl radical to ethene. We also discuss various variants of the
one-dimensional hindered-rotor scheme existing in the literature and its relation with the EHR
model. It is argued why in most cases the HR approach is already quite successful. © 2006
American Institute of Physics. �DOI: 10.1063/1.2161218�

I. INTRODUCTION

In standard ab initio calculations the molecular partition
function, from which all thermodynamic molecular proper-
ties can be derived, is constructed using the independent
harmonic-oscillator �HO� approximation. This description is
adequate when only small deviations from the equilibrium
geometry are relevant �i.e., low temperatures or steep poten-
tials�. Basically the HO model only needs information which
can be derived from the equilibrium geometry. The low vi-
brational spectrum of most molecules is characterized by
some large-amplitude vibrations that give rise to large devia-
tions from the equilibrium configuration. Among them inter-
nal rotations �IR� about single bonds are certainly the most
important. They have been the subject of extensive studies in
the literature for decades. As the shape of the rotational po-
tential gives rise to various stable conformers, the consider-
ation of a quadratic form of the potential �as harmonic oscil-
lator� is no longer meaningful and can lead to partition
functions which largely deviate from the real ones. Instead of
the HO approach one often applies a variant of the hindered-
rotor �HR� model.

This HR model is usually implemented in one dimension
�1D-HR�. The potential energy becomes a function in the
selected coordinate and may generate multiple local energy

minima �conformers�. Initially this potential energy was cal-
culated as a rigid rotation, but nowadays it is obtained from
a potential-energy scan in which the geometry is allowed to
relax. The kinetic energy is completely determined by the
moments of inertia, but the method of calculating the latter
varies in different approximative schemes.

The simplest approximation was suggested by Pitzer1–6

and has become a method of general use for one-dimensional
treatment of internal rotors. Only the coupling with the over-
all rotation is taken into account, and neither relaxation ef-
fects nor coupling with other internal modes are involved.
The calculation of the moments of inertia is based on the
reference geometry, and it is further assumed that these mo-
ments remain fixed along the large-amplitude path. Despite
the apparent inconsistency between the kinetic energy �with
fixed moments of inertia� and the variable potential energy,
this method led to good predictions for the entropy and heat
capacity of n-alkanes.7

Pitzer also suggested a multidimensional treatment of
the rotors. We applied this scheme �nD-HR� for pentane and
hexane,8,9 making use of the classical expression for the par-
tition function as elaborated by Eidinoff and Aston.10 At this
stage the reduced moments of inertia are constructed from
the full kinetic-energy matrix of the overall rotation and sub-
sequent internal rotors, and represent functions of the rota-
tional angles. This scheme represents a step forward in a
more advanced and consistent description of IRs as the cou-
pling between the overall rotation and internal rotors is taken
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into account, but the coupling between internal rotations and
other vibrations in the molecule is still ignored.

An overview of the several possibilities to construct �re-
duced� moments is given by East and Radom.11

Although the HR method can easily be implemented,
this procedure still has some practical drawbacks.12 For the
calculation of molecular properties all vibrational modes are
needed, whereas the HR method is applied only to some
specific large-amplitude motions and thus does not provide a
full description. The other vibrational modes are still treated
with the HO method. Usually one replaces the harmonic
modes corresponding to the internal rotation by its HR de-
scription, but the identification of these HO modes may be
problematic for larger molecules since most of the low vi-
brational normal modes are mixtures of several internal ro-
tations and other vibrations. A good illustration is the propa-
gation kinetics of polyethylene in which large alkyl chains
are involved �Scheme 1�.

In these long-chain molecules no clear identification of
separate internal rotations is possible due to a strong mixing
among torsional modes and other skeletal vibrations.13 It was
shown that the 1D-HR model fails dramatically when used in
conjunction with the HO frequencies obtained as output of a
standard ab initio calculation. The propagation rate constant
diverges for an increasing length of the alkyl chain, whereas
all experiments point to a convergent behavior. The problem
can be solved in a computationally attractive way by using
one-dimensional HO predictions qHO

1D that are obtained using
the second derivative of the rotational potential at the equi-
librium position along the one-dimensional �1D� path of the
torsional angle. However, the method is still not fully con-
sistent, in the sense that the normal mode found by solving
the complete multidimensional normal-mode problem differs
from the one-dimensional solution.

In Ref. 12 of Ayala and Schlegel, a method is presented
for the identification and treatment of internal rotations in a
normal-mode vibrational analysis. A commonly committed
error is that normal modes are inspected in terms of Carte-
sian coordinates instead of internal coordinates, frequently
yielding wrong information. Ayala and Schlegel proposed a
method for correcting these effects. They constructed a pro-
jector that removes all internal coordinates corresponding to
bond stretches and bond angles, leaving only bond torsions
�IRs�. Then the normal-mode problem is solved yielding the
projected vibrational frequencies and corresponding HO par-
tition functions. Replacing these last values by those pre-
dicted by the IRs, an important correction is obtained for the
partition function, and a valuable step is made in a consistent
treatment of IRs and their impact on thermodynamic proper-
ties.

To some extent this model removes the inconsistency
involved in the commonly used correction factor qHR

1D /qHO
mD

for the partition function, where qHO
mD corresponds to the nor-

mal mode found by solving the complete multidimensional

normal-mode problem. This can give rise to large inaccura-
cies since the multidimensional solution differs from the one-
dimensional mode: qHO

1D �qHO
mD. The determination of the one-

dimensional HO prediction qHO
1D of the partition function of

the vibrational mode which is replaced by an IR, also re-
quires the calculation of the effective moment of inertia,
more specifically the same moment as for the evaluation of
qHR

1D. Clearly, it should be useful to have a method that treats
all low vibrational modes without inconsistencies or the need
for ad hoc factors.

In addition to the problem of large-amplitude vibrations,
much attention has been devoted to include rotational-
vibrational coupling within the same framework. These ap-
proaches focus on the calculation of energy levels and are all
based on the work of Watson.14 In particular, we mention the
work of Carter et al.15 and Gerber and co-workers.16 In these
procedures, the Coriolis coupling terms add crucially to the
complexity of the description and are usually ignored.

In 1989 Jellinek and Li emphasized the problem of sepa-
rability of the global rotation and internal motion and pro-
posed an exact description in which there exists a complete
instantaneous separation of energies such that the Coriolis
term in the Hamiltonian is zero at all times.17 Our implemen-
tation as proposed in the current paper turns out to coincide
with the principles of the Jellinek description. A general
Z-matrix-like internal coordinate system �3N−6 variables� is
introduced and connected with the global variables �transla-
tion, global rotation� by imposing appropriate conditions.
These are conservation of momentum and angular momen-
tum under internal reorganization.

