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1. Introduction

It was realized in the 1950s [1,2] that the energy of a quan-
tum many-body system can be expressed in terms of the two-body
reduced density matrix (2DM), when only one- and two-body in-
teractions are present. This insight led to the idea of variationally
determining the 2DM by minimizing the energy, henceforth re-
ferred to as the v2DM method. Once the 2DM is known, all other
physical properties that can be expressed as one- or two-body op-
erators can be extracted. In this way the 2DM effectively replaces
the wave function and we have “quantum mechanics without wave
functions” [3]. Early attempts, however, produced unrealistic re-
sults [4] and it was soon realized [5] that non-trivial constraints
are needed to ensure that the 2DM is derivable from a physi-
cal wave function. These constraints were called N-representability
conditions by Coleman [6], and Garrod and Percus [7] derived
two such conditions, the so-called Q and G conditions, which
can be expressed as matrix-positivity constraints. With these con-
straints there were some attempts, some of which quite successful,
to solve this problem numerically in the 1970s [8-11]. However
the method was soon abandoned because of the computational
cost. Interest in the subject was renewed at the beginning of
this century, when Nakata et al. [12] and Mazziotti [13] realized
that the v2DM problem can be formulated as a semidefinite pro-
gram (SDP) for which general-purpose primal-dual SDP solvers can
be used [14], and they calculated the ground-state properties of
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small atoms and molecules. Primal-dual interior point methods
are the “Rolls Royce” of SDP algorithms, having several appealing
features, but they require a lot of storage and are computation-
ally expensive. These early calculations were therefore limited to
small systems (minimal basis set). Mazziotti [15] then developed
an algorithm that transforms the SDP into a non-linear optimiza-
tion program solved by a gradient-only method. This reduced the
cost of the storage and the basic floating point operations, but
at the cost of these nice convergence properties of the interior
point methods. In this paper we adapt a standard primal-dual
interior point algorithm [16] to the specific case of v2DM, in an
attempt to retain the nice convergence properties, while reducing
the storage and computational cost. In Section 2 we present an
introduction to the theory of N-representability, v2DM and some
mathematical properties of the constraints. In Section 3 we discuss
the representation of the problem as a primal-dual semidefinite
program, and introduce the method we use to solve it. Then we
apply the algorithm to a BCS (Bardeen-Cooper-Shrieffer) [17] or
pairing-type Hamiltonian in Section 4 and present the physical
results and computational aspects. A summary is provided in Sec-
tion 5.

2. Variational density matrix determination

When only two-body interactions are present, the Hamiltonian
of a physical system can be written as:

. 1
H= Ztayal{ay + 2 Z Vaﬁ;y(;az,aga,gay, (1)
ay apys
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using second quantized notation where aL (ay) creates (annihi-
lates) a fermion in a single-particle (sp) state o [18]. The expecta-
tion value of the energy in an arbitrary N-particle state |¥'N) can
be expressed in terms of the 2DM only,

EN)=TirH® = 37 TupysHgpys. (2)
a<pf;y <6

with the 2DM defined as:
Tupiys = <lI/N|aLa};a5ay | M), 3)
and the reduced two-particle Hamiltonian,

@ 1
apiys = m(saytﬂs — Sastpy — 8pylas + dpstay)

+ Vaﬁ;y5~ (4)

The idea of v2DM is to determine the ground-state energy and
other two- or one-body properties by minimizing the energy (2)
using the 2DM as a variable. The 2DM is a much more compact
object than the wave function because one keeps the dimension
of two-particle (tp) space, no matter how many particles are in-
volved. The problem is that there is no straightforward way to
know whether an arbitrary matrix in tp-space I" is derivable from
a physical wave function as in Eq. (3). Actually, it is sufficient that
I' is derivable from an ensemble of N-particle wave functions,
and this is called the N-representability problem [6]. Some obvi-
ous necessary N-representability constraints are apparent from the
definition (3):

N(N -1
trace condition TrI = Z Topap = % (5)
a<f
antisymmetry Iyg.ys = —1gaiys = —Tupsy = Tpaisy,  (6)
Hermiticity Twp.ys = Iys5:a8 (7)

but it turns out that there are many non-trivial constraints needed
to ensure that a 2DM is physical.

