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3.1 Introduction

The structure of metal-organic frameworks (MOFs) is governed by an intri-
cate interplay of disparate interactions, from weak dispersion forces to strong
covalent bonds, and from isotropic to strongly directional interactions. This
gives rise to several attractive but often poorly understood mechanical phe-
nomena in these ‘soft’ solid-state materials, including negative linear com-
pressibility (NLC),' negative thermal expansion (NTE),” extreme anisotropy
that may even lead to a negative Poisson's ratio or auxetic behaviour (Chap-
ter 2), and a wide variety of both displacive and reconstructive phase transi-
tions induced by mechanical stress or other external stimuli including gas
sorption and temperature, among others.>* Furthermore, the experimen-
tally observed macroscopic response of MOFs to external stimuli is not only
defined by this intrinsic interplay of interactions at the atomic, microscopic
level, but is also impacted by effects occurring on larger length scales that
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may supersede this intrinsic response. Examples of such long-range effects
include the interplay between different types of structural disorder," the
impact of crystallite size and morphology,® interactions occurring between
different MOF crystals present in a macroscopic sample, and interactions
between the MOF and the experimental probe interrogating its mechanical
behaviour.” Therefore, isolating and understanding the salient features that
define the macroscopic mechanical behaviour of a MOF is not only inspired
by a fundamental scientific curiosity, but is also vital to enable the design of
MOFs with predefined macroscopic functionalities not encountered in other
materials.

Computational MOF research plays an important role in this respect, espe-
cially when adopted in close feedback with experimental research. Given the
relative compliance of MOFs to external stimuli, the aforementioned com-
plexity in different interactions at the microscopic level, and the hierarchical
and multiscale nature of interactions from the unit cell level to the macro-
scopic MOF material, it is clear that the applicability of any given modelling
tool strongly depends on the specific question at hand. Furthermore, since
anomalous mechanical behaviour is encountered much more frequently
in MOFs than in other solid-state materials, modelling techniques that are
deemed firmly established in solid-state computational research may be too
inaccurate to be used in MOF research. As a result, the advent of MOFs also
necessitated - and continues to necessitate - the development of fundamen-
tally new in silico techniques, as well as the adaptation of established tech-
niques, to account for their soft behaviour. In this respect, computational
MOF research is located at the exciting intersection where newly developed
modelling tools are put to a stringent test to reproduce the mechanical
behaviour of experimentally characterised MOFs on the one hand, and where
newly observed anomalous behaviour in MOFs (Chapter 2) forms an impetus
to develop new computational techniques on the other.

In Chapter 3, we shall critically review the computational tools that are
being developed and used to model MOF mechanics. An extensive list of lit-
erature examples is provided to discuss each of these methods, focussing on
the computational parameters affecting their accuracy, their scope of appli-
cability and limitations, and how they compare to alternative techniques.
This discussion is divided into techniques that probe the equilibrium or elas-
tic behaviour of MOFs in Section 3.4 and techniques that model phase transi-
tions or the plastic behaviour of MOFs, discussed in Sections 3.5 and 3.6 for
single-crystal-to-single-crystal transitions and single-crystal-to-amorphous
transitions, respectively. While these sections also briefly summarise the
theoretical cornerstones on which these techniques are built, a more elab-
orate theoretical underpinning of how to model the mechanical behaviour
of MOFs, which transcends the specific techniques discussed in the second
half of this chapter, is provided in Sections 3.2 and 3.3. Section 3.2 focuses
on how to identify mechanical properties, which are mostly taught from a
macroscopic continuum point of view, with an atomistic view of MOFs. Sec-
tion 3.3 discusses the ingredients needed to extract mechanical properties
from computational MOF simulations as accurately as possible. The chapter
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closes in Section 3.7 with a personal outlook on the critical challenges that
computational MOF research needs to overcome to further advance the
research field, and provide a holistic and multiscale approach to predict the
mechanical performance of MOFs.

3.2 From a Continuum to an Atomic Description of
Stress and Strain

Variables such as the Cauchy stress or constitutive relations such as Hooke's
law are ubiquitously used in computational MOF research, although they
find their origin in continuum theory.® In continuum mechanics, a mac-
roscopic body is regarded as an assembly of continuum particles or voxels
such that the state variables that define the mechanics of this body - such as
stress and strain - vary smoothly over adjacent particles and are governed by
macroscopic continuum field equations.® While continuum particles need
to be infinitesimally small from a macroscopic point of view, the state vari-
ables associated with such a continuum particle are still derived from a finite
microscopic region surrounding the location of the particle to ensure this
smoothness.® This contrasts with the typical atomistic viewpoint of mate-
rials adopted in computational MOF research, in which for instance the
mass density fluctuates wildly between nonzero values for locations where
nuclei are present and zero values elsewhere. To reconcile these two points
of view, the length scale of continuum particles - and hence the length scale
on which state variables such as Cauchy stress are defined - should be much
smaller than the length scale on which variations in the continuum fields
occur and, simultaneously, much larger than typical atomic length scales to
ensure the smooth behaviour over adjacent continuum particles.®

While continuum mechanics does not make any assumptions on the under-
lying atomistic framework of the material, one may ask how these phenom-
enological continuum equations are governed by the particles constituting
the material and their interactions. This would allow one not only to define
these phenomenological parameters, such as the stiffness tensor or the point
at which a material deforms irreversibly, from a quantum mechanical point of
view, but also to draw casual relations between the atomic structure of a MOF
and its mechanical properties and hence accelerate the discovery of exciting
anomalous behaviour in tuneable functional materials such as MOFs.

Such a statistical mechanics picture of continuum theory was pioneered
by Irving and Kirkwood in 1950, when they proposed atomic expressions
for continuum properties including the stress tensor and the heat current
density.’ In order for these properties to be true atomistic descriptions of
the material consistent with the continuum variables defined earlier, these
so-defined point functions should satisfy two requirements:

1. When properly averaged over space (over the continuum particle length
scale defined earlier on) and time, the atomistic definitions should
coincide with the continuum definitions;
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2. The atomistic definitions should satisfy the same hydrodynamical
equations - continuity equation, equation of motion, and equation of
energy transport — as the continuum variables. This also implies that,
for instance, an elasticity tensor defined at the atomic scale can be
interpreted as a local equivalent of an elasticity tensor defined for a
macroscopic body, forming a bridge between atomic and continuum
theories.

In this section, this consistent approach will be adopted to derive atomic-
level definitions of strain and stress. While one could, alternatively, simply
postulate these definitions, this explicit derivation will help the further dis-
cussion in two ways. First, it will unveil the different approximations when
defining stress and strain at the atomic level and hence help to understand
under which inherent limitations the mechanical properties of MOFs can
be simulated. Second, this discussion provides the ingredients necessary to
computationally simulate MOFs under constant pressure or stress in Section
3.3.3.

Let us begin by considering a conservative atomic system of N particles
and a right-handed Cartesian frame of reference with basis vectors (e,,e,,e;),
as depicted in Figure 3.1. With respect to this reference frame, the system
is defined by the positions of its N particles r; = x;e, + y;e, + z;e;, i € [1,N] and
their momenta p,. To simplify the notation, define the 3N-component vectors
rN = (x17ylvzl’x27y2’227"'7xN7yN7zN) and pN = (plxvplyaplmprvay;pZz;'"7pNx7pNy7pNz)'
An alternative way to describe the positions of these atoms is by defining
them with respect to a right-handed set of vectors (a,,a,,a;) that forms a par-
allelepiped (al. = Za..e ) Note that, in contrast to the basis vectors defined

g
before, the vectors a; do not need to be orthogonal nor normalised, although

=x;e;+y e, +z,e;
=510, F5,0;,%5,;0;5
= hs;

a

Figure 3.1 Schematic illustration of a crystalline material for which a unit cell
h =[a, a, a;] (blue parallelepiped) containing six atoms can be defined.
The material can then be described by a periodic repetition of this unit
cell (five additional repetitions are shown in grey). Each atom can be
defined either with respect to a Cartesian basis (in green) or in frac-
tional coordinates, with respect to the unit cell vectors (in blue).
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they do need to form a linearly independent set. These vectors can be col-
lected in the 3 x 3 matrix h in which these vectors appear as the columns
(observe that h is not a tensor):

all a21 a31

h=|:a1 a, a3:|= A, Gy Gy |- (3.1)

a a

13 23 33

Note that both matrices and tensors of rank two or higher will be denoted
by bold-faced upright symbols. For (nearly) crystalline materials such as
MOFs, the vectors a; are often defined such that h defines the simulation
cell matrix which is periodically repeated in space to mimic bulk conditions,
as shown in Figure 3.1 and as discussed more extensively in Section 3.3.1.
However, one could also define them based on the external surfaces of finite
MOF crystallites in nonperiodic simulations. With respect to h, the atomic
positions can be defined in fractional coordinates s;, such thatr; = s;a, + s,,a,
+ 55343, | € [1,N] or, in matrix notation, r; = hs,. Furthermore, we will assume
that the atoms interact with one another through a potential energy function
that only depends on the positions of these atoms: V = V(r” ) This potential
energy forms a surface in the 3N-dimensional configuration space, the con-
struction of which will be further discussed in Section 3.3.2. Equipped with
these definitions, it is now possible to proceed to atomistic definitions of
strain and stress.

3.2.1 The Atomic Definition of Deformation Gradient
and Strain

As in the continuum definition, atomic-level strain requires a reference or
undeformed state against which a deformation is defined. Herein, proper-
ties of this reference state will be denoted by a subscript ‘0’ symbol. Hence,
the positions, fractional coordinates, and cell matrix of the reference state
will be indicated by r, s§, and h,, respectively, as illustrated in Figure 3.2(a).

(a) reference configuration (b} uniform deformation (c) atom-specific deformations
by, Fou 5o h = Fhy, r;= Fry, 5; = 5y h=Fhy, r=Fry+ w,s=sy+h’w
sei——U{— — —
deformation A /l 5
gradient F | e y - |
@ N | :
et s -t

Figure 3.2 A general deformation of a crystal with respect to a reference configu-
ration (a) can be divided into a uniform deformation (b), defined by the
deformation gradient (in blue), and atom-specific deformations (c, in
orange).
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Following Cauchy and Born,'*"* suppose that the material under study

deforms to the state defined by r¥, sV, and h, shown in Figure 3.2(c). If the
atoms would be deformed uniformly, as shown in Figure 3.2(b), the frac-
tional coordinates in the deformed configuration would remain unchanged
with respect to their values in the reference state, s,; = hy'r;, where h™ is the
matrix inverse of h. Hence, under a uniform deformation, the positions of
the particle are given by r; = hh,'r,. This motivates the identification of hh,*
as the atomic definition of the continuum deformation gradient F:

F = hh;'. (3:2)

Note that this definition ensures that F is a second-rank tensor, even
though h is not.

A general deformation will not be completely uniform over the cell matrix.
For quasi-uniform deformations, this departure from a uniform deformation
is defined by the atomic displacement vectors w,, such that r; = Fry; + w, =
hh,'r,; + w;, as shown in Figure 3.2(c).®* When following the system through
time, for instance in a molecular dynamics simulation, this property is time
dependent:

r{t) = B(t)ry; + w{t) = h(t)hy'ry; + wt). (3.3)

This so-called Cauchy-Born rule was originally derived to relate the mean
positions of a deformed lattice to its undeformed reference state under a
homogeneous deformation; but it has since been extended to also describe
noncrystalline structures. Importantly, in the formulation given above, a qua-
siuniform deformation of h, is assumed, which limits the field of applicabil-
ity of eqn (3.3) to a region around the undeformed state, the extent of which
is, inconveniently, a priori unknown.? As a result, the Cauchy-Born rule has
been shown to no longer hold under phase transformations, either displacive
or reconstructive, among other limitations."* When studying large-amplitude
responses in MOFs, care should therefore be exerted to establish a proper ref-
erence state to define the deformation gradient of eqn (3.3). Taking MIL-53(Al)
as a textbook example,'* it cannot be expected that both the large-pore (Ip) and
closed-pore (cp) states of this material can be described by the same reference
cell. When discussing a simulation protocol to probe MOFs under a constant
external stress in Section 3.3.3, this statement will be further refined through
the introduction of an adaptive modelling scheme. For a more in-depth discus-
sion on the limitations and extensions of this approach, the interested reader
is referred to Section 11.2 in ref. 8 and references therein.

From the atomic definition of the deformation gradient in eqn (3.1), one
can define the Lagrangian strain 1, in the same fashion as in continuum
mechanics:

=P = 5 ), a4
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which coincides with the definition by Ray and Rahman."® Herein, I is the
second-rank unit tensor, and a* = (a')" = (a’)', with T denoting a matrix
transposition. Similarly, the Eulerian strain, £, is given by

£ = %(1 ~F'F )= %(1 —h"hgh,h ™). (3.5)

3.2.2 The Atomic Definition of Stress

Deriving an atomic equivalent to the continuum stress tensors is slightly
more intricate. An intuitive derivation, based on ref. 8, starts from the ther-
modynamic observation that an N-atom system strained by a deformation
gradient F and under temperature and stress control is described by the
Gibbs free energy (or free enthalpy) G:'°

G(N,P, T;F) = F(N, T;F) — V,P:F. (3.6)

In this expression, T'is the absolute temperature, V, = det(h,) is the volume
of the cell matrix h, describing the undeformed system, P is the first Piola-
Kirchhoff stress tensor, and F is the Helmholtz free energy that describes
the system under constant deformation and temperature. Furthermore, P:F
denotes the 3te12150r contraction of the two second-rank tensors P and F, such
that P:F = ZZRij.i The Gibbs free energy reveals the (meta)stable states

i=1 j=1 .
of the system under temperature and stress control as those states for which

the derivative of the Gibbs free energy with respect to the deformation gra-
dient vanishes:

P,T;F F(N,T;F F T;F
OG(N,P,T; )=0<:>a (N,T; )—PVO=0<:>P(T;F)=1—6 (N,T; ).
OF OF v, OF

(3.7)

Note that eqn (3.7) defines a tensor equality, which needs to hold for all
nine components of F. Obtaining an atomic definition of the stress tensor

"These two different definitions for the same ‘strain’ property find their origin in the different
ways one can look at continuum deformations: the material or the spatial perspective. In the
materials perspective, properties are assigned to a material point, which moves through space
upon deforming the material. In the spatial perspective, properties are assigned to a fixed point
in space, irrespective of the material deformation. These two points of view give rise to the
Lagrangian and the Eulerian strains as defined in eqn (3.4) and (3.5) respectively. Herein, we
will adopt the material point of view when discussing materials properties and hence use the
Lagrangian strain as the correct strain descriptor.

A similar description for the Gibbs free energy can be obtained by considering the finite
Lagrangian strain 1, defined in eqn (3.4), as independent variable in eqn (3.6) instead of the
deformation gradient F. In that case, the second term in the right-hand side of eqn (3.6) equals
—V,S:minstead of —V, P:F, with S being the second Piola-Kirchhoff stress tensor, also denoted
(the negative of) the thermodynamic tension.” In addition, it should be noted that the exis-
tence of a Gibbs free energy as a thermodynamic potential under a general deformation has
been questioned, in contrast to the universally accepted definition of free energy under a hydro-
static pressure.*>
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P near equilibrium thus boils down to finding an atomic definition of the
Helmholtz free energy F, which is possible through the partition function Z
of this system:

1 _H(vapN)
F(N,T;F)Z—kBTanNFT =—kBTln W J. exp{T drNde .