In practice, one needs to introduce two body-fixed
frames: �i� frame �1� coinciding with the center of mass �at
all times� and representing the global motion and �ii� frame
�2� attached to the reference atoms chosen for determining
the internal coordinates. Frame �1� is defined in such a way
that the atomic velocities in this frame do not contribute to
the total linear and angular momenta of the system. The re-
sulting classical description of the kinetic energy will be de-
rived in the next section.

In the second part of the theory, an extended HR �EHR�
description is introduced which is based on the exact �clas-
sical� kinetic-energy description in combination with an ap-
propriate approximation of the potential energy for one in-
ternal rotor. The rotational potential is written as a one-
dimensional function VHR���, as usually done in the standard
HR model, but in the other 3N−7 coordinates �orthogonal to
the large-amplitude path� a quadratic approximation is used
resulting in a �-dependent Hessian for the vibrational de-
grees of freedom. Since our main interest goes to the accu-
rate determination of thermodynamic and kinetic quantities
derived from the partition function, the whole scheme is
solved classically except for the small-amplitude vibrations
that are treated quantum mechanically. The classical solution
implies that the traditional interpretation of the energy levels
is given up.

The proposed EHR model has the merit of a consistent

044314-2 Vansteenkiste et al. J. Chem. Phys. 124, 044314 �2006�

Downloaded 27 Feb 2008 to 157.193.99.138. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



treatment of the harmonic-oscillator and hindered-rotor de-
scriptions, integrated in one unified model, and also fully
incorporates the variation of the geometry by means of vari-
able �internal and principal� moments of inertia for all
modes.

In this paper we also examine how the global partition
function in the 1D-HR scheme is related to its EHR counter-
part, and why the former yields good results in most of the
cases.

The EHR model will be validated on its capability of
reproducing thermodynamic quantities such as entropy and
heat capacity in 1,3-butadiene, in which only one rotor is
present and for which experimental data are available. The
EHR model is easily extended to multiple internal rotors.
This is demonstrated on 1-butene, in which two internal ro-
tors are present.

Another quantity of interest is the frequency factor of the
reaction rate. The reaction rate is directly proportional to the
partition function of the transition state. In the case of addi-
tion reactions, for example, the rate is sensitive to the details
of the description of the additional internal rotation about the
forming bond. The importance of internal rotations in the
transition state is well documented in the literature for addi-
tion reactions of radicals to olefins.18,19 In this paper we dem-
onstrate the impact of coupling with the other vibrational
modes on the addition of a vinyl radical to ethene.

II. THEORY

A. Classical kinetic energy

In order to derive the classical kinetic energy for a mol-
ecule with N atoms, one needs to introduce appropriate vari-
ables of motion. In a Z-matrix-like formulation, it is possible
to define n=3N−6 internal coordinates �i, describing the in-
ternal structure of the molecule related to a frame B� that is
determined by the first three atoms. The absolute position of
atom 1 is taken as the origin OB�, while the vector r12 be-
tween atoms 1 and 2 determines the XB� axis and the com-
ponent of r23 perpendicular to this axis determines the YB�
axis.

In this way, the coordinates of atom A in the space-fixed
frame S are described by the vector:

rA
�S� = rOB�

�S� + R̄B�S · rA
�B����i� , �1�

where R̄B�S is the rotational tensor between the orientation of
the axes in frames B� and S. It is convenient to introduce an
additional frame B that at a given time �t=0� coincides with
the center of mass �c.m.� and is oriented along the principal
axes of the molecule, but with as yet unspecified dynamics.

The coordinates in frame S can be expressed as

rA
�S� = rOB

�S� + R̄BS · rA
�B� = rOB

�S� + R̄BS · �rOB�

�B� + R̄B�B · rA
�B����i�� ,

�2�

and the velocity of atom A in the S frame becomes

ṙA
�S� = ṙOB

�S� + R̄
˙

BS · rA
�B� + R̄BS · �ṙOB�

�B� + R̄
˙

B�B · rA
�B��

+ R̄B�B · ṙA
�B��� . �3�

The velocity of atom A in the B� frame has the generic form

ṙA
�B�� = �

i

�rA
�B��

��i
�̇i = �

i

Ui
�B���A��̇i. �4�

For practical calculations, the n internal coordinates in the
Z-matrix formalism can be divided into three classes: dihe-
dral angle, bond angle, or bond length.

�i� The first two classes correspond with rotations about
an axis lying along a bond �changes in dihedral� or about an
axis perpendicular to the plane formed by two bonds
�changes in bond angle�. The velocity �in frame B�� of atom
A subject to these two rotations can be expressed in terms of
an angular velocity �i as follows:

Ui
�B���A��̇i = �i

�B�� � �rA
�B�� − rOi

�B���

= �̄�B���A − Oi� · �i
�B��, �5�

where Oi is the origin of the rotation �lies on the �i axis�,
and �̄�B�� represents a tensor with matrix representation

�̄�B���A − Oi�

= � 0 + �zA
�B�� − zOi

�B��� − �yA
�B�� − yOi

�B���

− �zA
�B�� − zOi

�B��� 0 + �xA
�B�� − xOi

�B���

+ �yA
�B�� − yOi

�B��� − �xA
�B�� − xOi

�B��� 0
�

�6�

for any atom A submitted to this rotation. It is equal to zero
for any other atom A. The unit vector of the angular velocity

�i
�B��=e�i

�B����1 , . . . ,�n��̇i depends on the internal geometry.
�ii� The third class of internal coordinates corresponds to

a bond stretch and results in a constant contribution to the
velocity

Ui
�B���A��̇i = vi

�B�� = evi

�B����1, . . . ,�n��̇i. �7�

Note that Ui
�B���A� represents a vector and that a transforma-

tion to any other frame is accordingly given by Ui
�S��A�

= R̄B�S ·Ui
�B���A�.

The time derivatives of the rotation tensors appearing in
Eq. �3� can be reformulated, using �̄ tensors, as
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R̄
˙

BS · rA
�B� = �̄�S��A − OB� · ��S�, �8�

R̄
˙

B�B · rA
�B�� = �̄�B��A − OB�� · ��B�, �9�

where we introduced two rotation vectors ��S� and ��B� con-
trolling the rotation of frame B relative to S and of frame B�
relative to B.