2.1. N-representability

The necessary and sufficient conditions for N-representability
are formally known [19]. A tp-matrix is N-representable if and
only if, for every two-body Hamiltonian A,, the following inequal-
ity is satisfied:

TrHP T > Eo(H,), (8)

where Eg(H,) is the exact N-particle ground-state energy corre-
sponding to the Hamiltonian. This is hardly a practical approach,
as one needs to know the ground-state energy of every two-body
Hamiltonian. Therefore one resorts to certain classes of Hamiltoni-
ans for which a lower bound to the ground-state energy is known.
A Hamiltonian class that is used as necessary constraint is

(wN[BTBlwN) >0, (9)

which leads to positivity conditions of linear matrix maps of the
2DM. If we want (9) to be restricted to tp-space there are three
possible forms of the operator BY, leading to three conditions on
the density matrix:

a. Bt = Zaﬂ pwgazag leads to the trivial 7P-condition:
PUIH=TI7%>0, (10)

which imposes positive semidefiniteness on the 2DM.

b. BT = > ap dapladp leads to the Q-condition:
Q(I') =0, (11)
where the linear matrix map Q is defined as

O(Maprys =¥ |agagalal, |wN)

=Tup;ys + Baydps — 5a8555)m

— 8ay Pps + Sas Py + 8py Pas — s Pay (12)
with

1
pozy:N_

_ 1
1F‘XV:N_1 Zraﬁ;yﬁ’ (13)
B
the one-body reduced density matrix (1DM), and with

ﬁzzraﬁ;aﬂ’ (14)
ap

the unrestricted trace of the 2DM.

c. Bl = D ap gaﬁalaﬁ which leads to the G-condition:
g =0, (15)
with the linear matrix map G defined as
G(Mapys = WV |ahagala, |wN)

=385y — Tas;yp- (16)

Another Hamiltonian class for which a lower bound to the ground-
state energy is known gives rise to the so-called three-index con-
ditions:

(wN|{BT, B}|w") > 0. (17)

In this article we will use two conditions that come from Eq. (17).
d. BT = Zaﬁy ta,gya];[a}a; leads to the 7;-condition:
T(I') =0, (18)
with the linear matrix map 7; defined as

T](F)aﬁy;éei
= (11/N|ala2a;r,a;aeas + aaaﬂayalaiaﬁ o)

= (8]/{'8}368015 - 8)/680(58/3{ + 80{{'8)/68/35 - 8)/{50563;38

+ 8¢ 0aedys — 5a§5565y5)m
— (8y¢dpe — 8pc8ye) Pas + (Bydae — Sardye) Pps

— (88¢8ae — Sauz 8pe) Pys + (8¢ 885 — 8pc8y5) Pae

— (By¢das — Sacdys)Pep + (3pcdas — oz 885) Pye

— (8850ye — 8pe0ys) Par + (Syedaus — Saedys) Ppe

— (8gedas — Suedps) Pyc + 8yr Tupse — dpc Tuy:se

+8ac Igy;se — Syelupisc +0pelay;sc — duelpy;sc
+OysTupiec —dpslayier +8aslpy:ec- (19)

e. Bt = Zaﬁy ta,gya];agay leads to the 7,-condition:

T(I') = 0, (20)
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with the linear matrix map 7> defined as

TZ(F)aﬁy;ae{

= (N ‘az,a};ayaT

dcdg —i—aI,a,gaangaZa;‘lI/N>

¢
= (Bas8pe — 5a68ﬂ6)py§ + Sy;“Fotﬂ;ae - 5a8Fye;§ﬁ
+ SﬁBFye;ga + (Saerys;{ﬂ - Sﬁeryé;ga- (21)

The optimization problem that we have to solve can be summa-
rized as:

mlinTr T'H®, (22)
under the condition that

Tl = w (23)
LI =0 YLe{P,Q,G. 71, T2} (24)