I(F) B
(3.8)
Herein, k; is Boltzmann’s constant, 4 is Planck’'s constant,
N ..
'H(rN,pN):Z—pz’mp’ +V(rN) (3.9)
i=1 i

is the Hamiltonian describing the system, I'(F) describes the subregion
of the 6N-dimensional phase space spanned by ¥ and p" that is accessible
under the given deformation gradient, and m, is the mass of particle i. In this

3
equation, p;p; denotes the scalar product of two vectors: a-b =Zal.b,.. The

F-dependence in the integration boundaries of eqn (3.8) arises as tlhe defor-
mation gradient is defined based on the matrix h and hence restricts the
positions where the atoms can be located. However, its presence complicates
taking the derivative of eqn (3.8) with respect to F. To move the F-dependence
of eqn (3.8) to the integrand of the partition function, Ray and Rahman pro-
posed a canonical transformation of the Hamiltonian using the generating
function™

N

6(p" ") ==2p(Fry),
P (3.10)
in which the subscript ‘0’, as usual, indicates properties of the sys-

tem in its undeformed configuration. Eqn (3.10) generates the canonical
transformation

r;=Fri,p;o=F'p (3.11)
and leaves the form of the Hamiltonian invariant, such that

x (F i0)" F i,0
sl )=l 1 ) () = 2D O ),

1

V(Fr").
(3.12)

Importantly, this transforms the Helmholtz free energy of eqn (3.8) in such
away that the deformation gradient no longer appears in the integration lim-
its but in the integrand instead:

_7-[0 (r()N 7P(§\17F)
kT

1
F(N,T;F)=—k,TIn N!hSNrjexp( }drONdpév ) (3.13)
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As aresult, the first Piola-Kirchhoff tensor from eqn (3.6) can be evaluated
as follows:

1 0F(N,T;F) kT 1 0Z 1 [ 0H,(r",py ,F
P(T;F)= ( ): B NFT :7< ( 0 ’F0 ) , (3 14)
0

v, oF V, Zy, OF oF

or, after some lengthy calculus:

P(T;F) = _Vli<m— Veor > (3.15)

m. or,

0 i=1 i i

where ® denotes the dyadic product of two vectors, (a®b); = a;b;, yielding
a second-rank tensor. Both in eqn (3.14) and (3.15), (-) indicates an ensemble
average, although an instantaneous stress P™' can be defined by omitting
this average in eqn (3.15), such that (P™") = P, Similar to the definition of an
instantaneous temperature, however, it is important to recognise that only
the ensemble-averaged definition of the Piola-Kirchhoff tensor enters ther-
modynamic relations.

From this definition of the first Piola-Kirchhoff tensor P and following the
continuum relations between this tensor and the second Piola-Kirchhoff
stress tensor S and Cauchy stress tensor 6,° one obtains:

S(T;F) = F'P(T;F) = - i<(F 2)®(Fp) [ avj®r> (3.16)

0 =1 m; arz

1 13/ p,®p, OV
G(T,F)ZMP(T,F)FT =—;z<7—a—r®n> (317)

i=1 i i

The Cauchy stress tensor of eqn (3.17) is the stress tensor most often cal-
culated during each integration step of a molecular simulation to obtain
a measure for the internal stress. From the above definition, one can also
determine the pressure of the system as (the negative of) the trace (Tr) of the
above expression:

P(T; F)——gTr{o(T F)}=

Z<p’ il > (3.18)
Vi or,

i

although it is more straightforward to obtain an atomic definition of the
pressure by realising that the appropriate Gibbs free energy expression for a
system under pressure and temperature control is given by

G(N,P,T;V)=F(N, T; V) + PV, (3.19)
which should be minimised with respect to the volume V to obtain an

atomic expression for the pressure. This alternative procedure yields the
same results as eqn (3.18).
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Eqn (3.4) and (3.5) for the strain and eqn (3.15)-(3.18) for the stress define
the sought-after connection between the continuum stress and strain and
the atomic properties of a system: the masses m,, positions r,, and momenta
p; of each of the atoms, as well as interactions V acting between the atoms
and the deformation gradient F defining the current cell configuration h
compared to the reference cell h,.

3.3 Ingredients Necessary to Atomically Model MOF
Mechanics

Computational modelling is a bottom-up approach in which the macro-
scopic behaviour of a material is determined starting from knowledge about
the positions of its constituents — electrons and nuclei — and the interactions
between them. The common goal of any computational modelling endeav-
our is to understand how interactions at the atomic scale give rise to mac-
roscopically observed properties and to adopt this information to design
materials with predesigned functionalities (e.g., susceptible to phase tran-
sitions, NLC, NTE). In order to achieve this ambitious target, the following
three main questions need to be considered, irrespective of the details of the
problem at hand:

1. How can the experimental, macroscopic material consisting of an
immense number of atoms be represented by a much smaller num-
ber of particles, varying from a few thousands to a few million atoms
depending on the available computational power and the choice of
model to approximate the interatomic interactions and external condi-
tions (see points 2 and 3)?

2. How can the interatomic interactions, which are inherently many-body
and quantum mechanical in nature, be approximated to an extent that
they can be used to computationally model the phenomena under
study while allowing both for sufficiently large structural models (see
point 1) and for a sufficient similarity to the real materials behaviour
under the given external conditions (see point 3)?

3. How can, for a given structural model (see point 1) and approximation
of the interatomic interactions (see point 2), the material be simulated
in such a way that properly averaging the atomic properties over the
computer simulation allows for a direct comparison with experimental
results?

In this section, these three fundamental questions will be discussed
separately. The importance of each of these key aspects in order to obtain
reliable results that can further our understanding and design capabilities
of the mechanical behaviour of MOFs will be provided, although much
of this discussion can be readily generalised to other materials and other
properties.
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3.3.1 Generating an Accurate Structural Model of the
Material

The size of the largest atomic MOF models to date remains limited to a few
tens of thousands of atoms and a few tens of nanometres in diameter,”"” >
save for a very recent study of a 1 million atom model of MIL-53(Al).>* Despite
this recent increase in computationally accessible length scales, atomic
models remain substantially smaller than experimental MOF crystallites at
the moment. Therefore, the majority of computational MOF research now-
adays starts from the assumption that the properties of a macroscopic MOF
material can be approximated well by considering a smaller simulation cell
that is repeated ad infinitum along the three cell vectors a,, a,, and a,;, which
define the cell matrix h of eqn (3.1) (see Figure 3.1). By construction, periodic
boundary conditions cannot be adopted to model surface effects in finite
MOF crystals. Nevertheless, this periodic ansatz is being used extensively to
approximate bulk properties.

The increasing realisation that MOFs come in various degrees of crystallin-
ity***?° - from almost perfectly crystalline MOFs, over MOFs with local defects
or mesopores locally deviating from crystallinity,”*”* to amorphous or glassy
MOFs that lack any long-range spatial order*>*' — has made it increasingly
difficult to define accurate structural MOF models. First, the lack of (per-
fect) order is straining the ansatz of periodic boundary conditions as a passe-
partout in computational MOF research. Several recent studies have sought to
limit the effect of these spurious long-range correlations in MOF simulation
cells by considering increasingly larger cells, giving rise to exciting new phe-
nomena not accessible in smaller simulation cells (vide infra). However, for
glassy or amorphous MOFs, without any long-range order, or when interested
in surface effects, even these larger simulation cells cannot be expected to
yield accurate predictions, and new and finite MOF crystallite models need to
be constructed. Second, even when making abstraction of the validity of peri-
odic boundary conditions to mimic MOF properties, it is not straightforward
to come up with appropriate atomic simulation cells for disordered MOFs in
the first place. As argued recently,'”** this requires a concerted effort from
experimentalists and theoreticians to interrogate the MOF structure from
the atomic to the macroscopic scale with a varied toolbox of high-resolution
techniques and high-throughput automated computational screenings of
potential (disordered) MOF structures.'”*>** Until such a toolbox has been
developed and becomes mainstream accessible, disorder in MOFs can only
be treated in an ad hoc fashion (vide infra), in which the comparison between
theoretically predicted and experimentally measured properties quantifies
the validity of those approximations - thereby limiting the predictive power
of computational research. In what follows, three common pitfalls associated
with defining an accurate structural model will be discussed, demonstrating
the impact of (i) including disorder at the atomic scale in the periodic sim-
ulation cell, (ii) choosing sufficiently large simulation cells, and (iii) going
beyond the periodic simulation cell for surface-dominated effects.
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A first potential pitfall when modelling MOFs is neglecting the impact
of local defects — with a spatial extent of only a few nanometres — on the
macroscopic MOF properties. The most prominent example in this cate-
gory is UiO-66(Zr).*> Perceived as an exceptionally stable material, a result
of its relatively strong zirconium-oxygen coordination bonds and the up to
twelvefold coordination of its inorganic building blocks,**™’ it has been the
protagonist in many experimental and computational studies. Thanks to the
rather straightforward synthesis of large UiO-66 crystals, it was also one of
the first MOFs for which spatial disorder could be characterised extensively,
revealing a variety of deviations from periodicity: from local inorganic node
and linker vacancies to the formation of correlated nanodomains in which
these local vacancies tend to cluster together.>**** Various works have tried
to incorporate, to a different extent, these deviations from perfect crystal-
linity while still adopting periodic boundary conditions. In 2016, Thornton
et al. calculated the ab initio elastic constants and elastic moduli for a vari-
ety of defect-containing UiO-66 simulation cells with a unit cell length of
around 2.1 nm, which was sufficiently large to incorporate isolated linker
and node vacancies.”® As visualised in Figure 3.3(a), an appreciable increase
in mechanical anisotropy and a decrease in the Young's and shear moduli
were observed upon increasing linker vacancy concentration. In a force-field
based study on a similar-sized simulation cell, Rogge et al. demonstrated
that the bulk modulus and the mechanical stability of UiO-66 are also
strongly impacted by linker vacancies.” Importantly, the extent to which
the mechanical behaviour is impacted is dictated not only by the concentra-
tion of defects, but also by their distribution throughout the framework.*
They illustrated that incorporating a realistic amount of defects is necessary
to correctly predict the amorphisation pressure of ~1.4 GPa obtained from
high-pressure mercury intrusion experiments.>® Failing to take these defects

@ B O ¥ X ©
modulus

rec

(b) defects »= 31 : A 2 (mnissing
) - Y P e cluster)

(c) porosity

Figure 3.3 (a) Spatially-dependent Young's modulus, (b) visualisation of defects as
observed from the perspective of a single cluster and (c) porosity avail-
able for adsorption of a 3 A-diameter probe. Each cluster is coloured
according to its coordination number. Adapted from ref. 48 with per-
mission from the Royal Society of Chemistry.
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into account overestimates this experimental value by ~0.4 GPa.*® A similar
pitfall also manifests itself for defect-free MOFs in which high-symmetric
lattice points can be decorated by building blocks that have a lower symme-
try. For instance, Ehrling et al. demonstrated that the response of DUT-8(Ni)
on gas adsorption depends on the configuration of the nonlinear linkers
present in this framework, the configuration of which can be guided during
synthesis." This opens up the possibility to design these MOFs,*! by deriv-
ing relations between the local symmetry and structure of the MOF on the
one hand, and the macroscopic material behaviour on the other. However, a
conditio sine qua non for such structure-property relationships is the proper
inclusion of these local deviations from crystallinity in the atomistic model.

A second pitfall is underestimating the required size of the atomic model,
which leads to spurious effects in the simulation. This pitfall is very easily
recognised when studying the stimuli-induced switching behaviour of flex-
ible MOFs or soft porous crystals (SPCs),’* such as MIL-53(Al)'* and DMOF-
1(Cu).”*** Both materials have been experimentally demonstrated to ‘breathe’
between a large-pore (Ip) and a closed-pore (cp) form, and the ability of atomic
simulations to reproduce such phase transformations was one of the early
successes of MOF modelling.”**® However, when adopting periodic boundary
conditions, the mechanism through which the phase transition takes place
is forced to be a cooperative one, in which all periodic images of the simu-
lation cell undergo the same transition at the same time. By systematically
increasing the simulation size in these materials and by removing the peri-
odic boundary conditions,'®'? it was recently suggested that this cooperative
mechanism is artificially imposed by the periodic ansatz, as phase transfor-
mations in larger crystals occur gradually instead. In this way, the transition
from one phase to another can nucleate locally in the MOF, then propagate
and grow through the material via a layer-by-layer mechanism.'® The extra
degrees of freedom present in the larger simulation cells lead to the proposi-
tion of a gradual transition mechanism that is energetically favoured over the
cooperative mechanism assumed before, leading to stimuli-induced spatial
disorder under the form of phase coexistence.' The latter was recently also
confirmed experimentally for DUT-8(Ni),”” a different SPC, through Raman
spectroscopy.’®

Finally, a third pitfall occurs when neglecting the surface of the MOF crys-
tal, which becomes more prominent as the MOF crystallite becomes smaller,
given its larger surface-to-volume ratio. For surface-dominated properties,
accurate atomistic models need to explicitly account for the MOF surface by
removing the periodic boundary conditions along at least one of the direc-
tions (or, equivalently, introducing a MOF slab model with a large vacuum
region) and properly terminating the interface. Simulating finite MOF crys-
tallites remains to date a largely unexplored area, as the much smaller scale of
computational MOF crystallites compared to experimental crystals implies a
much larger surface-to-volume ratio and an overestimation of surface effects.
However, such finite crystal simulations do provide qualitatively interesting
observations, such as the mechanism through which phase transformations
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Figure 3.4 Penetration of an atomistic indenter ‘tip’ into the [111] surface of a
coarse grained slab model of HKUST-1 (5 x 5 x 6 supercell), where (a)
shows the initial and (b) the final state (colour scheme: black: inor-
ganic moiety; blue: linker; white: terminal CH; bead; brown: tungsten
atoms). Reproduced from ref. 7 with permission from the Royal Society
of Chemistry.

develop in finite DMOF-1 particles.'® Similarly, mechanical properties that
are probed at the surface of the material - such as nanoindentation studies
that probe the hardness of the material (see Sections 1.4 and 1.8.1 of Chap-
ter 1) - require a proper termination of the MOF surface. A first step in this
direction was set in 2016, when Diirholt et al. computationally determined
the energy needed to penetrate the [111] surface of HKUST-1 with a tungsten
tip, schematically depicted in Figure 3.4.” They demonstrated that converged
results for the penetration energy could only be reached when both properly
terminating the surface and when ensuring that the lateral surface dimen-
sions, which are still treated periodically, are sufficiently large to avoid spuri-
ous interactions, thereby connecting to the second pitfall mentioned above.

3.3.2 Approximating the Interactions in a Material: the Level
of Theory

As a bottom-up technique, molecular modelling requires an accurate
description of the interactions between the nuclei and electrons that make
up MOFs to predict macroscopic properties. Many different approaches exist
to model these interactions, starting from a fundamental quantum mechan-
ical or ab initio treatment, over classical potentials used in force fields, to
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coarse-grained (CG) and continuum descriptions. In this order, these models
become computationally less expensive - often at the cost of an appreciable
loss in accuracy — which opens up the possibility to treat much larger atomic
models (see Section 3.3.1) on much longer time scales. Although studies
are emerging in which the mechanical behaviour at longer time and length
scales becomes accessible via CG techniques”*® or through finite-elements
modelling (FEM),*"®* the mechanical behaviour of MOFs is nowadays mostly
characterised using either ab initio or atomistic force field approaches.®
Therefore, these methods and their application to MOF research will be
briefly outlined below, with appropriate references to more in-depth reviews.