The velocity of atom A can now be written as

ṙA
�S� = ṙOB

�S� + �̄�S��A − OB� · ��S� + R̄BS · ṙA
�B�, �10�

ṙA
�B� = ṙOB�

�B� + �̄�B��A − OB�� · ��B� + �
i

Ui
�B��A��̇i. �11�

In this expression the relative motion of B and B� is de-
scribed by the vectors ṙOB�

�B� and ��B� and can be eliminated by

imposing suitable conditions on the B frame. Apart from the
initial conditions at t=0, the dynamics of the B frame is at
this point still unspecified. In the simple case of a rigid body,
frame B� is fixed to B and the angular velocity ��B� disap-
pears. Only one contribution remains �terms with ��S�� de-
scribing the overall rotation of the molecule. In the present
case of a nonrigid molecule, we still would like frame B to
refer exclusively to the overall rotation �and translation�, by
imposing certain conditions on its dynamics. In particular,
we impose that the total momentum and angular momentum
of the molecule are vanishing in frame B:

�
A

mAṙA
�B� = 0, �12�

�
A

mArA
�B� � ṙA

�B� = 0. �13�

In addition to these constraints we assume that the origin of
frame B coincides at t=0 with the c.m. The first condition
�12� leads to rc.m.

�B� =�AmArA
�B� /M =0 for all times t and ensures

that the origin of frame B remains in the c.m. From Eq. �2� it
then follows that rOB

�S� =rc.m.
�S� . Deriving the c.m. velocity from

Eq. �11�,

Mṙc.m.
�S� = �

A

mAṙA
�S�

= MṙOB

�S� + �̄�S���
A

mArA
�S� − MrOB

�S�	 · ��S�

+ R̄BS · 
MṙOB�

�B� + �̄�B���
A

mArA
�B� − MrOB�

�B� 	 · ��B�

+ �
i

�
A

mAUi
�B��A��̇i� �14�

It is clear that condition �12� is equivalent to

ṙOB�

�B� = − �̄�B��− OB�� · ��B� −
1

M
�

i
��

A

mAUi
�B��A�	�̇i.

�15�

Defining, for each internal coordinate, Wi
�B�=�AmAUi

�B��A�,
one may rewrite the velocity of atom A as

ṙA
�S� = ṙc.m.

�S� + �̄�S��A − c.m.� · ��S� + R̄BS · ṙA
�B�,

ṙA
�B� = �̄�B��A� · ��B� + �

i
�Ui

�B��A� −
1

M
Wi

�B�	�̇i. �16�

This means that the “freedom” of rotation of frame B� rela-
tive to B is restricted to rotation axes through the origin of B
or, equivalently, the center of mass. Also, there is a correc-
tion to Ui in order to keep the center of mass at OB.

The remaining unknown quantity ��B� is determined by
the angular momentum condition �13�. Using the �̄ tensor
formulation, this constraint is rewritten as

�
A

mArA
�B� � ṙA

�B� = − �
A

mA�̄�B��A� · ṙA
�B� = 0. �17�

Replacing ṙA
�B� with Eq. �16�, we get

�
A

mA�̄�B��A� · ��̄�B��A� · ��B��

= − �
i

�
A

mA�̄�B��A� · �Ui
�B��A� −

1

M
Wi

�B�	�̇i. �18�

This leads to the determination of the angular velocity ��B� in

terms of the inertial tensor Ī,

��B� = − �
i

�Ī�B��−1
· X0i

�B��̇i, �19�

with

X̄00
�B� = �

A

mA�̄�B��A� · �̄�B��A� = Ī�B�,

X0i
�B� = �

A

mA�̄�B��A� · Ui
�B��A� .

The final expression for the velocity of atom A reads

ṙA
�S� = ṙc.m.

�S� + �̄�S��A − c.m.� · ��S� + �
i
�Ui

�S��A� −
1

M
Wi

�S�

− �̄�S��A − c.m.� · �Ī�S��−1 · X0i
�S�	�̇i. �20�

An interesting feature to note is that the B frame turns out to
coincide exactly with the frame introduced by Jellinek and
Li,17 but based upon different grounds. It is easy to show, for
example, that by virtue of Eqs. �13� and �16�, the total angu-
lar momentum with respect to the c.m.,

L�S� = �
A

mA�rA
�S� − rc.m.

�S� � � �ṙA
�S� − ṙc.m.

�S� �

= �
A

mA�rA
�S� − rc.m.

�S� � � ���S� � �rA
�S� − rc.m.

�S� ��

= Ī�S� · ��S�, �21�

is at each instant the same as that of a rigid body with inertial

tensor Ī and angular velocity ��S�.
The kinetic energy T= 1 � 2�AmAṙA

�S� · ṙA
�S� can now be

worked out as
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T =
1

2
� · Ī · � +

M

2
�ṙc.m.�2 +

1

2�
i

�
j

�̇i�̇ j�Xij − Wi ·
1

M
W j − X0i · Ī−1 · X0j −

1

M
Wi · W j +

M

M2Wi · W j

+
1

M
Wi · M�̄�c.m. − c.m.� · Ī−1 · X0j − X0i · Ī−1 · X0j + X0i · Ī−1 · M�̄�c.m. − c.m.� ·

1

M
W j + X0i · Ī−1 · Ī · Ī−1 · X0j	

+ Mṙc.m. · �̄�c.m. − c.m.� · � + Mṙc.m. · �
i
� 1

M
Wi −

1

M
Wi − �̄�c.m. − c.m.� · Ī−1 · X0i	�̇i

+ � · �
i

�X0i − �̄�c.m. − c.m.� · Wi − Ī · Ī−1 · X0i��̇i, �22�

with the additional definition

Xij = �
A

mAUi�A� · U j�A� . �23�

In the above expression many contributions cancel each
other, and the final result is simply

T =
1

2
� · Ī · � +

M

2
�ṙc.m.�2 +

1

2�
i

�
j

�Xij − Wi · M−1W j

− X0i · Ī−1 · X0j��̇i�̇ j . �24�

Note that no Coriolis contributions �terms of the form ��̇i�
are present in Eq. �24� and that all quantities involved are

rotational scalars. In particular, the coefficients of the �̇i�̇ j

terms only depend on the geometry, i.e., on the internal co-
ordinate vector �= ��1 , . . . ,�n�T. In matrix form, the internal
part of the kinetic energy can therefore be written as

Tint =
1

2
�̇TA���1, . . . ,�n��̇ . �25�

The expression of the kinetic energy �Eq. �24�� shows a sepa-
ration between the internal motions and the overall rotation
and translation. It can be argued that this is the only mean-
ingful definition of internal motion when large-amplitude de-
viations from the equilibrium geometry are present. The
drawback, of course, lies in the fact that � is a function of
both the positions and velocities of the atoms, and cannot be
defined as the time derivative of some generalized coordi-
nate.