2.2. Hermitian adjoint maps

For the following it is useful to introduce the Hermitian adjoints
of matrix maps introduced in the previous section. The Hermitian
adjoint maps are defined through:

Tr Li(MA=Tr LI (AT, (25)

in which A is a matrix of the same dimension as the image of
the map £; in question (e.g. a three-particle matrix for a 7; map,
etc.), and the traces sum over the appropriate indices. The P and
Q maps are Hermitian, so they are identical to their Hermitian
adjoints. For the other maps however this is not the case. Using
Eq. (25) the Hermitian adjoint of the G map can be shown to have
the form:

QT(A)aﬂ;ys = ﬁ[aﬂélz\ay —SasApy — 8py Aas + Say Aps]

— Aas;yp + Agsiya + Ay — Apyisas (26)

in which a particle-hole matrix A is mapped onto tp-matrix space
and

Aay =3 Aarps. (27)
A

The 77-operator maps a tp-matrix onto a three-particle matrix, so
its Hermitian adjoint has to map a three-particle matrix A onto
tp-space. Solving Eq. (25) with £ =77 one finds that:

T (Aapiys

2 -
= m@ayﬁﬁg — Sasdpy) TrA + Aaﬁ;y&
1 = = = =
TIN-D ———[8p5Aay — SusApy — 8py Aas + Say Apgsl, (28)
with
Aaﬂ;y& = Z Aaﬂk;y&)\a (29)
A
Aay = ZAaAK;yAK- (30)
AK

In the same way one can derive for £ =7, that
T (Mapys

[5,35;\04)/ - Saatz\ﬂy — dpy Ags + Sy Aﬁ&] + Aaﬁ;y&

T2N—1)
- [A(Soz;ﬂy

_;\Bﬂ;ay _Aya;ﬂs "F;\yﬂ;a&], (31)

with this time A a matrix on two-particle-one-hole space and

Aay = ZAAKa;AKys (32)
Ak
Aupiys = Z Aapiysns (33)
A
Agpiys = Z Asrapiiys- (34)
A

3. Primal-dual semidefinite program

The variational method described in the previous section can be
formulated as a primal-dual semidefinite program. A general 2DM,
describing an N-particle system can be expanded in an arbitrary
orthogonal basis {f} of traceless matrix space as

N(N
- o+ Sl (35)

with M the dimension of single-particle (sp) space, and the unit
matrix on tp-space defined as

(]ltp)aﬁ;yé = 50()/ Sﬂé - 80185/3)/ . (36)

The energy of the system can be written as a function of the y’s
as

N(N-1)
MM —-1)

TrrH® = TrH? +) yTrH® £ (37)
i

Because the necessary N-representability conditions can be written

as linear homogeneous matrix maps of I, we can also write them
as a function of the y’s:

N(N—1)

L) = =7y £ e + Z ViL(f') = 0. (38)

If we now consider the direct sum of the linear spaces associated
with the maps and define the block matrices:

N(N
0_ MEM @ck(ﬂtp) and u _@ck (39)

then we can formulate v2DM as a standard dual semidefinite pro-
gram [14]:

myin yTh on condition that Z =u® + Z yiul =0, (40)
i

in which hi = Tr H® fi, The primal problem corresponding to (40)

optimizes the matrix variable X, the problem being defined as:

m)?x(— Tr Xuo) on condition that TrXu'=h! and X :=0.
(41)

X will be a block matrix because the u-matrices are block matri-
ces. The primal-dual gap n is defined as the difference between
the primal and the dual cost function for a certain primal-dual
point (X, Z):

n=y"h +Tru0X=ZyiTrXui+TrXu0=TrXZ>0, (42)
i

as X and Z are positive semidefinite matrices. We can see that the

smallest value of n will be reached when both the primal and the

dual problem are optimal. It can be proven that if the primal and

the dual problem are both strictly feasible, then the primal-dual
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gap vanishes at their solution [14]. This means that the primal-
dual gap can be used as a convergence criterion for the algorithm.
Even better, at any point during the optimization, the error on the
current value is limited from above by the primal-dual gap. Note
that in our previous implementation [20], a dual-only algorithm
was used. (The assignation of a problem as “primal” or “dual” is
largely matter of convention. In [21], e.g., the opposite convention
is used.) The properties of the present primal-dual method can
lead to a serious reduction in computation time since we can stop
the algorithm at a prescribed error estimate.