As the interactions between electrons and nuclei in MOFs are quantum-
mechanical in nature, completely characterising the (micro)state of a MOF
requires knowledge of the positions (and possibly intrinsic spin coordinates)
of all its nuclei and the positions and intrinsic spin coordinates of all its
electrons, collected in the many-body wavefunction |¥), and this for every
time instance of interest.? In the absence of time-dependent external fields,
the stationary many-body wavefunction |w,) can be obtained by solving the
time-independent Schrodinger equation:**

Hly,) = E,|w,), (3.20)

in which E, and |y,) are the eigenvalues and eigenstates, respectively, of
the Hamiltonian H that describes the interactions in the system. The quan-
tum label 7 is used to differentiate between the different states. Under the
assumption that the N electrons and N nuclei in the system only interact
through Coulomb interactions, this Hamiltonian can be written as

H=T,+T +Vp +V, + V. (3.21)
Herein,
N N () | (e)
A p . p ~ PR p
T = L2t ognd T = = -t 3.22
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are the kinetic energy operators associated with the nuclei and the elec-
trons, respectively,
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are the potential energy operators associated with the repulsive Coulomb
interactions between each pair of nuclei and each pair of electrons, respec-
tively, and
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SOf course within the limitations set out by the Heisenberg uncertainty principle.
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is the potential energy operator associated with the attractive Coulomb
interaction between each nucleus-electron pair. In these expressions, m'9,
r'9, and p'¥ are the mass, position, and momentum of the ith electron, Z; is
the nuclear charge of the ith nucleus, and g, is the permittivity of the vacuum.

If our computational model (see Section 3.3.1) consists of N nuclei and N
electrons and if we can neglect the spin of the nuclei, the wavefunctions |y,)
depend on 3N + 4N® degrees of freedom. For typical MOF unit cells, which
contain about 100 to 10000 nuclei and about one order of magnitude more
electrons, it would be an extraordinary task to fully determine this wavefunc-
tion. Therefore, different approximations exist to determine the eigenener-
gies E,, and especially the ground-state energy E,, of eqn (3.20).

A first approximation, the Born-Oppenheimer (BO) approximation,
starts from the realisation that electrons are much lighter than nuclei, and
will therefore equilibrate on a much shorter timescale under typical condi-
tions.®® From the perspective of the electrons, the nuclei can be assumed
as ‘clamped’. If the excited electronic states are furthermore much higher
in energy than the ground state so that nuclear excitations cannot induce
electronic excitations (the so-called adiabatic approximation), the stationary
Schrodinger equation (eqn (3.20)) can be separated into an electronic and a
nuclear eigenvalue problem. The former reads

e)> — VBO

Y=+ Vi + Y, 40

v, (3.25)

in which the stationary electronic wavefunctions |y%) (with 4N degrees
of freedom) and associated eigenenergies 1*° are determined from the elec-
tronic Hamiltonian H,. Importantly, although the nuclear coordinates still
enter the electronic Hamiltonian through the terms VNN and V , they do so
not as degrees of freedom but as fixed parameters because of the clamped
nuclei approximation. By varying the nuclear coordinates and again solving
eqn (3.25), the eigenenergies V*° can be determined as a function of the 3N
nuclear coordinates. These hypersurfaces are known as the Born-Oppen-
heimer surfaces or potential energy surfaces (PES) of the system on which
the nuclei move. Knowledge of these surfaces then allows one to solve the
nuclear eigenvalue problem, the eigenstates of which describe the vibrations
and rotations of the nuclei.

While the Born-Oppenheimer approximation decouples the electronic
and the nuclear eigenvalue problem, the number of degrees of freedom
remains formidable, especially for the electronic eigenvalue problem in eqn
(3.25). As a result, approaches aiming to immediately determine the elec-
tronic wavefunctions - so-called wavefunction-based techniques such as
Hartree-Fock - are computationally very expensive and are only seldomly
used in MOF research. When they are used, first a small finite cluster is cut
out of the MOF material to limit the number of electrons in the simulation
model, as outlined in more detail in ref. 66.

A much more popular quantum-mechanical method to solve the electronic
eigenvalue problem for solid-state materials (such as MOFs) was pioneered by
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Hohenberg and Kohn, whose theorems form the basis of density functional
theory (DFT).®” These theorems state that the ground state energy J*° of eqn
(3.25) is a unique functional of the ground state electron density, which can
be found variationally as the density that minimises this (unknown) func-
tional.®® Hence, instead of solving eqn (3.25) for the highly multidimensional
wavefunction, the Hohenberg-Kohn theorems allow one to solve for the
three-dimensional ground state electron density instead, and to obtain all
relevant ground state properties from this density. In the traditionally used
Kohn-Sham formalism, this problem is hugely simplified by considering a
fictitious system of non-interacting electrons moving in an effective poten-
tial, which is chosen such that the system has the same ground-state elec-
tron density as the actual interacting system.® In this way, the variational
principle gives rise to single-particle equations, the so-called Kohn-Sham
equations, the solutions of which yield the ground-state electron density.
While this method is formally exact up to this point, it features unknown
contributions to the effective potential, arising from the unknown exchange-
correlation functional. Hence, to actually find the ground-state electron den-
sity, one needs to postulate an appropriate form of this exchange-correlation
functional. A vast number of different functionals have been proposed to this
end, which strongly vary in computational cost and accuracy. However, as
DFT is in general much faster than wavefunction-based approaches, it has
been used extensively in MOF research. For a thorough discussion of the
applications and limitations of DFT in modelling MOFs, the recent review by
Mancuso et al. forms an excellent starting point.”®

The atomic interactions in MOFs can also be modelled classically. The
aim of classical interaction potentials, also called force fields, is to approxi-
mate the ground-state Born-Oppenheimer surface 1)*° of eqn (3.25), which
depends on all nuclear coordinates, by a sum of analytical functions that
each depend on a limited number of nuclear coordinates (typically two,
three, or four) and on a limited number of fitting parameters. Force fields
can typically be divided into bonded and nonbonded interaction terms. The
former are often simple functions of the internal coordinates of covalently
bonded nuclei, such as bonds, bends, and torsion terms, while the latter
describe interactions also between nonbonded nuclei, such as Coulomb
and van der Waals interactions. Thanks to their analytical form, these clas-
sical potentials can be used to efficiently calculate the forces on each of the
nuclei without the need to resort to expensive electronic structure methods.
However, most force fields preclude the description of bond reorganisation,
which limits their applicability. Different force fields differ not only in the
form of the analytical functions they contain — some do inherently account
for anharmonic interaction potentials, for instance - but also in the way the
fitting parameters are determined. MOF force fields are often parametrised
based on data obtained from electronic structure methods. For instance, in
the first flexible MOF force field, derived by Greathouse et al., an appropri-
ate parametrisation of terms associated with the inorganic node in MOF-5
was obtained from preceding DFT calculations.”" Recently, more systematic
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parametrisation approaches have been developed, in which the force field
(FF) parameters are determined based on the ab initio optimised structure
and the local shape of the PES around this optimised structure. Examples
include MOF-FFE,’>”® BTW-FE,”* QuickFF,”>’® and VMOF.”” In the context of
this work, also the approach introduced by Heinen et al., in which a force
field was derived by fitting to the ab initio elastic constants,’”® is noteworthy to
mention. For a more in-depth discussion of force fields for MOFs, the reader
is referred to ref. 76 and 79.

3.3.3 Exploring the Potential Energy Surface for a System
under Stress Control

When experimentally extracting the mechanical behaviour of a MOF mate-
rial, the MOF sample is often held under temperature control, while simul-
taneously controlling either the pressure (or, more generally, stress) or the
strain. To obtain comparable properties from a molecular simulation, it is
necessary to impose the same control conditions while the system samples
the PES constructed in Section 3.3.2, i.e., to ensure that the system samples
every region of the PES with a probability dictated by the experimental con-
ditions. One way to trace such a representative trajectory on the PES is by
performing a molecular dynamics (MD) simulation, in which the nuclear
structure of the MOF is followed through time.**¥ In an MD simulation, tem-
perature or stress control means that the Hamiltonian equations of motion
following from eqn (3.9), which are simply the Newton equations for the
nonrelativistic nuclei, need to be adapted. While temperature and pressure
control is well developed, general stress control in MD simulations is sub-
stantially less straightforward as different subtleties arise for soft anisotropic
materials such as MOFs, as shown below.

Central in the discussion of temperature and stress control of systems in
thermodynamic equilibrium is the ensemble concept. An ensemble denotes
the collection of microstates (here the positions and momenta of each of
the N nuclei of the MOF and, if present, its simulation cell matrix h) that are
accessible under the given macroscopic conditions (here typically the tem-
perature T and stress ¢ under which the experiment takes place). Ensem-
bles are labelled based on the macroscopic variables that are controlled.
These control variables come in conjugate pairs, including temperature T vs.
entropy S (which also determines the energy E), pressure P vs. volume V, and
chemical potential 4 vs. number of particles N. An ensemble is fully defined
by choosing one out of each pair of conjugate control variables, in which one
needs to ensure that at least one of the variables scales with the size of the
sample (either the entropy/energy, volume, or particle number). For gases

A very popular and versatile alternative to MD are Monte Carlo (MC) simulations,*® which are
very often used to study adsorption in MOFs. However, MC routines are typically less suited to
describe collective structural framework deformations discussed here, as the associated MC
trial moves are only seldomly accepted.
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and liquids, the most often used ensembles are the microcanonical or NVE
ensemble, the canonical or NVT ensemble, the isothermal-isobaric or NPT
ensemble, and the grand canonical or uVT ensemble.*

For typical (Newtonian) fluids, the pressure P is the only stress state the
material can withstand, and the volume forms an appropriate variable to
describe the response of such a system to pressure control. For solids, how-
ever, this situation differs. Given that a solid is typically anisotropic, the vol-
ume alone does not suffice to describe the simulation cell, and instead the
six independent components of the simulation cell matrix h introduced in
eqn (3.1) need to be specified.****!l In addition, for anisotropic solids, it also
makes sense to probe their response to anisotropic stresses o, as defined
by the deviatoric Cauchy stress tensor o, that remains after subtracting the
hydrostatic pressure from the Cauchy stress:**

6,=6+PL (3.26)

As a result, for anisotropic solids, instead of simply choosing between the
scalar variables P and V as conjugate variables, one needs to choose between
the matrix variables ¢ and h, the latter of which defines the Lagrangian strain
through eqn (3.4). However, 6 and h do not form a pair of conjugate variables,
which makes the definition of constant-stress ensembles substantially less
straightforward (vide infra). While this distinction between ensembles for
fluids and anisotropic solids was already recognised in 1984," the nomen-
clature used in computational research can often obscure the exact ensem-
ble - and hence the exact control variables — used during the simulation. For
instance, the label ‘N6T ensemble’ has been used both to denote an ensemble
in which the full stress ¢ is controlled (in addition to the number of particles
and the temperature) and to denote an ensemble in which only the pressure
P is controlled but in which the cell matrix h could change anisotropically
(which is a more restrictive ensemble than the previous one).** Therefore, a
more appropriate ensemble classification to study MOFs and other anisotro-
pic solids has been proposed in ref. 83, which can be found in Table 3.1 and
which will be used in this chapter.

Given the above discussion, it may come as no surprise that stress con-
trol or barostat algorithms were initially derived to control only the pres-
sure, while allowing only for isotropic volume deformations. The first such
barostat algorithm was proposed by Andersen.®* Andersen recognised that
pressure control could be achieved by describing the system as a function
of the volume and the fractional coordinates defined in Section 3.2 and by

IAlthough the cell matrix contains nine components, three of them define the cell orientation

with respect to the frame of reference and hence carry no intrinsic physical meaning. There-

fore, the cell matrix is often assumed to be either symmetrised or upper triangular to fix these

three degrees of freedom.

**Note that the pressure was defined in eqn (3.18) as the negative of the trace of the stress tensor.
If this minus sign is not used, the plus sign in eqn (3.26) should also be replaced by a minus
sign.
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Table 3.1 Overview of the different thermodynamic ensembles considered for
MOFs at a constant number of particles N according to the unified
notation proposed in ref. 83, where crosses indicate which variables are
controlled. Next to the number of particles, the ensemble is defined by
controlling the volume V or the pressure P, the cell shape matrix h, or the
deviatoric stress 6,, and the energy/enthalpy (E or H) or temperature 7.
The last column indicates the notation used in popular software packages
such as DI_POLY,**> LAMMPS,*"* and CP2K/QUICKSTEP,** which may
lead to confusion in some cases due to making no distinction between
constant-pressure and constant-stress ensembles. Adapted from ref. 83
with permission from American Chemical Society, Copyright 2015.

Ensemble N 14 h, p o, EorH T Other notations
(N,V,hy,E) X X x X NVE
(N,V,h,,T) X X X X NVT
(N,V,c 2 H) X X X X

(N,V,6,,T) X X X X

(N,P,h,H) x x x x NPH, NPE,
(N,Phy,T) X x x x NPT, NPT,
(N,P,0,,H) X X X X NPH
(N,P,6,,T) X X X X NPT
(N,V,6,=0,H) x X 6,=0 X

(N,V,6,=0,T) x X 6,=0 X

(N,P,6,=0,H) x x 6,=0 X NoH, NPEy
(N,P,6,=0,T) x x 6,=0 x NoT, NPTy

extending the system's Hamiltonian of eqn (3.9) with two terms describing
the kinetic energy and the (elastic) potential energy of a piston acting on
the system's volume. This ‘extended Hamiltonian’ approach was generalised
by Parrinello and Rahman by letting the piston define not only the volume
of the simulation cell, but all components of the simulation cell matrix h
instead (while still only accepting isotropic pressure as a control variable).®
In 1981, Parrinello and Rahman extended this approach to allow imposing
the whole stress tensor ¢, which was later further refined to allow for simul-
taneous temperature control and cast in a true Hamiltonian form by Ray and
Rahman.'>® 8 In this latter formulation, which is implemented in many MD
codes as the Parrinello-Rahman (PR) barostat, the system's Hamiltonian of
eqn (3.9) is extended to read'"

PR( N _N _ < (hiTni).(hiTni)
H (s ,7 ’h’pg)_;—Zm

1

P, P
+V(hsN)+g2—Wg—VOS . (3.27)

""The elastic term in eqn (3.27) is slightly more cumbersome in the original description, since
Parrinello and Rahman made a distinction between applying a purely isotropic stress, in which
case the elastic term should simply read —P(V — V;)), and a stress state that is not purely isotro-
pic, in which case eqn (3.27) is valid. As the interest here is specifically for the latter case, eqn
(3.27) will be adopted throughout. It is important to note, however, that the PR barostat for iso-
tropic stresses does not suffer from the same approximations as the anisotropic PR barostat.



Computational Modelling of MOF Mechanics 133

In this expression, which can be extended to simultaneously allow for
temperature control,®® ;= h'p; is the momentum conjugate to the fractional
coordinates s; of particle i, and p, is the cell momentum matrix conjugate
to the cell matrix h. The third and fourth terms in eqn (3.27) describe the
kinetic and elastic energy associated with cell deformations, the latter being
described by the product of the reference volume V;, and the double contrac-
tion of the second Piola-Kirchhoff tensor of eqn (3.16) and the finite Lagrang-
ian strain of eqn (3.4). As a result, this Hamiltonian depends on a reference
cell matrix h, through both the reference cell volume and the strain, raising
the same limitations on its applicability as discussed in Section 3.2.1.