If one considers systems at definite angular momentum,

the centrifugal term � · Ī ·� /2=L · �Ī�−1 ·� /2 can be taken as
an additional potential influencing the internal motion. For
the present applications to partition functions and thermody-
namic properties, we will only take the average effect of the
centrifugal term into account in the total partition function.
For the contribution of the internal modes we further concen-
trate on the system with L=0.

B. Extended hindered-rotor „EHR… model

To illustrate the utility and efficiency of the extended
hindered-rotor model we further elaborate on the case of one
internal rotation. The presented theory can easily be ex-
tended to multiple large-amplitude motions.

If we define �=�1 to be the dihedral angle associated
with the internal rotation, the potential-energy profile VHR���
is a function of this coordinate only. The standard procedure
to obtain VHR��� is to perform a constrained optimization
with the angle � fixed at various values. This approach, in
which all variables except � are allowed to relax, yields the
equilibrium values �i

eq��� of the other variables as a function
of �. They may differ from the values of the internal coor-
dinates �i corresponding to the most stable conformation
��=0� and the deviations

�i = �i − �i
eq��� �26�

may be regarded as new coordinates. It is now a reasonable
approximation to expand, for each value of �, the potential-
energy variation in the vibrational coordinates �i up to sec-
ond order,

Vtot��,�� = VHR��� +
1

2
�THvib���� . �27�

The matrix Hvib��� is the Hessian of the remaining vibrations
as a function of �. To the same level of approximation the
kinetic matrix A� in Eq. �25� should be evaluated along the
large-amplitude path with �i=�i

eq���, and depends only on �.
Using the fact that

�̇i = �̇i −
��i

eq

��
�̇ , �28�

the internal kinetic energy in the new variables becomes

Tint =
1

2
��̇ �̇T �A���
�̇

�̇
� , �29�

with the transformed kinetic-energy matrix given by
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A��� =�
1 ��2

eq/�� . . . ��n
eq/��

0 1 0 0


 0 � 

0 0 . . . 1

�A��
1 0 . . . 0

��2
eq/�� 1 0 0


 0 � 

��n

eq/�� 0 . . . 1
� = �A�� A��

A�� A��
	 . �30�

The total energy Etot=Etr+Erot+Eint can now be written
as

Etr =
1

2
M�ẋc.m.

2 + ẏc.m.
2 + żc.m.

2 � , �31�

Erot =
1

2
�TI���� , �32�

Eint =
1

2
��̇ �̇T �A���
�̇

�̇
� + VHR��� +

1

2
�THvib����

=
1

2
�p� P�

T �A−1���
p�

P�
� + VHR��� +

1

2
�THvib���� .

�33�

The energy contribution Eint arising from the internal mo-
tions has been transformed into its canonical form with gen-
eralized coordinates �� ,�� and moments �p� , P��.

At this point we distinguish between the “slow” internal
rotation and the “fast” vibrations �having higher frequencies�
by assuming that the latter follow adiabatically the geometri-
cal changes due to the rotational motion. The rotational vari-
ables � , p� are treated classically, whereas the � , P� are con-
sidered as canonically conjugate quantum-mechanical
operators �i.e., P�i

=−i	� /��i�. In other words, Eint can be
viewed as a quantum-mechanical Hamiltonian for the vibra-
tions, with parametric dependence on � , p�.

As indicated, we will only consider the averaged effect
of the centrifugal term in Eq. �32� on the molecular partition
function. It seems physically reasonable that this can be done
�at the classical level� by integrating over all possible values
of the angular momentum. The resulting contribution Qrot to
the partition function is that of a rigid body with inertial

tensor Ī, and as it is proportional to the determinant Det�I� it
only depends on the internal geometry, Qrot�Qrot�� ,T�,
where T stands for the temperature.

Based on Eqs. �31�–�33� one can then propose the fol-
lowing expression for the molecular partition function �omit-
ting the trivial translational part�:

Qrot-int�T� =
1

h
� d�Qrot��,T�dp� Tr�e−
Eint� , �34�

with 
=1/RT, where the integration is over the phase space
of the classical variables, and the trace is taken with respect
to the Hilbert space of the � , P�i

operators.
The trace can be evaluated exactly, since the eigenvalues

of Eint are known. To see this, one notes that the vibrational
Hamiltonian is of the generic form

H = P�
TBP� + bTP� + P�

Tb + �TC� , �35�

where the positive-definite matrices B and C, as well as the
column matrix b, are constant. To find the eigenvalue spec-
trum we may as well work in momentum space, treating the
Pi as real numbers and the �i= + i	� /�P�i

as operators. The
terms in Eq. �35� which are linear in P� can then be absorbed
by a shift P��= P�+B−1b in the P�i

variables, yielding

H = P��
TBP�� + �TC� − bTB−1b . �36�

The last term merely produces a constant shift in the eigen-
values, and since we still have that �i= + i	� /�P�i

� , the
Hamiltonian in Eq. �36� is now the standard representation of
a system of HO which can be decoupled in the usual way.
Application to Eq. �34� yields

Qrot-int�T� =� d�e−
VHR���Qrot��,T��
i=2

n

Qi
HO��,T�

1

h
� dp�

�exp�−

p�

2

2
��A−1���

− �A−1�����A−1����−1�A−1����	 , �37�

where the �-dependent HO frequencies follow from
Det�Hvib−�iA���=0. Also note that the subsequent p� inte-
gration does not need an explicit calculation of A−1, since

�A−1��� − �A−1�����A−1����−1�A−1��� = �A���−1. �38�

The same statement holds also for the case of more than one
internal rotor.