3.1. Equations of motion

There are several known methods to solve a semidefinite pro-
gram. In this paper a path-following interior point method is used.
The central path is defined as the set of primal-dual points for
which

XZ= gnsup, (43)

with n the total dimension of the X and Z matrices and 15,y the
direct sum of the unity matrices on the different constraint spaces:

Loup = €D L (44)
k

In the path-following algorithm [16] we try to follow the cen-
tral path, reducing the primal-dual gap along the way. Consider
a primal-dual point (X, Z) on the central path with primal-dual
gap 1. We want to know what is the primal-dual point on the
central path with primal-dual gap scaled down with a factor v.
Rephrasing, we are looking for the (Ax, Az) that solve:

vn
(X+AX)(Z+AZ)=T]]-sup- (45)

There are several ways to symmetrize these equations. Using the
method proposed by [16], two equivalent equations (called the
dual and the primal) are obtained, i.e. one has to solve the equa-
tions

vn

Ax-i-D_lAzD_]:TZ_]—X, (46)

(primal): Az + DAxD = Un_ﬂ

(dual):
x1-2z, (47)

and under the condition that:

TrAxu' =0 and Az:Z(éy),-u", (48)
i
and with
0 RPN IO BN SR |
D(X,Z)=X"2(X2ZX2)?X" 1. (49)

3.1.1. Solution to the dual equation

In order to obtain the primal-dual direction (Ax, Az), the dual
equation (46) is first projected onto the space spanned by the
non-orthogonal basis {u'} (which we will call /-space). With B
denoting the right-hand side of (46) and making use of Eq. (48)
we obtain:

> (trp~'w/DMu') Ay; =TrBu', (50)
 —
J
&
which can be seen to be a symmetrical, positive-definite linear
system and as such can be solved iteratively using the linear con-
jugate gradient method. This can be done without explicit con-
struction of the dual Hessian matrix +P or any reference to the

non-orthogonal basis set {u'}. This is because 7{° can be seen as a
map from traceless tp-matrix space onto itself, by using the Hermi-
tian adjoints of the linear maps £. Consider an arbitrary traceless
tp-matrix:

GZZijj. (51)
j

Using (25) and the fact that the L£’s are linear and homogeneous
we obtain that the image of € under the dual Hessian map can be
written as:

HPe = ﬁTr[Z cl(n,ﬂck(e)p,;l)], (52)
k

in which the Dy are the blocks of the D matrix corresponding to
the different constraints Ly, and Pty stands for the projection op-
erator onto traceless tp-matrix space:

2TrA

Pr(A)=A— MM —1)

Tip. (53)

3.1.2. Solution to the primal equation

The solution of the primal equation (47) is obtained in the same
manner, by projecting this equation onto C-space, the orthogonal
complement of U/-space. With B denoting the right-hand side of
Eq. (47) and making use of Eq. (48) one gets:

> (TrDc!Dc') 6x; =Tr B, (54)
T ——
J HP
)
where we have used

Ax = Zﬁxici. (55)
i

This is again a symmetrical positive-definite system of linear equa-
tions that can be solved iteratively using the linear conjugate gra-
dient method. As with the dual equation it can be solved without
explicit construction of the Hessian matrix 7", or any reference to
the basis set {c'}, because " can be seen as a map from C-space
onto itself. For an arbitrary matrix in C-space:

€= Zeici, (56)
i

the image of € under the primal Hessian map is

HPe = Pc[DeD] (57)

in which P¢ is the projection onto C-space. This projection can be
executed quickly by using the inverse of the overlap matrix of the
U-space basis vectors. Suppose we have an arbitrary block matrix
A of the same dimension as X and Z. First we project it onto the
space spanned by the basis {u°, ui} = {u®}. The projected matrix
A’ reads as:

A= Ti[Au](87T), 4u” (58)
ap

where the overlap matrix S appears because of the non-orthog-
onality of the basis. Due to the special properties of the linear
matrix maps £ that determine the basis matrices u“, the inverse
overlap matrix can also be considered as a map from tp-space onto
itself (see Appendices A and B for the actual analytic expression of
this map). The projected matrix A’ can now be written in block-
matrix form as:

A= [s—‘ (Z El(Ak))]. (59)
l k
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To project A onto U/-space we still have to remove the component
along the u%-matrix:

. Tru®A’
PuA=A’—< e )uo. (60)

TruOu®

Since C-space is the orthogonal complement of the I/-space, the
desired projection of A onto the C-space is simply given by

PcA=A— PyA. (61)
3.2. Outline of the algorithm

In this section a short outline of the algorithm will be pre-
sented. The first step is to initialize the primal-dual variables, after
which they are directed towards the central path. Then the actual
minimization of the primal-dual gap takes place, which is done in
a predictor-corrector loop.

3.2.1. Initialization

We need a feasible primal-dual starting point. An initial feasi-
ble dual point Z(®, ie. a matrix that satisfies the inequality (40),
is easily found by setting

7O =0 (62)

which corresponds to setting all the y;’s equal to zero. A feasible
primal starting point will have to satisfy Eq. (41). To construct such
a point we take a completely random matrix X and project it onto
a matrix X’ for which

TrX'ul =h'. (63)

This is again achieved using the inverse overlap matrix of the {u“}
basis,

X'=X=) (Trxu® —h*)S juf . (64)
ap

XL

The last term on the right-hand side can be computed as:

xt=Pc [5—1 (Z‘ £hxi - H<2>>]. (65)
I k

At this point, X’ satisfies the equality constraint (63), and one just
has to add u°, with a positive scaling factor that is large enough to
ensure positive semidefiniteness:

XO — x" + qu® 0. (66)

3.2.2. Centering run

Before the actual program can be started, a couple of center-
ing steps have to be taken, which is done by solving Eqgs. (46) and
(47) with v = 1. The purpose is to go sufficiently near the central
path, without bothering about the primal-dual gap. In a first step,
Eq. (50) which has the smallest dimension, is solved using the con-
jugate gradient method, and the dual solution Ay is obtained. The
primal solution Ax then follows from the dual equation (46) by
substitution. For these initial centering steps, both linear systems
are so well conditioned that hardly any iterations are needed for
convergence. As a measure for the distance from the center we use
the potential [14]:

&(X,Z)=—IndetX —Indet Z, (67)

which is minimal (for points with the same primal-dual gap n =
Tr XZ) on the central path for which Eq. (43) is satisfied:

@ (X%, )= —nln . (68)

When the potential difference (which is always positive):

V(X,Z)=P(X,Z) — (X, Z)
=nInTrXZ —nlnn —IndetX — Indet Z, (69)

is sufficiently small, the centering run is stopped.

3.2.3. Predictor—corrector run

In this part of the program the primal-dual gap is minimized
by alternating predictor and corrector steps. A predictor step tries
to reduce the primal-dual gap by solving Egs. (46) and (47) with
v = 0. This is done in exactly the same way as for the center-
ing run, by first solving (50) for Az, then substituting into (46) to
obtain an approximate primal step Ax. The final primal step Ay
is obtained by solving (54) using the conjugate gradient method
with the approximate Ax as a starting point. Note that when
the primal-dual gap decreases, the condition number of the pri-
mal and dual Hessian matrices increases and more iterations are
needed before convergence is reached. One can adjust the conver-
gence criteria of the primal and dual conjugate gradient loops, in
order to minimize the combined number of iterations.

At this point we have a predictor direction (Ax, Az). The log-
arithmic potential ¢ (@) =¥ (X +aAx,Z +aAyz) in the predictor
direction (see Eq. (69)) can be simply evaluated for any value of
o by precomputing the eigenvalues AX of X"7AxX~7 and AZ of

Z‘%AZZ‘%. One then has
(@) =¥(X,Z)+In[1+a(cx +cz)]
= > In(1+arf) =Y In(1+arf), (70)
i i
where
1 1
cz=—TrXA; and cx=-TrZAx. (71)
n n

With a standard bisection method one can now compute the step
size o corresponding to the maximal deviation from the central
path we want to allow.