Although being widely used, the PR barostat suffers from two inaccura-
cies which may become nonnegligible for soft framework materials such as
MOFs. First, since the transformation from the original Hamiltonian in eqn
(3.9) to that of eqn (3.27) is not canonical, as shown in ref. 8, the PR equations
of motion are only satisfied exactly if the time derivative of the cell matrix can
be neglected with respect to the time derivatives of the fractional coordinates
(Jhs;|<|hs;|).”® Second, the direct dependence of the equations of motion on
the cell matrix is unsatisfactory. Consider a modular transformation T that
transforms the cell matrix h to h' = hT, where T is a 3 x 3 matrix only contain-
ing integer elements and chosen such that detT = 1. This transformation is a
simple volume-conserving redefinition of the periodic cell vectors. Describ-
ing the system in terms of h' is completely interchangeable with describing
it in terms of h. However, the PR Hamiltonian and equations of motion do
explicitly depend on this choice. As a result, the PR equations of state are not
modularly invariant (or T-invariant), as recognised by Cleveland and Wentz-
covitch, and a system's trajectory through time in a PR-controlled MD simu-
lation will artificially depend on the chosen cell matrix.?**

A solution to both drawbacks is to select the deformation gradient F of eqn
(3.2) instead of h as the fundamental variable describing the cell deforma-
tion. By construction with respect to a reference cell matrix, F is modularly
invariant, and any Hamiltonian that only depends on F is hence also modu-
larly invariant.®” This approach was followed by Tadmor et al., who used the
deformation gradient to define the generating function of eqn (3.10).% Given
that, in an MD simulation, the deformation gradient explicitly depends on
time, this generating function yields the transformed Hamiltonian

(ot ) -3 P )y S ) (i), 2

i=1 i i=1

Extending this Hamiltonian with the kinetic and potential energy terms of
the barostat yields

N (F7p. ) (F"p. :
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Compared to the PR Hamiltonian of eqn (3.27), an additional last term
appears in eqn (3.29) which ensures that modularly invariant equations of
motion are obtained under stress control.®

A remaining issue, which was also present in the PR barostat, is that both
Hamiltonian formulations — and hence also the equations of motion - feature
the second Piola-Kirchhoff tensor S as the stress control variable. As a result,
the second Piola-Kirchhoff tensor is also the property to which the system
converges, as demonstrated in Figure 3.5 for an MD simulation of an alu-
minium crystal, although it is the Cauchy stress o that is controlled exper-
imentally.”* While this difference between both properties is negligible for
small deformations, it becomes important for larger deformations from the
cell matrix hy, as can be observed from eqn (3.16)—(3.17). This difference may
hence play a crucial role during phase transitions in MOFs. To overcome this,
Miller et al. developed an adaptive ‘Cauchystat’, in which the Cauchy stress is
directly controlled through proportional feedback control.””

Besidesthese Hamiltonian approaches toimpose stress control, many other
barostats have been introduced. Among those still used extensively today are
the Berendsen barostat,” the Hoover barostat,”®* the barostat developed by
Martyna, Tobias, and Klein (MTK),”® and the Langevin barostat.”” Given that
these approaches do not start from a canonical transformation of the Ham-
iltonian, they allow for more freedom in defining the equations of motion
which may also benefit their convergence.’” Recently, stress control achieved
through the Berendsen, MTK, and Langevin barostats was compared to study
phase transformations in MOFs, demonstrating that the Berendsen barostat
does not sample the correct constant-stress ensemble, whereas the MTK and
Langevin barostats lead to interchangeable results, as shown in Figure 3.6.%
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Figure 3.5 Instantaneous values of (a) the Cauchy stress and (b) the second Piola-
Kirchhoff stress during a short MD simulation of a perfect aluminium
crystal using the PR barostat. The horizontal dashed lines indicate the
stress values supplied to the PR barostat (5 meV A~ for the off-diagonal
elements, 0 meV A for the diagonal elements), showing that the com-
ponents of the second Piola-Kirchhoff tensor rather than those of the
Cauchy stress converge to these values. Adapted from ref. 92 with per-
mission from the American Institute of Physics, Copyright 2016.
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Figure 3.6 Internal pressure exhibited by MIL-53(Al) during an (N, P, 6, = 0, T) MD

simulation at 1 MPa and 300 K using the Berendsen, MTK, and Lan-
gevin barostats and starting from the Ip phase of this material at 0 K. (a)
Probability density function (PDF) generated over a simulation time of
800 ps. (b) Running average of the internal pressure generated for the
first picosecond. Adapted from ref. 83 with permission from American
Chemical Society, Copyright 2015.

3.4 The Equilibrium Mechanical Behaviour of
MOFs: the Elastic Regime

MOFs exhibit an extremely rich versatility in their response to mechanical
stimuli, especially when the magnitude of the stimulus increases (see Sec-
tions 3.5 and 3.6). However, near an equilibrium configuration, the mechan-
ical response of a MOF can be completely characterised by the stiffness
or elasticity tensor C, which relates the (Cauchy) stress ¢ that needs to be
exerted on the material to realise an infinitesimal (Cauchy) strain &:

3 3
6=C:eo0,= ZZCIZMEW.

y=16=1

(3.30)

Eqn (3.30) can be regarded as the 3D generalisation of Hooke's law for a 1D
spring.** The infinitesimal strain € entering this expression is obtained from
both the finite Lagrangian and Eulerian strains defined in eqn (3.4) and eqn
(3.5) in the limit of small (infinitesimal) deformations.’® Since both the stress
and strain are 3 x 3 second-rank tensors, the stiffness tensor C as well as its
inverse, the compliance tensor S = C*, are 3 x 3 x 3 x 3 fourth-rank tensors,
the elements of which completely govern the response of a material to ‘small’
stresses.

*Eqn (3.30) is not the only way to define the stiffness tensor. Alternative definitions are based
on the energy density of a deformed material in the harmonic approximation, eqn (3.33),
or through the equation of motion of an elastic wave propagating through the material, an
approach that is often followed experimentally,**’ but which is seldomly used computation-
ally.”®® For an unstressed material, all three definitions are interchangeable. Only when a mate-
rial is held under external stress does care need to be taken to distinguish between these three
definitions.*"’



136 Chapter 3

To properly define ‘small’ stresses, it suffices to expand the Helmholtz
free energy of eqn (3.8) with respect to the Lagrangian strain n around the
unstressed equilibrium configuration:

3, OF(N,T;n
F(N,T;m)=F(N,T;m, =0)+ > — "~ 5 (N, T5m) Nop
a,p=1 Map 1y=0

(3.31)
3, 9°F(N,T;m)
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By combining eqn (3.7) with the definitions of eqn (3.4) and (3.16), one
finds that oF/o7,; = V,,S,4, where Vj is the volume of the reference configura-
tion and S,4 are the elements of the second Piola-Kirchhoff tensor. Hence,
in an unstressed configuration, the second term in the right-hand side of
eqn (3.31) vanishes. Furthermore, F(N, T; 1, = 0) = F, is a constant that can
be absorbed by the left-hand side of eqn (3.31). As a result, eqn (3.31) can be
rewritten as:

F(N,T;m)-F, = 770,,37775"'0(773)' (3.32)

M,=0

Vo & 08,(N,Tim)
2 a,B,y,0=1 877;/5

For a configuration sufficiently close to equilibrium, we may replace the
Lagrangian strain 1 in eqn (3.32) by the infinitesimal strain g, and the second
Piola-Kirchhoff tensor S by the Cauchy tensor 6. Together with the definition
of the stiffness tensor in eqn (3.30), this yields:

F(N,T;s)—FO:% i Caﬁy58aﬂ£7(,+(7(£3)=%8:C:£+@(83). (3.33)

a,p,y,6=1

Eqn (3.33) demonstrates the importance of the stiffness tensor: its elements
completely define the (change in) free energy of the material upon infinites-
imal strain, and hence completely define how the material will respond to a
small mechanical stimulus. Because of the truncation of eqn (3.33) up to sec-
ond order, the 81 elements that enter the stiffness tensor are called second-
order elastic constants (higher-order elastic constants exist but have to date
not been reported for MOFs). A very similar derivation starting from the
internal energy instead of the free energy gives an expression similar to eqn
(3.33); the difference being that the internal energy U is the appropriate ther-
modynamic potential when entropy is controlled instead of temperature. As
aresult, the elastic constants derived when starting from the internal energy
are defined as the adiabatic elastic constants V,C,,; = 0°U/d¢, ﬁae .00 whereas
eqn (3.33) gives rise to the isothermal elastic constants V,C,,s = 0°F/0¢ 40¢,5.

The 81 elements within the stiffness and compliance tensors are not all
independent. As these tensors are the second-order derivatives of the free
energy with respect to the strain and the order of differentiation is unim-
portant, C,,; = C,5s and only 45 independent elements remain (the major
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symmetry of C). Furthermore, because of the symmetry of the stress and
strain tensors, eqn (3.30) implies that Cp,,; = Cyg5, = C,p,5 (the minor symme-
tries of C).® As a result, for a general material, 21 independent elastic con-
stants exist, although the symmetry of the unit cell can reduce this number
further - e.g., the elastic tensor of a cubic material is defined by only three
independent constants.’”® Because of the general symmetries of the stress,
strain, and stiffness tensors, one often writes the infinitesimal strain and
Cauchy stress tensors as 6 x 1 vectors that inherently take into account these
symmetries using the so-called Voigt contraction,'® as detailed further in
Section 2.2.1 of Chapter 2:

6 = [044 Oy 033 03 013 512]T €= [e11 &) £33 2653 2613 2312]T- (3.34)

Likewise, the fourth-rank compliance and stiffness tensors can be reduced
to 6 x 6 matrices that account for the minor symmetries:

Citi Ciy Ciuss Cins Cuss Cin
Cyii Cuss Cosss Coms Cois Cosio
c-|Con Cam Cun Cum Cuny Cig
Cyii Cyis Cosss Cyss Cyiis Couny
Ciii Ciny Cuss Cins Cuu Cin
Con Cum Ciom Cim Cis Cins (3.35)
[ Sin Sum Sis 2812 2S5 2S5 ]
S, Sy Sy 2S,,, 2S5, 25,
| Sun Sue  Suw 25w 2Sun 2Sus
28, 2S,, 2S,. 4S,, A4S, 4S, .
28, 28, 25, A4S, 4S.., 4S,,
125, 28, 28, A4S, 4S,, 4S,, |

Due to the major symmetry of C, the matrices in eqn (3.35) are symmetric.
The factor of two appearing in the last three elements of the strain vector
of eqn (3.34) and the factors of two and four appearing in the compliance
matrix of eqn (3.35) arise so that Hooke's law in 3D, eqn (3.30), can be written
in Voigt notation as ¢ = Ce or € = Se. In what follows, the Voigt notation will
be systematically adopted.

Although eqn (3.35) fully defines the elastic response of a material, these
matrices are often not very practical to interpret, especially for low-symmetry
materials. For instance, anomalous mechanical properties may not be
directly clear from inspecting these matrices and it may be cumbersome to
predict and visualise the response of a material to a specific deformation
based on eqn (3.35), although it contains all necessary ingredients. There-
fore, studies on the elastic behaviour of MOFs often report the elastic mod-
uli, such as the bulk modulus K (an isotropic property), the Young's modulus
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E(u) (the value of which depends on the direction u along which the stress is
applied, which coincides with the direction along which the deformation is
measured), and the shear modulus G(u,v) (which depends both on the direc-
tion of the applied stress and the orthogonal direction of the deformation
measurement). Programs such as EIAM'*" and ELATE'®* form an instrumen-
tal tool in this regard, as they allow one to easily visualise these directional
elastic moduli - as well as the directional Poisson's ratio and linear com-
pressibility — using the elastic constants as input. Alternatively, directional
moduli can be averaged out to obtain a ‘mean’ elastic modulus, using either
the Voigt (based on the stiffness tensor, assuming a uniform strain'*’), Reuss
(based on the compliance tensor, assuming a uniform stress'®), or Hill (the
arithmetic average of the Voigt and Reuss values'*") averaging schemes. For
anisotropic materials, such as most MOFs, however, the usefulness of these
average values is limited.

Based on eqn (3.33), the elastic regime of a material — or more precisely, of
a given phase of a material - can now be rigorously defined as that region in
deformation space for which eqn (3.33) is (approximately) valid; this elastic
regime will be the focus of this section. First, in Sections 3.4.1 and 3.4.2,
the two main methods to extract elastic constants from a simulation will be
discussed, illustrated with examples from MOF literature. Subsequently, in
Section 3.4.3, we will focus our attention on how the equilibrium elastic con-
stants can be used to predict whether a MOF is prone to single-crystal-to-
single-crystal phase transitions under moderate pressures. In Section 3.4.4,
the limits of the elastic regime will be explored to identify under which con-
ditions the material becomes unstable, at which point it enters the inelastic
regime discussed in Sections 3.5 and 3.6.

3.4.1 Extracting Elastic Constants Through Explicit
Deformations

The most popular method to derive elastic constants starts with considering
a set of linearly independent deformation modes and calculating either the
energy or the stress of the material strained along this deformation mode.
In Section 3.4.1.1, the general methodology behind this approach will be
outlined. Given the relatively large body of work on the mechanics of isore-
ticular MOFs (IRMOFs) and ZIF-like materials, these studies will be used in
Sections 3.4.1.2 and 3.4.1.3 to illustrate the different flavours of the explicit
deformation approach and how these choices affect the extracted elastic
moduli. Afterwards, the UiO-66 family and HKUST-1 will be discussed in
Sections 3.4.1.4 and 3.4.1.5, focussing on the importance of taking into
account the intrinsic disorder in these materials. Section 3.4.1.6 focuses on
the MIL-53/MIL-47 family of wine-rack type materials, given that they exhibit
pressure-induced flexibility. Finally, Section 3.4.1.7 provides a brief overview
of other MOFs for which elastic constants have been extracted using the
explicit deformation approach.
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3.4.1.1 General Methodology

The adiabatic elastic constants of a material, C,,; = 1/V,(9°U/9¢,40¢,5), can
be completely defined using six independent deformation modes, which in
turn can be constructed by considering deformations in which all but one
of the elements in the strain vector of eqn (3.34) are put to zero. For each
deformation mode, the nonzero entry is set to nAe, where Ae is a small strain
increment and n takes on 2n,,,, + 1 different discrete values centred around
n =0 (corresponding to the undeformed reference state). Appropriate values
of A¢ depend on the system and elastic modulus; for smaller elastic mod-
uli and moduli corresponding to volume-preserving deformations, typically
larger increments need to be chosen to ensure the obtained energy differ-
ence between the strained and unstrained structure exceeds the computa-
tional inaccuracy. A comprehensive example of how the strain increment size
and the value of n,,,, may impact the stiffness tensor of a MOF can be found
in ref. 78. For each of the resulting strains nAg, either the stress or the energy
of the system is calculated through a relaxation of the fractional coordinates
while keeping the deformed cell matrix fixed. The stiffness tensor C is then
found by requiring that the imposed strains and the resulting stresses satisfy
eqn (3.30) in a least-squares sense or, in the case the energy was measured,
that the adiabatic version of eqn (3.33) is satisfied in a least-squares sense.'®
Any excessive remaining error after this fit may indicate that too large a strain
increment A¢ was chosen, so that the maximum deformation 7n,,,, Ae no lon-
ger falls in the elastic regime, or that too small a strain increment was cho-
sen, so that the obtained data is marred by the inaccuracy of the used level of
theory. Typically, this boils down to deformations of a few percent. For more
symmetric MOFs, such as the cubic IRMOF or UiO-66 series, the number of
deformation modes can be reduced given the lower number of independent
elastic constants. The basic algorithm outlined here gives rise to adiabatic
elastic constants, at 0 MPa and at 0 K, although approximate approaches to
obtain isothermal elastic constants are also discussed below. In contrast, Sec-
tions 3.4.2 and 3.4.4 will focus on dedicated techniques by which to obtain
isothermal elastic constants at finite temperatures and/or pressures.