The focus of this work is to compute the total partition
function of a molecule. Contrary to the well-known HR
model, the global rotational and vibrational parts are solved
for each value of �. All vibrational degrees of freedom, ex-
cept for the “isolated” internal rotation, are treated quantum
mechanically, whereas the hindered-rotor part and global ro-
tation are solved classically by integration,

Qrot,int
EHR = K�T��

0

2�

d��A����e−
VHR���

��
i=2

n

Qi
HO��,T�Qrot��,T� , �39�

with K�T�=�2�kBT /h2. This classical solution is valid for
high T, and the extension to lower temperatures is made by
applying the Pitzer-Gwin correction Q�

HO-QM/Q�
HO-Cl.2

This leads to the final expression of the global partition
function of the molecule within the scope of a consistent
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scheme �EHR� in which both large- and small-amplitude vi-
brations are treated on the same footing. It is instructive to
introduce a scaling factor �EHR�T� defined as the ratio be-
tween the true EHR partition function �Eq. �39�� and the HO
prediction resulting from the standard ab initio programs,
e.g., GAUSSIAN �Ref. 20� and others:

Qrot,int
EHR �T� = �EHR�T�Qrot,int

HO �T� . �40�

The HO expression for the total partition function consists of
the product of the global rotation partition function Qrot��
=0,T� and the total partition function of the internal modes
in the HO approach, but determined at the global energy
minimum �i.e., �=0�:

Qint
HO�T� = �

i=1

n

Qi
HO�� = 0,T� . �41�

This enables us to extract a closed expression for the scaling
factor �EHR�T�:

�EHR�T� = c��
0

2�

fA���fvib��,T�e−
VHR���d� , �42�

with the geometry correction factor:

fA��� =�A����
A��0�

Ix���Iy���Iz���
Ix�0�Iy�0�Iz�0�

, �43�

as originally introduced in Refs. 8 and 9, and the vibrational
correction factor:

fvib��,T� =
�i=2

n
Qi

HO��,T�

�i=2

n
Qi

HO�0,T�
. �44�

The coefficient

c� =
1

Q�,Cl
HO K�T��A��0� �45�

can further be elaborated yielding

c� =� 


2�
�� �2V

��2�
0
, �46�

and following closed expression for the correct EHR parti-
tion function is found:

Qrot,int
EHR �T� = Qrot,int

HO �T�� 


2�
�� �2V

��2�
0
�

0

2�

fA���

�fvib��,T�e−
VHR���d�

= �EHR�T�Qrot,int
HO �T� . �47�

It turns out that the correction on the HO partition function
becomes independent of the absolute value of the �reduced�
moment of inertia of the internal rotation under consider-
ation, but only depends on its relative variations.

The increased consistency of the EHR approach is thus
reflected in the correction factors fA and fvib solely. All ad-
ditional coupling terms originating from rotational-
vibrational coupling and Coriolis terms are comprised in
these factors.

C. Relation between HR and EHR

It is instructive to discuss the differences between the
proposed coupled-vibrational EHR scheme and the standard
1D-HR scheme.

This can best be visualized by deriving a similar expres-
sion as Eq. �47� within the 1D-HR description. The partition
function for the specific internal rotation with torsional angle
� including the Pitzer-Gwin correction factor can be ex-
pressed as

Q�
HR = Q�

HO-QM� 


2�
�� �2V

��2�
0
�

0

2�

e−
VHR���d� , �48�

where Q�
HO-QM represents the quantum-mechanical partition

function for the torsional motion � with frequency 

=��2V /��2�0 / Ired resulting from the curvature of the poten-
tial energy at the equilibrium position and the reduced mo-
ment of inertia. It should be stressed that it does not describe
an eigenmode, and an inconsistency frequently encountered
in the literature consists in replacing the pure HO mode Q1

HO

by Q�
HR of Eq. �48�, as discussed in the Introduction.

In a well-implemented 1D-HR model the global partition
function has the following final expression:

Qrot,int
1D-HR�T� = Qrot,int

HO �T�� 


2�
�� �2V

��2�
0
�

0

2�

e−
VHR���d�

= �HR�T�Qrot,int
HO �T� . �49�

The great similarity of Eqs. �49� and �47� is not a straight-
forward result, as both models rely on different grounds.

The origin of the success of the 1D-HR method in most
of the applications is now clear. The only difference with
EHR lies in the presence of the factors fA��� and fvib�� ,T� in
the integral. The value of these factors at the potential-energy
minimum is unity by definition, making the HR and EHR
integrands equal at the reference geometry.

The presence of the fAfvib factor in the integrand can
only have a significant influence on �EHR when the Boltz-
mann factor is appreciably different from zero over a large
enough range of �. This can only occur at elevated tempera-
tures or for small potential-energy variations along the large-
amplitude path. As a result, the correction of the EHR values
versus HR will be small in general.

FIG. 1. Potential-energy profile of the � hindered rotation calculated at the
B3LYP/6-311g** level of theory. The reference ��=0� is the trans
geometry.
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In the next sections, we present three examples to illus-
trate the differences between HR and EHR. The aim is to
show the influence of the geometry and vibrational coupling
on thermodynamic and kinetic properties. As the partition
function itself is not a directly measurable quantity, we have
to rely on derived properties. The first two examples employ
the entropy and heat capacity, while in the third example the
rate constant of an addition reaction is studied. These three
quantities sample the partition function, and hence the scal-
ing factor �EHR, in different ways. The entropy and heat ca-
pacity involve derivatives with respect to temperature:

S = R�ln Qtot + T� � ln Qtot

�T
		 , �50�

C = RT�2
� ln Qtot

�T
+ T

�2 ln Qtot

�T2 	 . �51�

Within the formulation of the transition-state theory, the rate
constant of a bimolecular reaction can be expressed as
follows:21,22

k�T� =
kBT

h

�q‡/V�
�qA/V��qB/V�

e−�E0/kBT. �52�

When an internal rotation is present in the transition state
only, the reaction rate becomes proportional to the partition
function of interest �q‡�.

The role of the scaling factor �EHR in the HR or EHR
approach becomes clear when we refer all quantities to their
HO solution:

SEHR = SHO + R�ln �EHR + T� � ln �EHR

�T
		 , �53�

CEHR = CHO + RT�2
� ln �EHR

�T
+ T

�2 ln �EHR

�T2 	 , �54�

kEHR�T� = kHO�T��EHR. �55�

III. APPLICATION TO 1,3-BUTADIENE

In a first example the model is applied to 1,3-butadiene,
in which only one internal rotation is present about a single
CC bond. The one-dimensional hindered-rotor potential is
calculated along the lines of Refs. 7 and 8 by pointwise
geometry optimizations at fixed out-of-plane angles �5° in-
crements�. For each of these constrained optimizations the
Hessian was calculated in internal coordinates.