After the predictor step, a corrector step is taken, which is
equivalent to the centering step described previously (see Sec-
tion 3.2.2). The alternation of predictor and corrector steps con-
tinues until the primal-dual gap is smaller then the desired
value.

4. Application to the BCS Hamiltonian
4.1. The BCS Hamiltonian

The algorithm introduced in Section 3 is applied to the BCS
Hamiltonian [17]. The BCS Hamiltonian is an interesting system
that models the competition between a single-particle operator
and a schematic pairing interaction:

H= Zeia;raaig - gZa}}ahajLa”. (72)
ic ij

Here the single-particle levels are denoted with an index i =
1,..., M, and the up (down) spin as o = 1(]). When the pairing
strength g is small compared to the single-particle level spacing,
the energy is minimized by filling up the single-particle orbitals up
to the Fermi level. With increasing g however, it becomes advan-
tageous to form pairs, i.e. it is energetically favorable to maximize
the ground-state occupation of the fermion pair state ) ; a:.rTa;rl.
This problem is hard to solve using standard perturbative methods
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Fig. 1. The ground-state energy as calculated by v2DM(PQG) and the Richardson-Gaudin equations (RG), together with the pair occupation in the ground state by v2DM(PQG),

as a function of the pairing interaction strength g.
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Fig. 2. The difference between the ground-state energy calculated by v2DM with various constraints, and the exact solution, as a function of pairing strength g.

as these tend to break down when pairs are formed. An exact so-
lution based on the Bethe-ansatz exists for this problem, however,
and involves solving a system of non-linear equations [22]. These
equations are notoriously difficult to solve because, for certain crit-
ical values of g, the equations become singular. Several approaches
have been suggested for solving these equations [23,24]. In this pa-
per we follow the approach recently proposed by De Baerdemacker
[25]. The exact ground-state energies as a function of g are com-

pared to the v2DM results calculated within the present formal-
ism.

4.2. Results

We have studied the Hamiltonian equation (72) with M =12
doubly degenerate equidistant single-particle levels and N = 12
fermions, and g ranging from O to 5 in steps of 0.01. v2DM calcu-

lations were performed with respectively PQG, PQGT; and PQGT T,
constraints. The resulting ground-state energy is compared to the
exact solution in Fig. 1. For all values of g the agreement is already
remarkably good at the PQG level. To appreciate how the result
improves when constraints are added the difference between the
various v2DM results and the exact solution is plotted in Fig. 2.
Note that the difference is always negative, since v2DM provides
a variational lower bound. As one observes, all approximations de-
scribe exactly the non-interacting small-g limit. When g becomes
larger, there is competition between different types of ground
states and the performance of PQG gets worse up to g ~ 1.4. For
larger g the PQG result becomes better again. In fact, we checked
(by omitting the single-particle piece) that also the g — oo limit
becomes exact for PQG, which is a peculiarity of the schematic
pairing force. The PQGT; results show that the T constraint only
becomes active around g = 2.5, and ensures faster convergence to
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Fig. 4. Number of primal and dual conjugate gradient iterations needed for

the exact g — oo limit. Somewhat surprisingly, adding the T, con-
dition is sufficient for obtaining the exact solution at all values
of g.