In many cases, one is especially interested in the volumetric contraction of
the MOF upon a small hydrostatic pressure, as expressed through the bulk
modulus K. While the bulk modulus can be determined from the elastic con-
stants calculated above, it can also be calculated directly by considering only
one type of deformation, namely a volumetric deformation. In this case, a
number of initial structures are prepared with volumes V =V, + nAV, where
V, is the reference volume and AV is a small volume increment. As before, n
takes on discrete values around zero, corresponding to the reference state.
Typically, volumes of up to around 10% above and below the equilibrium
volume are sampled, with the main criterion being that the elastic regime
should be sampled. At each volume, a full optimisation of the nuclear posi-
tions and the cell shape is performed, and the final energy is tabulated. From
the resulting energy versus volume profile, the bulk modulus can then be
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obtained by the second-order derivative of the profile around its equilibrium
value, as®

2
K=V, ZTB; (3.36)
V=V,
As this second-order derivative may lead to large inaccuracies, a more
appropriate way to extract the bulk modulus from the E(V) profile, is to fit
the simulated E(V) data to a known equation of state (EOS), such as the
Murnaghan,'®® Birch-Murnaghan,'” or Rose-Vinet'”® equation of state.
In all these equations of state, the bulk modulus (as well as its pressure
derivative) appear as fitting parameters. Appropriately fitting the simulated
E(V) data therefore yields an alternative way of calculating the bulk mod-
ulus and inherently takes into account the anharmonicities described by
the EOS, whereas bulk moduli extracted from the elastic stiffness tensor
are necessarily harmonic approximations. Furthermore, this fitting proce-
dure has the added benefit that it allows determination of the equilibrium
volume without the Pulay effect that mars volume optimisations in plane-
wave DFT codes.'” While all three equations of state are used interchange-
ably, the Rose-Vinet equation of state has been observed to better describe
the response of a solid material upon contraction, and is hence the most
appropriate choice, especially when treating flexible MOFs.'” To account
for temperature, the energy E in eqn (3.36) should be replaced by the free
energy F, which can be obtained using dedicated simulation techniques, as
discussed in Section 3.5.3.
Finally, a last direct approach to calculate the 0 K elastic stiffness tensor C
is by splitting the tensor into two components (in Voigt notation):***!!
Cc=C-LAHA. (3.37)
0
In this expression, C is the Born term (also called the clamped-ion or
frozen-ion elastic stiffness tensor): this is the stiffness tensor that is obtained
when straining the material without allowing the ions to equilibrate in this
strained unit cell (i.e., at fixed fractional coordinates, without performing a
nuclear optimisation in the above procedure). As this would overestimate
the true stiffness of the material, the second term in eqn (3.37), the ‘nuclear
relaxation termy’, corrects for this via the 3N x 6 force-response internal strain
tensor A and the 3N x 3N Hessian matrix H, both evaluated in the equilib-
rium configuration and defined component-wise as
2 2
Aij:— ou :—@ and H; = ou ,
0x,0¢ ; ox, 0x,;0x ;

1

(3.38)

$¥The symbol E instead of U will be used here to denote the 0 K (internal) energy of the system,
in line with the general nomenclature when discussing equations of state. The reader must not
confuse this with the Young's modulus denoted also by symbol E.
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where x; is the ith element of the vector " defined in Section 3.2. The eigen-
modes and eigenvalues of the Hessian matrix H define the 3N — 3 vibrational
modes of the undeformed periodic system and the associated harmonic fre-
quencies (the three ‘missing’ eigenvectors correspond to global translations
of the periodic system, which have a zero frequency). The force-response
internal strain tensor A contains derivatives of the energy with respect to
both the nuclear displacement x; and the strain component ¢;, and can be
regarded as the off-diagonal elements of an ‘extended’ or ‘generalised’ Hes-

sian matrix:!1°
. H -A ( )
H™ = — | 3.39
-A" V,C

With these definitions, it is clear that the second term in eqn (3.37) can
be interpreted as the product of the transpose of the displacement-response
internal strain tensor I'" = A"H", which describes the first-order displace-
ments resulting from a first-order strain, and the force-response internal
strain tensor A.'*° Both here and in eqn (3.37), H denotes the pseudo-in-
verse of the Hessian matrix H, as the aforementioned three zero frequency
modes precludes one from taking the proper inverse. This ‘extended Hessian’
approach is only seldomly used for MOFs, given that these materials typically
exhibit many low-frequency modes (Section 1.7 of Chapter 1) that are diffi-
cult to calculate accurately yet dominate its pseudo-inverse. As a result, the
direct calculation of the elastic stiffness tensor is more straightforward in
most cases, although the extended Hessian approach does allow partitioning
the nuclear part of the elastic constants into different vibrational contribu-
tions, as pursued by Maul et al. to understand the nuclear origin for shear
deformation in ZIF-8.'"*

3.4.1.2 The IRMOF Family

As a first case study, we draw our attention to MOF-5 (IRMOF-1), which is
composed of Zn,O inorganic nodes that are sixfold connected through ben-
zene-1,4-dicarboxylate (BDC) organic ligands (see Figure 3.7(a)).""* MOF-5 was
originally introduced as a very promising material for hydrogen storage, with
a hydrogen uptake of up to 4.5 wt% at 78 K.'"* For this purpose, the material
should also be stable under (relatively low) mechanical pressures, explaining
why MOF-5 and its sister materials in which the BDC ligand is replaced by other
dicarboxylate ligands, the IRMOF series, were the first MOFs whose mechanical
behaviour was extensively characterised both experimentally and theoretically.
As MOF-5 exhibits a cubic conventional unit cell in equilibrium (Fm3m space
group), its stiffness tensor only features three independent elastic constants:
C1, Cyp, and Cyy. As aresult, its elastic constants can be determined using three
independent deformation modes, typically an isotropic contraction (yielding
K=(Cy; +2C,,)/3), avolume-conserving orthorhombic strain (yielding C;,—C;,),
and a volume-conserving monoclinic shear (yielding C,,)."*
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(a) MOF-5 / IRMOF-1 (b) CMOF-5

Figure 3.7 Structure of (a) MOF-5 or IRMOF-1 and (b) the A enantiomer of chi-
ral MOF-5 (CMOF-5). Hydrogen atoms have been omitted for clarity,
ZnO, tetrahedra, oxygen atoms, and carbon atoms are coloured blue,
red, and grey, respectively. Adapted from ref. 144 with permission from
American Chemical Society, Copyright 2016.

The first DFT studies on MOF-5 mechanics consistently revealed a very
low C,, shear elastic constant. As explored in more detail in Section 3.4.4,
this indicates that the material is prone to shear instability. However, the
exact value of this constant — and hence the exact point at which the mate-
rial becomes unstable — depends substantially on the technical aspects of
the simulation. While Mattesini et al. reported a value of 7.54 GPa using a
local density approximation (LDA) of the exchange-correlation functional
and a double-zeta atomic-centred basis set,''® a plane-wave basis set with an
LDA functional resulted in a much lower value of 1.4 GPa or 1.16 GPa,''7118
depending on the implementation code, the size of the basis set, and the size
of the sampling grid in reciprocal space. At a higher level of theory, using
a generalised gradient approximation (GGA), Bahr et al. reported an elastic
constant C,, of 3.6 GPa.""® The same variations in magnitude arise for the
other two elastic constants, with C;, varying between 21.5 GPa and 29.4 GPa
and C,, varying between 10.6 GPa and 14.8 GPa,"'* " although the relative
importance of these variations is evidently smaller than for the stability-de-
fining C,, elastic constant. This first observation immediately emphasises
that the impact of technical aspects in these simulations, including the
choice of functional, the type of basis (plane wave basis vs. atomic-centred
basis), the basis set size, the reciprocal sampling grid, and the unit cell size,
should be carefully investigated to ensure that convergence has been reached
for each of these aspects before calculating the stiffness tensor.'*® To give
an idea of the magnitude of such possible deviations, Nazarian et al. per-
formed a benchmark study including twelve MOFs and six DFT functionals
and observed deviations of up to 20 GPa in elastic moduli depending on the
choice of functional.*!



Computational Modelling of MOF Mechanics 143

To obtain a more accurate prediction of the MOF-5 stiffness tensor, Ban-
lusan et al."*® used the Perdew-Burke-Ernzerhof (PBE) functional'** includ-
ing Grimme D3 dispersion corrections,'*® which has become a very popular
choice to account for long-range dispersion interactions in periodic calcula-
tions. In addition, they also used larger triple-zeta valence basis sets includ-
ing polarisation functions for all elements except for zinc, obtaining results
- Cy; = 25.44 GPa, C,, = 10.92, and C,, = 1.00 GPa - that are largely in agree-
ment with the aforementioned LDA values. Based on these elastic constants,
they also calculated the MOF-5 directional Young's modulus. As illustrated
in Figure 3.8(a), the highest Young's modulus in MOF-5, obtained when uni-
axially deforming the material along the (100) directions along which the
ligands are located, is about 6.5 times larger than its value along the (111)
directions, which points along the body diagonal into the MOF-5 cavity.'*°

In their 2007 study, Bahr et al initially aimed to follow the general pro-
cedure sketched above to determine the elastic constants.’'® However, the
energy versus deformation curve they obtained was not sufficiently smooth
to extract the elastic constants. They hypothesised that this could be caused
by local dynamic effects - in casu the rotation of the linker about its symmetry
axis - that are not accurately captured by DFT optimisations.'”* While they
circumvented this issue by determining the stiffness tensor via only a single
deformation and calculating the resulting strain, the question remained as
to how the increased importance of entropy at higher temperatures would
affect the elastic behaviour of MOF-5. Traditional materials, which expand
upon heating as covalent bonds tend to expand due to anharmonicities, typ-
ically become less rigid at higher temperatures. For MOF-5, which instead
shows NTE,"* this reasoning would predict a hardening of the material at
higher temperatures.

To verify this hypothesis, the MOF-5 elastic constants should be calcu-
lated at finite temperatures, for instance by performing MD simulations for
a series of deformed structures in the (N,V,h,,T) ensemble at the target tem-
perature and calculating the time-averaged stress. Given the computational
cost associated with these dynamic simulations compared to optimisations,

(a) MOF-5 (IRMOF-1) (b) IRMOF-10 (c) IRMOF-16
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Figure 3.8 Directional 0 K Young's modulus of (a) MOF-5, (b) IRMOF-10, and (c)
IRMOF-16 as calculated using the PBE+D3 level of theory. Adapted from
ref. 120 with permission from the American Institute of Physics, Copy-
right 2017.
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the first isothermal elastic constants at room temperature were determined
using a variety of force fields instead of ab initio techniques.'**"*° These
simulations confirmed the experimental NTE behaviour of MOF-5, but also
predicted the material to become softer at higher temperatures despite this
NTE. For instance, the generic DREIDING force field"** predicted a decrease
in both C;, and C,,, from 44.53 GPa to 26.27 GPa and from 1.82 GPa to 1.04
GPa, respectively, when increasing the temperature from 10 K to 600 K, while
C,, was predicted to increase from 6.79 GPa to 9.83 GPa under the same
conditions.' Similar decreases in elastic moduli were also predicted using
the CVFF force field"®" by Greathouse et al.'*®* However, the force field val-
ues of the elastic constants at 0 K differ appreciably from the ones obtained
with DFT mentioned earlier, which was partially explained by Dubbeldam
et al. as they observed that some of the aforementioned 0 K elastic constants
were incorrectly calculated at a stationary point on the PES that does not
correspond to a minimum.'* In addition, it is important to mention that
different force fields can give substantially different elastic moduli, even
surpassing the deviations between different functionals."*® When compar-
ing both generic force fields, such as UFF,"** UFF4AMOF,"** and DREIDING,"*’
as well as force fields that were specifically derived to describe MOFs, such
as BTW-FF”* and the one constructed in ref. 135, Boyd et al. observed varia-
tions in the largest MOF-5 elastic constant, Cy,, of up to several tens of GPa
between these different force fields."** This discrepancy can be traced back to
the generic character of most of these force fields, or to the fact that they were
fitted to experimental data, which makes it difficult to assess their accuracy
for different materials.

Therefore, Tafipolsky et al. presented a force field specifically derived for
MOF-5, starting from a higher-level ab initio description of the equilibrium
structure and using a genetic algorithm approach that would later be used to
generate the MOF-FF library.'”” Using this ab initio-derived force field, they
obtained 0 K elastic constants amounting to 25.3 GPa, 8.9 GPa, and 2.3 GPa
for C,4, Cy,, and C,,, respectively. These results are in much closer agreement
to the DFT results of Banlusan et al.,'*° again demonstrating the importance
of using an appropriate and sufficiently accurate level of theory. Further-
more, at 300 K, Tafipolsky et al. observed a decrease of 15% and 40% in Cy;
and C,,, confirming the reduced stiffness of the material."*” In 2017, Banlu-
san et al. also calculated the 300 K elastic constants directly via ab initio MD,
obtaining values of 21.6 GPa, 7.6 GPa, and 0.8 GPa for C,;, C;,, and C,,,"*°
which coincide well with the 300 K results obtained by an ab initio-derived
QuickFF force field (22.3 GPa, 8.9 GPa, and 4.0 GPa) except for the shear coef-
ficient C,,."*° Also at 300 K, Banlusan et al. observed very large anisotropy
in the Young's modulus, which drops significantly upon small deviations
from the stiff (100) directions (see Figure 3.9). This observation motivated
them to hypothesise that the remaining mismatch between experimentally
and theoretically determined elastic moduli in MOF-5 could, at least par-
tially, be explained by small tilts of the crystal during the nanoindentation
experiments.’ In this regard, however, also the potential degradation of the
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Figure 3.9 Directional 300 K Young's modulus for MOF-5 (red), IRMOF-10 (green),
and IRMOF-16 (blue) as a function of the deviation angle (left) from
the [001] towards the [010] direction and (right) from the [010] towards
the [101] direction, as calculated using the PBE+D3 level of theory. The
dashed black lines represent MOF-5 results obtained at a longer sim-
ulation time of 5 ps. Adapted from ref. 120 with permission from the
American Institute of Physics, Copyright 2017.

moisture-dependent MOF-5 sample during preparation or the nanoindenta-
tion experiment should not be neglected,'*”"*® which would reduce the stiff-
ness of the material."*’

Besides MOF-5, a whole series of IRMOF materials have been synthesised
that share the MOF-5 architecture but feature a different ligand. Several of
these materials have also been the subject of simulation studies to interro-
gate their equilibrium mechanical behaviour, using either DFT,"** density
functional based tight binding (DFTB),'*° generic force fields,"**'**'*! or
system-specific force fields.”® Adding extra phenyl rings in the BDC ligand
leads to the extended biphenyl-4,4’-dicarboxylate (BPDC, IRMOF-10) and
terphenyl-4,4"-dicarboxylate (TPDC, IRMOF-16) ligands. As shown in Figure
3.8(b and c), DFT calculations indicate that such linker expansions decrease
the stiffness of the material and enhance the anisotropy in elastic moduli."*’
Similar weakening for larger ligands was observed also when using the DFTB
framework and with various force fields; ®2>!2%11%141 the only exceptions
being hypothetical cage-containing ligands for which the DFTB framework
predicts slightly stiffer materials.*