All ab initio calculations were performed using the
GAUSSIAN 03 software package20 on the B3LYP/6-311g**

�Refs. 23 and 24� level of theory. It should be stressed that
the B3LYP method as used here yields highly accurate ge-
ometries for the systems under study.25,26 In addition, this
density-functional theory �DFT� also predicts quite reliable
quantitative values for the energy barriers in n-alkanes.7 As
the primary goal of this numerical application is to test the
applicability and efficiency of the proposed EHR model, the
proposed level of theory is largely sufficient.26 The most in-
tensive computational cost lies in the construction of the full
Hessian at each point of the rotational potential. The required

FIG. 2. The influence of the relaxation on the dihedral angles �a� and bond angles �b� is shown as a function of the torsional angle �. Both dihedral and bond
angles are labeled according to the atom numbers as given at the top of the figure. In �c� the summation over the derivatives of the equilibrium angles and bond
stretches is displayed �bold black line�. Also the individual contributions are plotted. In �d� the resulting EHR moment A�� �black line� is compared with the
constant HR moment A�1�1

��1=0� and the varying reduced moment A�1�1
��1� �dotted line�. All moments are expressed in units mau Å2.
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computational time is almost double of that needed in a stan-
dard 1D-HR calculation, which is more than feasible.

The potential VHR��� is shown in Fig. 1. In the vicinity
of the reference geometry �=0, the variation is very steep
and results in a barrier of about 30 kJ/mol. Around the cis
geometry, there is a wide plateau with two shallow minima,
lying approximately 15 kJ/mol higher in energy than the ref-
erence conformation. This specific energy profile suggests
the HO approach to be relatively accurate, as high energies
are needed to overcome the large energy barrier towards the
energy plateau in the center. At moderate temperatures only a
small amount of molecules will reside in the higher-energy
conformations.

A. The scaling factor �EHR„T…
The difference of the EHR scaling factor �Eq. �42�� ver-

sus the HR approach �Eq. �49�� is completely determined by
two correction factors: the geometry factor fA��� and the
vibrational correction factor fvib�� ,T� arising from the other
3N−7 degrees of freedom.

�i� The geometry factor fA��� depends on the variation of
the moments of inertia arising from both global and
internal rotations. The global moments of inertia Ix , Iy,
and Iz turn out to vary very slowly.8 The behavior of
the geometry factor in terms of the torsional angle is
thus mostly determined by the reduced moment of
inertia A���� �=A�� in Eq. �30�� associated with the
internal rotation in the EHR model. The explicit struc-
ture of A�� suggests that its magnitude is largely in-
fluenced by the relaxation effects, in other words, by
the changes of the 3N−7 other internal degrees of
freedom from their equilibrium positions with varying
torsional angle �. To estimate these effects, the varia-
tion of the dihedral angles and bond angles along the
internal rotation path in the case of 1,3-butadiene is
visualized in Figs. 2�a� and 2�b�. The bond lengths are
not shown as they change little. The largest relaxation
values are noticed for the dihedrals �maximum 10°�,
while the bond angles show rather small variations
�maximum 3°�. Anyway, the sum of the derivatives of
all �3N−7� internal coordinates with respect to the
torsional angle �displayed in Fig. 2�c�� shows large
fluctuations, and this is the determinative factor in the
evaluation of the final EHR moment of inertia �Eq.
�30�� and its difference with the 1D-HR reduced mo-

ment of inertia. This is best visualized in Fig. 2�d�.
The dotted line gives the behavior of the A�1,�1

ele-
ment of the matrix A� �Eq. �30��, which coincides
with the constant reduced moment Im at the reference
state.

�ii� The vibrational correction factor fvib�� ,T� is even
more important than the geometry factor. It shows a
temperature dependence, and since thermodynamic
functions contain derivatives of the partition function
with respect to temperature, this vibrational factor
may significantly alter the behavior of the thermody-
namic functions. fvib�� ,T� �Eq. �44�� is the correction
factor arising from the coupling of the IR with the
remaining vibrational modes and hence is inherent to
the EHR model. These modes are described within the
HO approach and as the vibrational partition function
is of the form

QHO =
e−�HO/2T

1 − e−�HO/T
, �56�

the lowest vibrational temperatures will generate the
largest contributions to �i=2

n Qi
HO�� ,T�. In Fig. 3 the

fluctuations of the vibrational temperatures �i
HO for

the vibrational modes are plotted �up to 2000 K� and
the most pronounced variations are situated near �
�70° and 290°, which are immediately reflected in
the behavior of fvib �Fig. 4�a��.

Apparently the shape of the total scaling factor fAfvib is
mainly determined by the vibrational correction factor fvib.
For higher temperatures the shape of the function is main-

FIG. 3. Vibrational temperature ��i=h
i /kB� variation of the lowest �up to
2000 K� HO modes in terms of the internal rotation coordinate �.

FIG. 4. �a� Variation of the two correction factors fA and fvib as a function of the torsional angle � at T=298.15 K. �b� Variation of the global correction factor
fAfvib at different temperatures T=298.15, 500, 1000, and 1500 K.
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tained, but the maxima of the scaling factor are systemati-
cally decreasing �Fig. 4�b��. For very high temperatures the
vibrational factor fvib converges to its classical limit. In view
of the temperature dependence of fvib we expect the largest
corrections on thermodynamic quantities in the lower and
intermediate temperature regime. In this particular example

validation of the EHR model takes place at the level of the
global partition function Q, which comprises complete inte-
gration over the dynamics. The scaling factor �EHR�T�, rep-
resenting the ratio of the EHR prediction with respect to the
HO reference, is given in Fig. 5�a�. The presence of one
hindered rotor in 1,3-butadiene does not give rise to high
values of the scaling factor. This is also mainly due to the
steep potential around the reference geometry. At room tem-
perature the EHR model predicts a scaling of 1.06, compared
with 1.02 in the standard 1D-HR approach.

B. Reproduction of thermodynamic quantities

Experimental validation of EHR is possible with the pre-
dicted thermodynamic functions: entropy and heat capacity.
In Table I�a� we display the results for these properties in the
HO, HR, and EHR models together with the experimental
values. The latter are taken from compilations of thermo-
chemical reference data of Yaws27 and NIST.28 These refer-
ence data often result from fitting measured data from vari-
ous sources, making the overall accuracy at any single
temperature hard to assess. The quoted heat capacities in the
compilations,27,28 for example, can differ by about
2 J /mol/K. One should therefore attach more significance to
systematic trends over a wide temperature range, as ex-
plained below in connection with Table I�b� and Fig. 7.

Corrections for the entropy arising from the hindered
rotor in this specific molecule are expected to be small due to
the steep walls of the potential energy around the reference
geometry, making the population of other conformers than
trans-butadiene less probable. Nevertheless, the entropy cor-
rection in the EHR model is almost twice as large as the
prediction in the 1D-HR model. In molecules with floppier
internal rotations, such as n-alkanes, the corrections for hin-
dered rotors are much larger as confirmed in Ref. 7.