4.3. Computational performance

Some of the computational aspects of the algorithm are worth
pointing out. It is interesting to see e.g. that depending on the
pairing interaction parameter g, the convergence properties of the
algorithm change. In Fig. 3 the joint number of predictor and cor-
rector steps needed for convergence, is plotted as a function of g.
One observes a sharp peak at fairly small g, just when the pertur-
bative regime is left and the structure of the ground state changes.
For g = 0.25, which is at the position of the peak in Fig. 3, we
have plotted in Fig. 4 the number of conjugate gradient iterations

10 100

primal dual gap

convergence, as a function of the primal-dual gap n for g =0.25 in v2DM(PQG).

needed for convergence, of both the dual and the primal linear
system, as a function of the primal-dual gap 7. As expected, the
number of iterations for the dual problem increases with decreas-
ing primal-dual gap, as the linear system grows ill-conditioned.
The primal conjugate gradient loop only becomes active for small
values of 7. This signals that the numerical stability becomes too
small to generate a high quality approximation for Ax using the
Az obtained in the dual conjugate gradient loop. Anyway, the
needed number of primal iteration remains insignificant compared
to the dual ones, for all values of 7. The situation at g = 0.25 is the
worst case. For larger values of g, where the number of predictor-
corrector steps is smaller and approximately constant (see Fig. 3),
the number of conjugate gradient iterations is also drastically re-
duced. A typical behaviour is plotted in Fig. 5 for g = 4. The
calculations have been performed on a single-core Toshiba lap-
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Fig. 5. Number of primal and dual conjugate gradient iterations needed for convergence, as a function of the primal-dual gap n for g =4 in v2DM(PQG).

top with a 2.26 GHz Intel Centrino processor. In the region of g
where convergence is slowest, a PQG calculation took up to half
an hour whereas for other g values the calculation ends in less
than a minute. Apart from spin, no symmetry was taken into ac-
count.

5. Summary and discussion

Interacting quantum many-particle systems lie at the heart of
most issues in condensed matter, molecular/atomic and nuclear
physics. Their analysis may be rephrased as the problem of min-
imizing the energy, expressed as a linear function of a two-body
density matrix, subject to the N-representability constraint that
the 2DM can be derived from a physical N-particle system. By
working solely with the 2DM, rather than with the N-particle
wave function itself, the problem of the exponentially exploding
dimension of N-particle Hilbert space with increasing N is cir-
cumvented. The complexity of the problem is shifted, however, to
the characterization of the N-particle representable 2DMs. In prac-
tice, a limited set of necessary but not sufficient conditions for
N-representability are imposed during the minimization, resulting
in a strict lower bound to the energy, which converges to the ex-
act energy when more and more N-representability conditions are
imposed.

Commonly used N-representability conditions impose the pos-
itive semidefiniteness of a set of linear matrix functionals of the
2DM. In this way the quantum many-body problem is converted
into a well established field of optimization techniques called
semidefinite programming. Standard packages for SDP, however,
fail to take into account properties of the physical problem that
can be exploited.

Using specific mathematical properties of the constraints for the
v2DM problem, we have adapted a standard primal-dual interior
point method to be computationally cheaper, both in storage as in
floating point operations. We make extensive use of the algebra of
linear matrix maps to calculate efficiently some intermediate quan-
tities. During the Newton minimization procedure, a new direction
in 2DM space is found iteratively using the conjugate gradient al-
gorithm, thereby exploiting the fact that the product of the Hessian
with a 2DM is considerably cheaper for the physical problem at
hand than in a general situation.

As an example we have applied the algorithm to a BCS-type
Hamiltonian. We found that the standard constraints work very
well for this kind of problem. The computational performance of
the method was analyzed, and it was shown that the convergence
behaviour is dependent on the value of the pairing strength pa-
rameter. As in our previous algorithm [20] the method slows down
near the solution, because the matrices involved become ill condi-
tioned. The present primal-dual algorithm allows to control this
since the primal-dual gap provides an upper bound to the re-
maining error. Therefore the algorithm can be stopped when the
required accuracy is reached, saving many unnecessary iterations.
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Appendix A. Calculation of the overlap-matrix map

The overlap matrix of the non-orthogonal basis set {u“} is de-
fined as:

Sup =Tru“ub. (A1)

Using the Hermitian adjoints of the linear maps £ we can rewrite
this as:

Sup =y Tr[LH(Lk(f*)) FF],

k

(A2)

in which {f*} is an orthogonal basis of tp-matrix space. This
means that the overlap matrix can be seen as a linear map from
tp-space onto itself, whose action onto a tp-matrix I" is:
S =Y Lh(Le). (A3)

k

It turns out that this map can be written as a generalized Q map,
which is defined as:
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Q(a, b, C)(F)aﬁ;)/&
=alyp.ys +b(Baydps — Sasdpy)
— 8oy Tps — 8y Tus — Sas Tpy + 8psTay)- (A4)

This is like a Q-map (12) but with general coefficients (a, b, c¢). The
proof is somewhat tedious and proceeds by considering every Ly
separately.