In addition to determining the full stiffness tensor, the bulk modulus of
MOF-5 and other IRMOF materials have also been widely studied. Given the
relative softness of MOFs and the relative ease with which the bulk modulus
can be determined, these studies are also widely used to validate new force
field and DFTB models that approximate the PES,”*7®32142 to compare dif-
ferent equations of state,'*® to study the impact of symmetry,'** and, at finite
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temperatures, to quantify the impact of thermostat and barostat schemes.*®
In 2005, Fuentes-Cabrera et al. used an LDA functional to calculate the bulk
modulus of different MOF-5 analogues, in which the zinc ions were replaced
by either cadmium, beryllium, magnesium, or calcium.'*> They found that
the bulk modulus of MOF-5, amounting to around 18.0 GPa, drops when
going down the periods in the periodic table; a feature they attributed to the
simultaneous increase in porosity and equilibrium volume when incorpo-
rating larger cations.'”® This was further investigated in a series of studies
by Yang et al.'**'**">* Regarding the effect on the bulk modulus, their work
can be summarized in five main points. First, the bulk modulus of IRMOF-
type materials is insensitive to the exact form of the equation of state, be
it the one proposed by Birch,'”” Birch-Murnaghan,' or Rose-Vinet.'*® Sec-
ond, the aforementioned observation that the bulk modulus decreases when
replacing zinc with heavier cations also holds for all alkaline earth metals
and for different IRMOF materials, including IRMOF-10,"*” IRMOF-14 (based
on pyrene-2,7-dicarboxylate),*® IRMOF-993 (based on anthracene-9,10-di-
carboxylate),'* IRMOF-MO (in which the inorganic nodes are directly con-
nected through formate units),"”*> and the IRMOF constructed with fumarate
ligands."° Third, upon increasing the length of the organic ligand and hence
the porosity of the material, the bulk modulus decreases. Fourth, when
replacing the oxygens in the Zn,O node with heavier chalcogens, the bulk
modulus decreases.'” Fifth, when fully halogenating the BDC ligand in
MOF-5, the bulk modulus decreases for fluorine, but increases systematically
when replacing fluorine with chlorine, bromine, or iodine."*

In contrast to the full elastic tensor, the MOF-5 bulk modulus is quite insen-
sitive to the level of theory, with 0 K values between 15.5 and 18.2 GPa for
different LDA and GGA functionals,''®!*'** even when including dispersion
interactions,"®*” and between 13.6 and 22.0 GPa for different force fields.'**
Even within the DFTB framework, a similar bulk modulus was found for
MOF-5, which decreased when incorporating longer ligands, yielding MOF-
177 and MOF-205 (also known as DUT-6).'*> The only somewhat deviating
DFT value was reported by Evans and Coudert, who used the PBESOLO func-
tional**® and an atom-centred triple-zeta valence and polarisation basis set
as implemented in CRYSTAL14 " to obtain a MOF-5 bulk modulus of 13.5
GPa.""" Interestingly, they also investigated CMOF-5, a MOF-5 analogue in
which chirality is induced by guest adsorption (see Figure 3.7(b)). This lowers
the symmetry of the cubic unit cell and also lowers the bulk modulus from
13.5 GPato 11.1 GPa, showing the importance of choosing a sufficiently large
unit cell to investigate MOFs (see Section 3.3.1).

Similar to the elastic constants, Banlusan et al. showed through ab initio
MD (AIMD) simulations that the MOF-5 bulk modulus decreases with increas-
ing temperature, from 15.8 GPa at 0 K to 12.3 GPa at 300 K."*° Using the CVFF
force field description, Greathouse et al. overestimated this temperature-
induced softening, obtaining a decrease in bulk modulus from 20 GPa to 4
GPa when increasing the temperature from 0 K to 300 K. The latter value
was obtained by fitting a Birch-Murnaghan equation of state to the average
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energy of an isotropically scaled MOF-5 system that was simulated in the
(N,V,h,,T) ensemble, which constrained the cubic symmetry."*® By allowing
temporary deviations from this cubic cell shape while constraining the cell
volume, Rogge et al. obtained a higher bulk modulus of 6.6 to 7.3 GPa at 300
K, depending on the precise barostat implementation.*® This approach to
determine the bulk modulus and, more generally, the full pressure and free
energy equation of state of MOFs at finite temperatures is further detailed in
Section 3.5.3. A decrease in bulk modulus from ca. 15 GPa at 0 K to ca. 13 GPa
at 350 K-which approaches the AIMD results — was obtained using the quasi-
harmonic approximation (QHA) to the free energy."”” In the QHA framework,
anharmonicities in interatomic vibrations or phonon modes, which become
more prominent at higher temperatures and are especially present in low-fre-
quency vibrations, are partially taken into account by assuming that the tem-
perature dependence of the vibrational frequencies is completely caused by
the temperature-induced change in volume.'*® However, this QHA framework
was found to be very sensitive, as an earlier QHA study observed an increase
in bulk modulus upon increasing temperature instead.'®!

3.4.1.3 Zeolitic Imidazolate Frameworks (ZIFs) and Associated
Materials

Zeolitic imidazolate frameworks (ZIFs) are a subclass of MOFs that, since
they are composed of tetrahedrally coordinated cations - typically zinc or
cobalt - connected through imidazolate-based ligands, can adopt the same
topologies as zeolites.'*>'%* Compared to the IRMOF series discussed above,
they are chemically and thermally more stable,'®* and are more easily synthe-
sised in the form of single crystals, making them ideal subjects for nanoin-
dentation studies. From a theoretical point of view, ZIF-zni, composed of
zinc cations surrounded by imidazolate ligands in a rather dense framework,
was the first ZIF for which the bulk modulus was obtained through DFT
optimisations, yielding a 0 K bulk modulus of 13.3 GPa.'®* By replacing the
zinc cations in ZIF-zni alternatingly with lithium and boron ions, BIF-1(Li) is
obtained, for which a slightly higher 0 K bulk modulus of 16.5 GPa was calcu-
lated. Both moduli are in excellent agreement with the experimental values
of ~14 GPa and ~16.6 GPa collected under ambient conditions.'®*

Tan et al. carried out the first full tensorial DFT analysis of a ZIF mate-
rial by investigating ZIF-8, a cubic material consisting of zinc cations and
2-methylimidazolate ligands that synthesises into the sodalite (sod) topol-
ogy.'® By adopting the hybrid B3LYP functional'®® using a double-zeta
atom-centred basis set, as implemented in CRYSTAL09,'’ they obtained
Cy; = 11.04 GPa, C,, = 8.33 GPa, and C,, = 0.94 GPa, resulting in a moder-
ately anisotropic material that is most compliant to shear deformations, to
an even greater extent than MOF-5."® The simulated elastic constants corre-
spond very well with the experimental values of 9.522 GPa, 6.865 GPa, and
0.967 GPa determined via Brillouin scattering,'® in contrast to the larger dis-
crepancies between experiment and simulation for MOF-5 discussed above.
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The remaining mismatch between the theoretically and experimentally
obtained values was attributed to the absence of thermal effects in the simu-
lations.'® Very similar elastic constants were obtained using the ZIF-FF force
field derived by Weng and Schmidt'®® and the MOF-FF force field derived by
Diirholt et al.”® The bulk modulus of 9.23 GPa predicted by Tan et al.'® is
also in good agreement with the value of 8.9 GPa obtained by Zhang et al.
using the hybrid M06-2X functional.’**'’® MAF-7, a ZIF-8 analogue contain-
ing 3-methyl-1,2,4-triazolate instead of 2-methylimidazolate ligands (MAF
= metal-azolate framework), was found to exhibit higher mechanical resil-
ience than ZIF-8 (K = 10.29 GPa), an effect that was attributed to the electron-
donating effect of the additional nitrogen atom in the triazolate ligand.'”*
Maul et al. established that the elastic constants of ZIF-67, the cobalt analogue
of ZIF-8, were very similar to those obtained for ZIF-8."? Interestingly, they
adopted the extended Hessian approach to determine that only a selected
amount of vibrational modes substantially contribute to (the nuclear part
of) the ZIF-8 elastic moduli within the harmonic approximation. All identi-
fied modes exhibit low frequencies, in the THz regime (see Section 1.7.2 of
Chapter 1), being associated with the symmetric gate-opening phenomenon
for Cy; and C,, and with the antisymmetric gate opening phenomenon and
breathing deformations of the four-membered ring (4MR) windows for the
shear coefficient C,,."**

Following a similar approach but using the less expensive PBE func-
tional,'* Tan et al. also calculated the elastic tensors of ZIF-4 and ZIF-zni,
both composed of zinc cations surrounded by unsubstituted imidazolate
ligands, but exhibiting different topologies (cag for ZIF-4 versus zni for
ZIF-zni)."”? Similar to ZIF-8, a very good correspondence with the experimen-
tal bulk and Young's moduli was obtained."”*> As shown in Figure 3.10, ZIF-
zni is more anisotropic than ZIF-4 and ZIF-8, whereas both ZIF-zni and ZIF-4
exhibit greater resistance towards shear deformation than the prototypical
ZIF-8 material."”* Even so, the lowest shear modulus of ZIF-zni, the densest
ZIF structure, only lies at ~1.6 GPa, indicating that even dense ZIF materi-
als are prone to shear deformation.'’? Just as other ZIFs that feature 4MR
windows, this low shear modulus can be understood by the compliance of
the four ZnN, tetrahedra surrounding the 4MR windows."”? In addition, this
full tensorial analysis revealed certain directions along which ZIF-4 exhibits
(limited) auxetic behaviour, which is uncommon in rigid materials."”* Using
the hybrid B3LYP functional, three more materials with the same composi-
tion as ZIF-4 and ZIF-zni were studied in a follow-up study: ZIF-1, ZIF-2, and
ZIF-3, exhibiting the erb (ZIF-1 and ZIF-2) or dft (ZIF-3) topology.'”® Using
the hybrid B3LYP functional, Ryder et al. observed an almost zero but non-
negative Poisson ratio for ZIF-1, ZIF-2, and ZIF-4, whereas ZIF-3 showed both
significant auxetic behaviour and an exceptionally low minimum shear mod-
ulus of 0.11 GPa, lower than any other ZIF to date.'”? In addition, limited NLC
was observed along certain directions in ZIF-1 and ZIF-2."”* Comparing both
studies, it is clear that the choice of exchange-correlation functional impacts
the emergence of auxetic behaviour in ZIF-4, and that care should be taken
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Figure 3.10 Comparison of the directional 0 K shear moduli of ZIF-4 and ZIF-zni
calculated at the PBE level of theory. (a and e) Orthorhombic and
tetragonal unit cells of ZIF-4 and ZIF-zni, respectively, with ZnN, tetra-
hedra, nitrogen atoms, carbon atoms, and hydrogen atoms indicated
in purple, blue, grey, and white, respectively. (b and f) Shear modulus
representation surface, where blue and green colour coding denotes
the maximum and minimum moduli. (c and g) Polar plots obtained via
projections through the origin and down the ¢ axis, showing the posi-
tions of maximum and minimum shear moduli. (d and h) Structure-
property relationships illustrating the source of the maximum shear
moduli in relation to the position of the 4MR, which has low rigid-
ity against shear deformations. Shear stresses in blue generate G,
while the opposite pairs in green result in G,,,;,. Adapted from ref. 172
with permission from the Royal Society of Chemistry.

to ensure that the used level of theory is sufficiently accurate to describe the
phenomena under study, as discussed in Section 3.3.2.

The above statement can be further exemplified by the study of Zheng
et al., who investigated the elastic constants of five sodalite ZIFs containing
zinc cations and either unsubstituted imidazolate (SALEM-2), 2-chloroimid-
azolate (ZIF-Cl), 2-bromoimidazolate (ZIF-Br), 2-iodoimidazolate (ZIF-I) or
imidazolate-2-carboxaldehyde (ZIF-90) as a ligand."”* Using the PBE func-
tional with dispersion corrections,'* they found that the mechanical resil-
ience of ZIF-Cl outperformed that of ZIF-Br, which in turn outperformed
that of both SALEM-2 and ZIF-90, despite the larger functional group on the
ligand of ZIF-90."7* The authors were able to negatively correlate the magni-
tude of the elastic constants with the (positive) charge on the zinc cations,
which in turn is a function of the electron withdrawing character of the func-
tional group. They hypothesised that the smaller the electron density sur-
rounding the zinc cations, the more flexible the ZnN, tetrahedra, and the
easier the tetrahedra may deform under stress.'”* Interestingly from a the-
oretical standpoint, the authors also investigated the effect of the choice of
the exchange-correlation functional and the inclusion of dispersion correc-
tions on the reported elastic moduli. While the aforementioned trends were
observed for all theoretical models, their absolute magnitude varied by more
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than 100%, highlighting the importance of validating and benchmarking
these choices.'”* A similar trend was observed by Diirholt et al., via both DFT
calculations and calculations performed with newly derived MOF-FF force
fields.” This observed correlation between functionalisation and mechani-
cal stability was generalised by Moosavi et al., who investigated the effect of
ligand functionalisation in 50 different ZIF topologies, considering unsub-
stituted imidazolate, 2-methylimidazolate, 4,5-dichloroimidazolate, and
2-nitroimidazolate as ligands, using a DREIDING-based force field."**'”
They observed that the nonbonding interactions, which are strengthened by
these functional groups, give rise to a secondary network that can impart the
material with additional mechanical stability beyond the primary network,
defined by the bonding interactions and hence the topology.'”> These func-
tional groups therefore act as ‘chemical caryatids’ that may strengthen the
ZIF structure.

Finally, Zhang et al. derived a system-specific force field to determine the
bulk modulus of a mixed-matrix membrane (MMM) composed of polyben-
zimidazole (PBI) and various amounts of ZIF-7 as a filler material.'”® To speed
up their calculations, they assumed rigid ZnN, tetrahedra, formed from the
coordination of the benzimidazolate ligands around the zinc ions in ZIF-7
and only allowed for flexibility in the ligands themselves. They observed that
the bulk modulus of neat PBI, amounting to 4.1 GPa, could be substantially
increased with increasing ZIF-7 filler content, up to 5.9 GPa for a MMM with
45 wt% of ZIF-7. However, given the exceptionally large value of the pure
ZIF-7 bulk modulus they obtained (29.5 GPa) and the observed flexibility of
the ZnN, tetrahedra in the aforementioned studies, the mechanical proper-
ties of this MMM are most likely overestimated by the here imposed con-
straint that the ZnN, tetrahedra are rigid.'”®

3.4.1.4 The UiO-66 Series

The UiO-66 series has been lauded for its exceptional stability compared to
other MOFs, a result of its Zry(,-OH),(15-O), inorganic nodes that are, in its
ideal structure, twelvefold connected by either BDC (UiO-66), BPDC (UiO-
67), or TPDC (UiO-68) through relatively strong zirconium-oxygen bonds.*
However, UiO-66 is also one of the first MOFs for which it became apparent
that it exhibits tuneable disorder, in which different types and concentra-
tions of defects impact the macroscopic properties of the material, including
its mechanical behaviour.>**?* In this respect, the interest in modelling the
mechanical properties of UiO-66 lies both in understanding why it has such
a high mechanical resistance and, especially in more recent years, how this
is impacted by disorder. As for MOF-5, the conventional cells of the UiO-66
series in equilibrium exhibit cubic symmetry, so that the same three inde-
pendent deformations can be used to obtain the elastic constants.