The heat capacities are more sensitive to the specific
model used for the internal motions. To get an idea about the
nature, origin, and magnitude of the anharmonic correction
to the heat capacity, we plot the contribution to the heat
capacity for the specific internal rotation in Fig. 6 as a func-
tion of temperature. The heat capacities in the HO model
converge to a value of R for higher temperatures, whereas

FIG. 5. Scaling factors ��T� for the global partition function in �a� 1,3-
butadiene, �b� 1-butene, and �c� the transition state for the addition reaction
of a vinyl radical to ethene. The reference is the HO prediction.

TABLE I. �a� Comparison of entropy and heat capacity, calculated at the B3LYP/6-311g** level of theory, of the different models with two sets of reference
values �Refs. 27 and 28� in 1,3-butadiene. �b� rms and MAD deviations of the calculated heat capacities from experiment for the entire temperature range. All
values are given in J/mol/K.

�a� S�298.15 K� C�100 K� C�200 K� C�298.15 K� C�400 K� C�600 K� C�800 K� C�1000 K� C�1500 K�

Ref. 27 278.74 39.77 61.01 81.37 101.31 135.02 159.74 175.43 195.87
Ref. 28 41.31 57.14 79.81 103.44 136.51 157.67 173.10 197.54
HO 276.42 40.88 55.47 74.33 94.87 127.63 150.75 167.79 194.52
1D-HR 277.06 40.98 55.84 76.57 99.82 134.69 156.35 171.27 194.38
1D-EHR 277.72 41.64 56.88 78.00 101.65 136.80 158.13 172.62 195.04

�b� RMS of C�100 K→1500 K� MAD of C�100 K→1500 K�
Ref. 27 Ref. 28 Ref. 27 Ref. 28

HO 6.11 5.90 5.40 5.31
1D-HR 2.84 2.35 2.30 2.17

1D-EHR 2.06 1.31 1.69 1.05
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the �E�HR predictions tend to R /2. In the lower-temperature
regime—the extent of this region is determined by the spe-
cific temperature—the IR rotor predictions lie above the HO
values. These results are completely in agreement with the
results of Katzer and Sax,29 who studied the impact of an-
harmonic molecular vibrations in the thermochemistry of
silicon hydrides. Also note that the standard anharmonic os-
cillator correction �using local information about the third-
order derivatives at the equilibrium point� does not lead to a
significant improvement over the HO, as we have checked
explicitly for the applications in this section and the next.

In Figs. 7�a� and 7�b� the absolute deviations of the heat
capacities from the reference values �Refs. 27 and 28, re-
spectively� are visualized in terms of the temperature. The
HO model systematically underestimates the experimental
values at all temperatures, but the deviations are less pro-
nounced for higher temperatures. As shown in Table I�b�, the
mean absolute deviation �MAD� from both sets of reference
values is more than 5 J /mol/K, while the maximal deviation
amounts to about 9 J /mol/K.

Changing the HO to a rotational description leads to a
substantial improvement and a MAD of less than half the
HO value, within the range of acceptable results. However, it
is clear that a further systematic and significant improvement
is present when going from HR to EHR.

IV. APPLICATION TO 1-BUTENE

In a second example the EHR model is applied to
1-butene, in which two internal rotations are present about
single C–C bonds. The theory is easily extended to multiple
large-amplitude motions. We are not going into detail, since
it is a straightforward extension of the presented theory. The
only inconvenience in the numerical application of 2D-EHR
is that in a proper EHR model the coupling of the two inter-
nal rotations should be strictly taken into account. This
causes some increase of the computation time as two-
dimensional rotational potential surfaces should be con-
structed following the lines explained in Refs. 8 and 9. The
search for a proper 1D treatment of the two coupled internal
rotations within EHR will certainly enlarge the utility and
efficiency of the EHR model. Suitable one-dimensional ap-
proximation schemes need to be investigated and are requi-
site for high-dimensional nD-EHR applications �n�3�. This
work is in progress.

The scaling factors ��T� in the various schemes, shown
in Fig. 5�b�, are noticeably higher than in the case of 1,3-
butadiene. The largest correction is predicted by the standard
1D-HR model. Coupling of the two rotations �2D-HR� has
only little effect, but an exact treatment of the two internal
rotations within the EHR model manifestly reduces the scal-
ing factor. This result gives an indication that the coupling of
the IRs with the other vibrational modes in the molecule can
give rise to substantial deviations from the standard treat-
ment. It can lead to an increase of the partition function
�1,3-butadiene� or a decrease �1-butene�. At room tempera-
ture an exact EHR calculation causes an enhancement of the
total partition function with a factor of 2.45, while in stan-
dard hindered-rotor models this factor is larger �2.75–2.78�.
This deviation is apparently not manifested to the same ex-
tent in the reproduction of the thermodynamic functions. The
entropy predictions are quite close to the experiment for all
schemes handling the hindered rotors, and the same behavior
is noticed for the heat capacities with little preference for the
2D-EHR model �see Table II�. Concluding, the numerical
applications demonstrate that the EHR model, which repre-
sents an almost exact treatment of the internal modes in a
molecular system, gives nearly similar thermodynamic func-
tions as those predicted by the simple 1D-HR approach. The
authors showed in a previous work that the 1D-HR also per-
forms well in the description of multiple �coupled� internal
rotations �2D-HR and 3D-HR�.8

V. APPLICATION TO REACTION KINETICS

To underline the utility and applicability of the EHR
model in predicting accurate reaction kinetic parameters, we

FIG. 6. Partial heat capacity of the internal rotation in the HO, HR, and
EHR models. All values are in J/mol/K.