Al P2

It is trivial to see that P2(I") = I" and that this is a generalized
Q map with coefficients

a=1, b=0, c=0. (A.5)
A2. Q?
To reexpress Q% we first calculate the various pieces,
AT IES S\ M ELELL AR
N(N-1) N-1
= M—-—N)M-N-1)]=
o= | M (A7)

Substitute into Eq. (12) leads once again to a generalized @ map
with coefficients:

4AN? 4+ 2N —4NM + M?2 — M

a=1, b= NZN 172 ,
2N —-M
A3. G'g

With the same strategy one finds on the basis of Eq. (26) and

- M-1 -
g(r)ay = mray,
that substituting into (26) leads to another generalized © map
with coefficients:

(A9)

_2N-M-2

N1 (A10)

A4 T'Th
The needed terms are now:

Ti(Dagp:ys
M—N-2

=M —DIlupys+ [m

}(aa},a,% —8as8py) [ (A11)

M-N-27. . _ i i
_ [ﬁ}Awayrﬁs - 5ﬂyfa5 — Saarﬂy +5ﬂ8Fay]g

(A12)
= [(M—N-2)(M-N-1) -
T](F)ay_[ N(N—]) i|5(xyr

(M—=3)(M—=2N)7 -
- [T]Fayv (A13)
71 = [(M_z)(M(M_”_BN(M‘N”]E, (A14)
N(N—-1)

and substitution into Eq. (28) leads to the coefficients:

a=M — 4,
b M3 — 6M2N — 3M? + 12MN? + 12MN
3N2(N —1)2
2M — 18N2 — 6N3
3N2(N—-1)2
M2%+4+2N2 —4MN—-M+8N—4
- 2(N—1)?2 :
A5 TT

Finally, needed for the calculation of the last map are:

T(DMapiys = %(501)/5;65 —8asbpy) +MI (A15)
— [8ay Tps — 88y Tus — Sas gy + 8ps Ty 1.
(A16)
TL(Dap:ys
= : 11\1 [gs8ay + 85 Fay — (M —2)Ts. 5, (A17)
T2(May
:[M(M_N);(ivl_l)(m_z)]fay+6ayf, (A18)

which, when substituted into Eq. (31) gives the following coeffi-
cients:

2
a=5M -8, b=—"-_,
N-—1
2N? + (M — 2)(4N — 3) — M2
o= 2N+ (M = 2)( ) - M~ (A19)
2(N —1)2

The overlap-matrix map is just the sum of the various terms ob-
tained, and hence also a generalized © map with rather complex
coefficients.

Appendix B. Inverse of generalized Q map

The inverse of a generalized Q map can be shown to be another
generalized Q map. Consider for brevity the notation:

Q(a,b,0)(IN =Q, (B.1)
then applying partial trace operations on Eq. (A.4) leads to:
= Q , (B.2)
a+MM—-1)b—-2(M—1)c
Ao 1
YT a—c(M—-2)

[Q ~ b(M —1)—c¢
S T MM = 1)b—2M —1)

Upon substitution into Eq. (A.4) and solving for I" one obtains,

C(SWQ]. (B.3)

r=97'ab,0)(Q)=9(d,b,c)Q), (B.4)
where
, 1
a = —, (BS)
a
_ 92
, ba+bcM — 2c (B.6)

T a[c(M —2) —al[a+ bMM —1) —2c(M — 1)
, (o

(=———. (B.7)
alc(M —2) —a]
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These are important relations since they allow to evaluate the ac-
tion of the inverse overlap matrix on a tp-matrix as fast as a Q
map, ie. at a computational cost which is negligible compared to
the other matrix manipulations.
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