As expected given its highly coordinated structure, UiO-66 exhibits high
elastic constants, with 0 K elastic constants amounting to 59.4 GPa, 31.9
GPa, and 17.6 GPa for C,;, C,, and C,4, and a low anisotropy."”” Wu et al.
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furthermore observed that replacing the zirconium cations in UiO-66 with
either hafnium or titanium cations does not change its 0 K elastic stiffness
tensor appreciably.'”” In contrast, increasing the linker length to obtain UiO-
67 or UiO-68 does have a profound effect, with the elastic constants and
moduli systematically decreasing by about 52-58% for UiO-67 and by about
58-66% for Ui0-68."”” Exchanging the BPDC ligands in UiO-67 with azoben-
zene-4,4'-dicarboxylate (ABDC) ligands results in a further small decrease in
elastic moduli of ~12%.'”® In contrast, exchanging the BDC ligands in UiO-
66 by shorter fumarate ligands increases the elastic moduli by ~10%, except
for the C,, elastic modulus, which decreases by ~20%, presumably due to
exchanging an aromatic for an aliphatic ligand.””® Using system-specific
force fields, Moghadam et al. generalised these observations for 14 different
ligands, obtaining a strong negative correlation between the equilibrium cell
length of the UiO-66-type material on the one hand and its elastic constants
and elastic moduli on the other hand.'"" Increasing the temperature to 300 K
results only in a small decrease in elastic moduli and retains the weak anisot-
ropy in the material.'*°

In the aforementioned studies, UiO-66 and its analogues were treated
as defect-free materials, which led to an overestimation of the mechanical
stiffness compared to experimental samples that contained ligand and/or
node vacancies. To remedy this, Cliffe et al. calculated in their landmark
study on node defects in UiO-66 the impact of such node vacancies on the
elastic constants of UiO-66(Zr) and UiO-66(Hf).” While little difference was
found between the zirconium and hafnium analogues, the node-defective
reo materials exhibit ab initio elastic moduli that are halved compared to
the defect-free fcu materials discussed above,’ clearly demonstrating the
importance of correctly accounting for structural defects when modelling
UiO-66, as elucidated in Section 3.3.1. Thornton et al. further investigated
this issue, considering defect-free fcu and node-defective reo materials, as
well as four materials that were obtained from the defect-free structure by
systematically removing one, two, three, or four ligands per node, without
creating node vacancies.*® Given that these linker vacancies alter the cubic
symmetry of the material (in contrast to the fcu and reo materials, which are
both cubic), six instead of three distinct deformation modes had to be con-
sidered in order to characterise all different elastic constants. As illustrated
in Figure 3.3, the elastic constants decreased and the anisotropy in elastic
moduli increased with an increasing number of linker vacancies, even lead-
ing to auxetic behaviour for the most defective structures.*® Furthermore,
they also showed that larger substituents used to cap the vacancy locations,
such as acetate and trifluoroacetate, yield elastic moduli that are an order
of magnitude larger than smaller substituents such as formate, hydroxyl, or
chloride.”

As for the elastic constants, the bulk modulus drops significantly upon
linker expansion, from K = 37-42 GPa for UiO-66, over 17-22 GPa for UiO-67
and 15-17 GPa for UiO-ABDC, to 14-15 GPa for UiO-68, depending on the
DFT level of theory."”"'*" This bulk modulus is quite insensitive to the metal
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cation, with similar bulk moduli reported for the zirconium, hafnium, and
titanium analogues of these materials.””'”° The sole exception appears to be
Ui0-66(Ce), for which a small drop in bulk modulus was observed compared
to Ui0-66(Zr), from 42 GPa to 37 GPa.'® From a force-field perspective, Bris-
tow et al. reported substantially smaller bulk moduli at 1 K of 27.2 GPa and
19.2 GPa for UiO-66 and UiO-67, respectively.”* At elevated temperatures, a
force-field investigation of the bulk modulus of 14 UiO materials with differ-
ent ligands demonstrated a decrease in bulk modulus upon increasing linker
length, from ~35 GPa for a dicarboxylate linker with a C=C moiety to ~6 GPa
for a dicarboxylate linker with two phenyl rings and two C=C moieties.'"!

When including node vacancies in UiO-66, the 0 K bulk modulus was
observed to decrease from ~39.5 GPa for the defect-free fcu material to
~18.3 GPa for the node-defective reo material.” A very similar decrease was
observed when including four ligand vacancies per conventional cubic unit
cell instead, although the 0 K bulk modulus is impacted not only by the con-
centration of ligand vacancies but also by their distribution throughout the
framework.'®" Additionally, the dehydrated form of UiO-66 was observed to
have a slightly smaller bulk modulus than the hydrated form discussed up
to this point.'® Force-field studies confirmed and generalised these observa-
tions to 300 K.*>'® By considering all inequivalent ways in which one or two
ligand vacancies could be distributed throughout the conventional UiO-66
unit cell, Rogge et al. observed a decrease in bulk modulus from 22.2 GPa for
the defect-free UiO-66 material to 19.9 GPa for UiO-66 in which one out of
every 24 ligand positions was vacant.” Removing an additional ligand results
in a bulk modulus of 15.5-18.9 GPa, depending on the distribution of the two
linker vacancies," which coincides with the experimental results obtained by
Yot et al. with a similar defect concentration.’® In a combined experimental/
theoretical study, the effect of systematically replacing one or multiple zirco-
nium cations in the inorganic node with either hafnium or cerium cations
was investigated. Figure 3.11 reveals a negligible effect for hafnium incorpo-
ration but a slight decrease in bulk modulus upon cerium incorporation.'®*
Finally, node vacancies lead to a distinct drop in 300 K bulk modulus, from
25.5 GPa to 13.9 GPa for UiO-66(Zr),'®* which is somewhat lower than the 0 K
results obtained by Cliffe et al.®

3.4.1.5 HKUST-1

From a mechanical point of view, the cubic HKUST-1 framework, composed
of copper paddlewheel units connected through benzene-1,3,5-tricarboxyl-
ate (BTC) ligands,'®® shows two distinct changes with respect to the afore-
mentioned MOFs. First, the inorganic nodes are connected through tritopic
instead of ditopic ligands, which should impart additional stability to the
material. Second, the undercoordinated square-planar copper paddlewheel
units in HKUST-1 feature two axial positions to which molecules can adsorb.

Despite being first synthesised in 1999, the first study of the HKUST-1 elas-
tic stiffness tensor only took place in 2010, when Watanabe et al. simulated
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Figure 3.11 Equilibrium bulk moduli at 300 K for a series of bimetallic UiO-66
materials as determined from the pressure equations of state (see
Section 3.5.3), both in the pristine feu (circles) and the defective reo
(squares) topologies, as obtained through force field calculations. For
mixed-metal bricks for which two inequivalent bricks can be obtained,
the weighted average is shown, whereas the two independent results
are included as semi-transparent data points. Experimental results are
indicated with stars. Reproduced from ref. 182 with permission from
American Chemical Society, Copyright 2020.

its elastic constants within the DFT framework using the PW91 GGA func-
tional.”® They obtained elastic constants C;, = 31.8 GPa, C;, = 21.2 GPa, and
C,, = 12.7 GPa, and a bulk modulus of 24.4 GPa determined via a Birch-
Murnaghan equation of state.'® Very similar values were reported by
Tafipolsky et al., who derived a MOF-FF force field that could also predict the
NTE of the material."®*® While the 0 K bulk modulus was also well reproduced
by BTW-FF and more generic force fields,”*'** DFTB calculations obtained a
much larger value of 34.66 GPa,'** close to the value Zhao et al. obtained at
300 K using a newly derived system-specific force field."®

The high elastic constants, indicative of a mechanically resistant material,
were also calculated using the PBE functional,'* retrieving good agreement
for C,; and C;, with deviations of up to 20% compared to the aforementioned
studies, although a much lower value of C,, amounting to 4.41 GPa was
found.”” These latter values were also confirmed independently by Ryder
et al. using the hybrid B3LYP functional,'®® showing that the inclusion of dis-
persion corrections has only a minor influence on the elastic stiffness ten-
sor in this case.'® In addition, they obtained an average difference of less
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than 1% between the elastic constants of the ferromagnetic and antiferro-
magnetic form of HKUST-1."®® Interestingly, Ryder et al also showed that
HKUST-1 exhibits auxetic behaviour, which is most pronounced in the (110)
directions upon application of a uniaxial strain in the (110} direction, which
could be explained by the theoretically observed low-frequency twisting of
the copper paddlewheel clusters shown schematically in Figure 3.12.'%®

In order to probe the structural and mechanical properties of HKUST-1
at longer length scales — and hence to be able to describe the experimen-
tally observed mesopores in the material** - Diirholt et al. developed the
first coarse-grained MOF force field that builds upon their earlier MOF-FF
framework.” In their coarsest HKUST-1 model, the (100) Young's modulus
and bulk modulus were found to be 20.3 GPa and 17.6 GPa, respectively,
comparable with the values of 23.8 GPa and 19.6 GPa obtained using an
atomistic MOF-FF force field.” In addition, they found that the inclusion of
nonbonded interactions, i.e., van der Waals and Coulomb interactions, did
not alter these values appreciably, and that a hypothetical HKUST-1 mate-
rial that adopts the pto topology would be about 20-40% more rigid than
the experimentally observed tbo topology, although the latter is energetically
more favourable.” This coarse-grained force field was then adopted in a mul-
tiscale investigation to determine the 0 K bulk modulus of defective HKUST-1
samples, in which spherical mesopores of different sizes and with different
concentrations were created.”® As expected, increasing the mesopore volume

(a) Poisson's ratio (b) Mechanism behind the minimum
Poisson's ratio, in the <110> direction

-05 |
05

Figure 3.12 (a) 0 K Poisson's ratio representation surface obtained at the B3LYP-D
level of theory, where blue signifies the maximum Poisson's ratio and
green and red denote the positive and negative (= auxetic behaviour)
minimum Poisson's ratios, respectively. (b) Demonstration of the
plausible mechanism associated with cluster rotational dynamics
responsible for the auxetic response. Adapted from ref. 188 with per-
mission from the Royal Society of Chemistry.
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leads to a continuous decrease in bulk modulus, although the decrease in
bulk modulus remains modest.” Interestingly, Diirholt et al. observed that
many smaller mesopores in the material impact the bulk modulus more
strongly than one larger mesopore with the same total mesopore volume,*
an important guideline when designing defect-engineered MOFs.

3.4.1.6 Wine-Rack Type MOFs: MIL-47 and MIL-53-type
Materials

Wine-rack type MOFs are composed of extended one-dimensional inorganic
chains that are connected through dicarboxylate ligands, in such a way that
their structure viewed along the 1D chain resembles that of a wine rack
(Figure 1.1(e)). The most prominent examples of this family are the MIL-47
and the MIL-53 series,'®'”° which can be synthesised with different metal
cations. Because of their wine rack structure, these materials can undergo
large-amplitude phase transitions between a large-pore (Ip) and closed-pore
(cp) structure, so-called ‘breathing’, induced by mechanical stress,"'?
among other external stimuli," and feature NLC, NTE, and auxeticity (Chap-
ter 2)."'941% Since these MOFs have a lower symmetry than the MOFs men-
tioned before, they exhibit more independent elastic constants and hence
more independent deformations are needed to fully characterise their elastic
tensor.

A full tensorial analysis of the elastic tensors of the lp structures of MIL-
53(Al), MIL-53(Ga), and MIL-47 was first reported by Ortiz et al.'*® using
the B3LYP functional.’®® The nine elastic constants for these orthorhom-
bic structures are reproduced in Table 3.2, while Figure 3.13 visualises the
resulting directional Young's modulus of the lp structures of MIL-53(Al) and
MIL-47."9%"%7 This visualisation shows very strong anisotropy, with stiffer
directions along the inorganic chains and the organic ligands, and very com-
pliant directions along the diagonals of the lozenge-shaped pore.'® As dis-
cussed further in Section 3.4.3, this strong anisotropy in Young's modulus
and other elastic moduli was posited as a revealing signature of structural
flexibility in MOFs."® In addition, Ortiz et al. showed that all investigated
MIL-53 and MIL-47 materials exhibit NLC along a direction pointing into the
channel, with a magnitude of up to —257 TPa ' for MIL-53(Al) 1p."*® Finally,

Table 3.2 0K stiffness constants for five wine-rack type materials in Voigt notation,
obtained at the B3LYP level of theory. Reproduced from ref. 196 with per-
mission from the American Physical Society, Copyright 2012.

Cij/ GPa Ciy Cy Cs3 Cuy Css Ces  Cip Cis Cys

MIL-53(Al)lp 90.85 65.56 33.33 7.24 39.52 8.27 20.41 54.28 12.36
MIL-53(Ga)lp 112.32 56.66 18.52 5.45 21.71 6.64 22.87 45.35 10.86
MIL-47 lp 40.68 62.60 36.15 50.83 7.76 9.30 12.58 9.28 46.98
DMOF-1 loz 57.15 35.59 17.68 0.62 16.39 0.69 9.85 31.43 5.47
DMOF-1 sq 35.33 58.20 58.45 0.11 044 0.28 732 7.55 11.68
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Figure 3.13 Top: Directional 0 K Young's modulus for the Ip phases of MIL-53(Al)
(left) and MIL-47 (right) represented as 3D surfaces, with axes tick
labels in GPa. Bottom: Scheme of the Young's modulus values for the
stiffest and most compliant directions, with Young's modulus values
indicated. Reproduced from ref. 197 with permission from the Ameri-
can Institute of Physics, Copyright 2013.

they reported that the bulk modulus calculated from these elastic constants
depends on the averaging scheme, in contrast to the less anisotropic MOFs
discussed before,'”® with values between 1 and 20 GPa for the MOFs con-
sidered here. In line with earlier results on rigid MOFs, DFTB strongly over-
estimates the true bulk modulus also for MIL-53.'** For MIL-47(V), similar
elastic constants as those reported in Table 3.2 were obtained by Vanpoucke
et al. and Heinen et al. using the generalised Hessian approach.”®'*® As noted
earlier for MOF-5, Vanpoucke et al. also observed that a proper energy mini-
misation is essential to obtain the true unstrained equilibrium structure and
its elastic constants.'” The MIL-47 ab initio elastic constants from the three
aforementioned studies were used by Heinen et al. to propose an alternative
force field fitting procedure based on the elastic stiffness tensor.”® The elas-
tic constants predicted using this MIL-47 force field correspond remarkably
well with those obtained from DFT calculations,’® in contrast to more ad hoc
based force fields."" Heinen et al. furthermore observed that amino function-
alising the BDC ligands in MIL-47 leads, on average, to a decrease in elastic
constants, although the exact magnitude of the elastic constants depends on
the location of the amino group, with the most stable amino-functionalised
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structures being those with the highest elastic constants.'®® Finally, also the
fumarate-based analogues of MIL-53(Al) and MIL-53(Ga) were studied at the
DFT level using the PBE functional,** showing that the gallium analogue is
softer than the aluminium variant.'”