FIG. 7. Deviations from reference values of the heat capacity calculated in
the HO, HR, and EHR approaches: compared with �a� Ref. 27 and �b� Ref.
28. All values are in J/mol/K.
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study in this section a particular reaction as an example.
More precisely, the rate constant of the addition of the vinyl
radical to ethene is investigated �Scheme 2�:

Within the formulation of the transition-state theory, the rate
constant of a bimolecular reaction can be expressed as
follows:21,22

k�T� =
kBT

h

�q‡/V�
�qA/V��qB/V�

e−�E0/kBT, �57�

where kB represents the Boltzmann constant, T stands for the
absolute temperature, h is Planck’s constant, and V is the
reference volume in which the translational part of the parti-
tion function is evaluated. The molecular partition functions
qA and qB relate to the two reactants and q‡ is the molecular

partition function of the transition state. �E0 represents the
molecular energy difference at absolute zero between the ac-
tivated complex and the reactants, with inclusion of the zero-
point vibrational energies. The frequency factor figuring in
the Arrhenius rate law reflects any changes in the molecular
partition functions of reactants and products.19

For the reaction under study, only one internal rotation is
present in the transition state, i.e., a torsion about the form-
ing bond �mode 2 in Fig. 8�. Of particular importance in the
calculation of the frequency factor are the so-called transi-
tional modes in the transition structure of the reaction. They
arise from the loss of three transitional and three rotational
degrees of freedom when the reactants combine to form the
transition state. The six transitional modes for the vinyl radi-
cal addition to ethene are schematically shown in Fig. 8. One
of these transitional modes corresponds to the reaction coor-
dinate and is characterized by an imaginary frequency. For a
radical addition reaction the latter merely corresponds to the

TABLE II. Comparison of entropy and heat capacity, calculated at the B3LYP/6-311g** level of theory, of the
different models with experiment �Refs. 27 and 28� in 1-butene. All values are given in J/mol/K.

S�298.15 K� C�200 K� C�298.15 K� C�400 K� C�600 K�

Ref. 27 307.83 67.55 88.41 109.22 145.84
Ref. 28 65.19 85.56 108.48 146.75
HO 296.97 62.41 82.64 106.30 146.61
1D-HR 307.80 65.46 85.30 107.48 144.68
2D-HR 307.62 65.37 85.27 107.57 144.87
2D-EHR 308.12 66.20 85.93 108.08 145.21

FIG. 8. Schematic representation of the six transitional modes in the transition state for the addition of a vinyl radical to ethene.
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C–C stretch vibration of the forming carbon-carbon bond.
Modes 3 and 5 correspond to symmetric and antisymmetric
bendings of the two reactant species, whereas 
4 and 
6 cor-
respond to symmetric and asymmetric variations of the dihe-
drals of the hydrogen atoms attached to the carbon backbone
with respect to the forming bond.

All normal modes will slightly change in going from
reactants to transition state, but due to the specific structure
of the ratio q‡ / �qA��qB�, small changes occurring in the non-
transitional modes will approximately cancel. On the other
hand, the contributions from the transitional modes will not
cancel with respect to any internal mode present in the reac-
tants. The sensitivity of the calculated frequency factor of the
model used to treat one internal rotation may thus be re-
flected in the contributions arising from the transitional
modes. Figure 9 shows the variation of the vibrational fre-
quencies of the translational modes in terms of the dihedral
angle of the rotation about the forming C–C bond.

The variations in the vibrational modes are significant,
i.e., of the order of 100 cm−1. It is generally known that the
transitional modes corresponding to the rotation about the
forming bond and the bending of the reactant species are
important for a radical addition reaction, but the EHR results
apparently point towards the importance to incorporate cor-
rectly the coupling between the various modes.18,19 The im-
pact of the coupling is nicely reflected in the scaling factor �
that amounts to about 2.5 in the 1D-EHR model and 2.0 in
the standard 1D-HR scheme �see Fig. 5�c��. As the Arrhenius
frequency factor is directly linked to the molecular partition
functions, any change in the latter will directly be reflected in
the value of A. The Arrhenius plots for the given reaction are
shown in Fig. 10. The values for the kinetic parameters, ob-
tained in the temperature range of 300–600 K, are also given
for the various approaches.

The activation energy is merely unaffected by any HR
scheme in correspondence with previous literature work on
this item.18,30 By taking into account the internal rotation in
the transition state, the preexponential factor is approxi-
mately doubled. The EHR model induces a slight shift �ca.
17%� in the Arrhenius plot towards higher values.

We also checked that using a different functional
�mPW1B95,31 shown to give both reliable geometries and
reaction barriers32� leads to the same qualitative difference

between HR and EHR, i.e., the activation energy remains
constant, whereas the preexponential factor increases. More
extensive studies on a large database of radical addition re-
actions are planned to draw definite conclusions about the
extent of coupling between various transitional modes and
the effect on the kinetic parameters.

VI. SUMMARY

In this paper we have introduced a new model that treats
all internal motions, i.e., both large- and small-amplitude vi-
brations in the molecule, in a unified model. This scheme
goes beyond the conventional separability assumption be-
tween global and internal motions and between large-
amplitude motions and other vibrational degrees of freedom.
The approach relies on the introduction of a specific internal
coordinate system, in which the global and internal motions
can be separated instantaneously at all times such that the
Coriolis terms become zero.

In this paper the approach has been elaborated in detail
for the case where one internal rotation is present, leading to
the extended hindered-rotor �EHR� model in which the re-
laxation of the other 3N−7 degrees of freedom are taken into
account both in the description of the potential energy and
kinetic energy. The finally obtained partition function can be
written in its standard harmonic-oscillator form, but multi-
plied by a scaling factor �EHR�T�, which accounts for all
additional coupling with the small-amplitude vibrations. The
method is validated by means of the reproduction of thermo-
dynamic and kinetic properties. As a first example 1,3-
butadiene is taken, since only one internal rotation is present.
Due to the specific form of the internal rotation potential the
largest effect is found on the heat capacity, bringing its value
to an improved agreement over the whole temperature range
as compared with the HR description.

The EHR method is easily extended to more hindered
rotors. As a second example 1-butene with two internal ro-
tations has been investigated. It has been shown that the

FIG. 9. Variation of the vibrational frequencies �cm−1� of the transitional
modes in terms of the dihedral angle of the rotation about the forming C–C
bond.

FIG. 10. Arrhenius plot of ln k vs 1/T for the addition of the ethyl radical to
ethene. The values of Ea are expressed in kJ/mol, whereas the frequency
factor A has the dimension of m3/mol/s.
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coupling between the internal rotors and the other vibrations
of the molecule causes a substantial reduction of the global
partition function compared with the standard 1D-HR model.
The applicability of the EHR model to multiple internal ro-
tors enhances the utility of the model. It also gives a reliable
alternative to the simple standard 1D-HR approach in mol-
ecules where the last method fails. The applicability on re-
action kinetics is studied as well: the addition of the vinyl
radical to ethene is taken as a third example. Any change in
the partition function is directly reflected in the preexponen-
tial factor. It is found that the largest influence is already
involved in the 1D-HR scheme with respect to the harmonic-
oscillator approach, whereas the EHR model causes an addi-
tional slight enhancement of the frequency factor.

Finally, we investigated the origin of the success of a
well-implemented HR model through its relation with the
EHR description. Further refinements of the EHR model
with the principal goal to enhance the efficiency of the pro-
cedure without losing accuracy are in progress.
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