Regarding the cp phases, DFT calculations using the PBE functiona
reveal that the MIL-53(Al) cp structure exhibits a lower anisotropy in Young's
and shear moduli compared to its lp structure, although it still features
directions of NLC and auxetic response.?”® A similar result was obtained for
fumarate-based MIL-53(Al) and MIL-53(Ga)."” Furthermore, it was observed
that low water loadings in the MIL-53(Al) Ip structure soften some of the
deformation modes of the material,>® a counterintuitive response upon
adsorption that was observed earlier by Mouhat et al.** A similar effect was
observed at 300 K for MIL-53(Cr), where a force-field study showed a decrease
in bulk modulus from ~1.8 GPa to ~0.75 GPa at low CO, loading.*** For MIL-
47, the cp structure was found to exhibit both directions of NLC and of auxetic
behaviour.'” In addition, the MIL-47 cp structure shows higher anisotropy in
Young's modulus and a lower anisotropy in shear modulus than its Ip struc-
ture.'® While DFT predicts its 0 K bulk modulus to decrease from 6.1 GPa
to 2.8 GPa when transitioning from the Ip to the cp structure,'® a force field
study predicts that MIL-53(Al) does the opposite, with an increase in 300 K
bulk modulus from ~1.6 GPa to ~3.7 GPa when transitioning to the denser
structure.®® A similar increase in bulk modulus for the denser phase was
observed for COMOC-2,** an isoreticularly expanded version of MIL-47 in
which the BDC ligands are replaced by BPDC ligands.*** Additionally, Wieme
et al. observed a decrease in bulk modulus for the COMOC-2 cp state and an
increase for the COMOC-2 Ip state with increasing temperature, whereas the
bulk moduli of MIL-47 and COMOC-3 (obtained by replacing the BDC ligand
in MIL-47 by a naphthalene-2,6-dicarboxylate (NDC) ligand) are largely tem-
perature-independent.>** The MIL-47 bulk modulus furthermore depends
on the magnetic ordering of the vanadium ions in the inorganic chain, with
antiferromagnetic chains leading to bulk moduli that are ~2 GPa larger than
for ferromagnetic chains.?” Finally, Hoffman et al. observed only a modest
decrease in bulk modulus with temperature for the MIL-53(Al) cp phase
within the QHA framework, while a much larger increase in bulk modulus
was observed for the Ip phase, from 2.1 GPa at 0 K to 8.4 GPa at 500 K.2%
The latter effect, however, was assigned to an overestimation of the thermal
expansion behaviour of the Ip phase in this study.”® For both phases, they
were able to pinpoint the magnitude of the bulk modulus to a limited set of
low-frequency vibrational modes (see Figure 1.19).2%°

In a follow-up study,"’” Ortiz et al. compared the behaviour observed for
MIL-53 and MIL-47 to that of two other wine-rack type MOFs, MIL-122>"
and MIL-140.>°® MIL-122 is structurally similar to MIL-53, with the excep-
tion that the ditopic BDC ligands in MIL-53 are replaced by tetratopic
naphthalene-1,4,5,8-tetracarboxylate ligands, which precludes wine-rack
type hinging. While MIL-122 was observed to still exhibit auxetic behaviour
and directions of NLC, a feature of wine-rack type MOFs, the anisotropy

1122
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in its Young's modulus is about two orders of magnitude smaller than for
the flexible MIL-53 and MIL-47 materials.'®” The zirconium-based MIL-140
material, in turn, can be regarded as a ‘reinforced’ or ‘retrofitted’ wine-rack
structure, which features additional linkers that span the pores, hence
again precluding flexibility. Although MIL-140 does exhibit strong anisot-
ropy in its Young's and shear moduli, the most compliant directions are
not located along the pores and hence predict that the material is not flex-
ible.'”” While Ortiz et al. did not observe any directions with NLC,"” Ryder
et al. observed NLC directions both in MIL-140, albeit rather of limited
magnitude, and an isoreticular framework with a BPDC ligand.** By sys-
tematically increasing the length of the ligand, they observed a continuous
increase in anisotropy for the elastic moduli of these materials as well as
a continuous increase in auxetic behaviour and a continuous decrease in
bulk modulus.*” However, no such correlation was observed regarding the
occurrence of NLC and the shape of the linear compressibility representa-
tion surface in general.>® Furthermore, as for the MIL-53 materials, it was
noted that the bulk modulus calculated from the elastic constants is depen-
dent on the chosen averaging scheme.**’

3.4.1.7 Other Systematic Observations in MOF Mechanics

Alongside the prototypical MOFs given above, several other studies have
appeared in recent years in which the elastic constants or moduli of MOFs
have been determined. Noteworthy examples include 2D MOFs such as MOF-
901 (the most compliant directions of which are located in the direction
perpendicular to the 2D planes),*'* MOFs with differing degrees of inter-
penetration, such as in the MOF-14/DUT-34 pair of structures (where inter-
penetration increases the mechanical stability),”'" thin film SURMOFs,*"
flexible 3D MOFs such as ZnPurBr,*"* DUT-49,*'* DMOF-1,2"> ZAG-4,*' ZAG-
6,1 CoBDP,*" and others.**® While it is impossible to discuss them exhaus-
tively here, two systematic sets of ‘high-throughput’ studies have appeared in
recent years that warrant a more in-depth discussion.

In 2019, Alexandrov et al. performed a comparative DFT study of 22 MOFs
assembled from chain-like inorganic building blocks and calculated their
full stiffness tensor.>'® They observed that many of these MOFs exhibit both
NLC and auxetic behaviour, even though not all of them were flexible.*"’
This work generalises earlier observations of such anomalous behaviour
in rod-like MOFs,?*° such as the MIL-47 and MIL-53 series discussed in Sec-
tion 3.4.1.6, ZAG-4 (which shows NLC but no auxetic behaviour),*'® ZAG-6,*'°
SION-8,*' CoBDP,*" the lozenge-pore phase of DMOF-1 (although a similar
effect is missing in its square-pore structure),’”® MOF-74(Zn),*** and its ana-
logue with a shorter 2,3-dihydroxyfumarate (which shows auxetic behaviour
but no NLC),** CAU-13,** and NOTT-300 (which shows auxetic behaviour
but no NLC).?** Based on this anomalous behaviour, CAU-13 and NOTT-300
were predicted to be flexible,*** which was later confirmed experimentally for
CAU-13.%%
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On a larger scale, Anderson et al. constructed a library of 122 copper-pad-
dlewheel MOFs, focusing on how their mechanical properties are altered
as a function of their organic ligands and the topology in which the mate-
rial assembles.?*® 19 different topologies were included in this study, as it
was observed that previous high-throughput studies lacked diversity in this
aspect. This path was further explored by Moghadam et al., who constructed
a database of 3385 MOFs consisting of 41 different topologies and various
types of organic and inorganic building blocks, making it the largest MOF
database up to this point for which the mechanical properties have been
fully calculated."' Given the size of these databases, they were explored
using the UFFAMOF force field with the aim of understanding what makes
certain MOFs more robust than others.'** Both studies revealed the topology
of the material to be the most important predictor of its mechanical proper-
ties,'*??° to the extent that a neural network could not satisfactorily predict
the mechanical behaviour of MOFs without considering topology as a fea-
ture.'! Additionally, these studies revealed that MOFs tend to become more
compliant when they exhibit low-connected inorganic nodes or when the
size of the organic ligand increases,'*"**® in line with the observation that the
densest MOFs are also the most mechanically rigid.****” Efforts to discover
mechanically stable MOFs with exceptional internal surface areas therefore
need to find building blocks and topologies that balance these two aspects,
such as found in the recently synthesised DUT-60 framework that adopts the
less common ith-d topology.**

3.4.2 Extracting Elastic Constants Through Fluctuation
Formulae to Predict Temperature Effects

Most mechanical studies on MOFs in the elastic regime use the explicit
deformation methodology outlined in Section 3.4.1. However, the elastic
constants derived using the relation V,C; = aZU/agiaej are obtained at 0 K,
whereas the mechanical properties of MOFs are strongly temperature depen-
dent. An extension of the explicit deformation methodology to finite tem-
perature is, in principle, possible by replacing the internal energy U by the
Helmholtz free energy F, but obtaining the free energy from a simulation
requires dedicated simulation protocols, as explained in Section 3.5.3, and
is therefore not straightforward. The same limitation arises for the energy
equation of state: to obtain the finite-temperature bulk modulus, the free
energy equation of state should be constructed. In Section 3.4.2.1, an alter-
native approach based on fluctuation formulae will be outlined from which
the finite-temperature elastic stiffness tensor can be obtained. Its applica-
tion to MOF research will be discussed in Section 3.4.2.2. Given that this
methodology requires taking appropriate ensemble averages, it is computa-
tionally more expensive than the explicit deformation approach, explaining
the rather limited MOF literature on the topic and the focus on force field
rather than DFT studies.
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3.4.2.1 General Methodology

Two main types of fluctuation formula arise, which differ in whether the
stress is imposed and variations in strain are measured, or whether the strain
is imposed and variations in stress are measured. Also mixed forms exist, but
are not discussed here as they have not yet been used in MOF research. For
the first category, Parrinello and Rahman showed that the elements of the
fourth-rank compliance tensor S of a material around an equilibrium struc-
ture with volume V, and at a temperature T can be obtained as:**’

sa,,w:I:_0T<Aga,,AgW>:kZ_OT(@aﬂgW)_(gaﬂ)(gW)). (3.40)

In this expression, (-) denotes an ensemble average. When this average
is taken in the (N, P, 6,, H) ensemble, the adiabatic compliance tensor is
obtained, whereas taking the average in the (N, P, o,, T) ensemble leads to
the isothermal compliance tensor.** The corresponding stiffness tensor
then follows through matrix inversion. This formula can be extended to also
calculate higher-order stiffness tensors.**°

For the second category, Squire et al. and Ray et al. showed that a material's
fourth-rank stiffness tensor C around an equilibrium structure with volume
V, and at a temperature T can be obtained as:"*?*">%?

Cop =(Copn )~ ;:_OT«%/?% )= {Cu (o >) *

In this expression, where the notation of ref. 111 is used, J; is the Kro-
necker delta, being one if i = j and zero otherwise. C,,, is the Born term,
which was first encountered in eqn (3.37). The second and third terms are
the fluctuation term, which converges to the relaxation term in eqn (3.37) in
the zero temperature (0 K) limit, and the ideal gas term, which vanishes in
the same limit.>** The ensemble over which the average is taken again deter-
mines which elastic tensor is calculated: the (N, V, h,, E) ensemble yields the
adiabatic stiffness tensor, whereas the (N, V, h,, T) ensemble yields the iso-
thermal stiffness tensor.'>?312%?

While both eqn (3.40) and (3.41) can be used interchangeably to determine
the elastic constants, they differ from a practical perspective. First, eqn (3.40)
requires pressure control during the simulation, and as a result the barostat
simulation parameters may impact the observed fluctuations, as discussed
in Sections 3.3.3 and 3.5.1. This was illustrated in ref. 83, in which the 300
K bulk modulus of MIL-53(Al) was determined based on fluctuations in the
unit cell volume, similar to eqn (3.40). For the Langevin and MTK barostats,
bulk moduli of 8.5-12.1 GPa for the cp phase and 3.2-10.1 GPa for the Ip
phase were predicted.®” Those variations were caused only by a variation in
coupling strength between the barostat and the system, as the barostat relax-
ation time was varied between 1 ps and 10 ps.* This effect was two orders of
magnitude worse for the Berendsen barostat, where the same procedure led
to bulk moduli of 275-1150 GPa (cp phase) and 93-215 GPa (Ip phase) due

2Nk, T
VB (8,185, +3,,05,)- (3.41)
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to the artificial suppression of volume fluctuations in this barostat coupling
scheme.® Second, eqn (3.40) was observed to converge more slowly than eqn
(3.41),% although this argument is less important for force-field based sim-
ulations. The main disadvantage of eqn (3.41) lies in the Born term, which
requires calculating the second-order derivatives of the potential energy with
respect to the strain along the simulation to calculate the first term. While
first-order derivatives of the potential energy are readily available in molecu-
lar software as they determine the forces on the system, this is often not the
case for second-order derivatives which quickly become very intricate (see
ref. 129, 233, and 234 for examples).

3.4.2.2 Application to MOFs

A first study of the temperature-dependent elastic properties of MOFs was
performed for the cubic ZIF-8 material by Ortiz et al., showing an increase
in C;; when increasing the temperature from 77 K to 500 K, while the C;,
and C,, elastic constants, the last of which determines the most compli-
ant deformation mode in ZIF-8, were largely temperature-independent.**
Despite the ZIF-FF force field showing an overall good agreement with ab ini-
tio data, it could not reproduce this temperature-induced increase in C;;.**®
Ying et al. used eqn (3.40) to predict the effect of linker functionalisation in
ZIF-8 on its 300 K shear elastic constant C,,, showing that C,, is smaller for
ZIF-Cl and ZIF-Br than for ZIF-8, while it is larger in SALEM-2.*** In com-
parison, the bulk modulus was found to increase from SALEM-2 over ZIF-8
and ZIF-Cl to ZIF-Br,”*%*7 in contrast to earlier observations obtained at 0
K.”*"* In contrast to the temperature-induced stiffening in ZIF-8, the three
elastic constants of HKUST-1 were predicted to decrease when increasing the
temperature from 0 K to 400 K, as shown in the inset of Figure 3.14, thereby
lowering the structural stability of the material.>*® These theoretical predic-
tions of temperature-induced softening in HKUST-1 were confirmed by the
nanoindentation experiments illustrated in Figure 3.14.>%®

A comparative study of the elastic moduli in UiO-66, MOF-5, MIL-47, and
the two phases of MIL-53 demonstrated that the impact of temperature on
the elastic moduli is strongly material dependent."*® For UiO-66, the max-
imum Young's and shear moduli were predicted to increase with tempera-
ture, while their minimum values decreased slightly, thereby increasing the
anisotropy with increasing temperature.”® For MOF-5, only the minimum
shear modulus was found to decrease appreciably upon increasing tempera-
ture, making the material even less stable, whereas other elastic moduli
were found to remain more or less constant, thereby reducing the anisot-
ropy with increasing temperature.’*® For the Ip phases of MIL-47 and MIL-
53, an increase in maximum values of the Young's and shear moduli were
obtained with increasing temperature, whereas the minimum values either
remained more or less constant (for MIL-47) or decreased (for MIL-53), in
both cases leading to an increase in anisotropy."*® Finally, for the MIL-53 cp
phase, a mixed picture was obtained where the minimum Young's modulus,
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Figure 3.14 Young's modulus as a function of load at various temperatures
obtained from nanoindentation experiments. Inset: Variable-tem-
perature elastic constants obtained from classical molecular dynam-
ics simulations. Lines provide guidance for the eye. Adapted from
ref. 238 with permission from American Chemical Society, Copyright
2018.

the maximum Young's modulus and the minimum shear modulus increased
with temperature, whereas the other values remained constant, leading to a
net decrease in anisotropy for these two elastic moduli upon an increase in
temperature.'*®

In two force field studies, Ying et al. used the strain fluctuation formula of
eqn (3.40) to calculate the 300 K elastic moduli of DUT-49 and four isoretic-
ular analogues obtained by changing the organic ligand.?*”**° In agreement
with earlier 0 K observations discussed in Section 3.4.1, they found that lon-
ger ligands decrease the magnitude of all 300 K moduli, both in the open-
pore (op) and cp phase, as shown in Figure 3.15.%7%* In addition, Figure
3.15 reveals that the cp phase exhibits lower elastic moduli than the op phase
for all investigated DUT materials.**® Finally, a full elastic tensorial analysis
of eleven Zn(CN), polymorphs revealed auxetic behaviour in all these struc-
tures, although only one also showed NLC.>*°

3.4.3 Predicting Flexibility from Equilibrium Elastic
Properties

Up to this point, we have been interested in characterising the elastic regime
of MOFs, determined through the second-order elastic stiffness tensor. Based
on the derivation in eqn (3.33), this limits the region for which the properties
and observations in Sections 3.4.1 and 3.4.2 hold to small strains around an
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Figure 3.15 (a)Atomic structures of five isoreticular DUT materials with increasing
ligand length. Copper, oxygen, nitrogen, carbon, and hydrogen atoms
are shown in brown, red, cyan, grey, and white, respectively. (b) Aver-
aged Young's, shear, and bulk moduli for these five materials in both
the op (blue) and cp (orange) phase. The insets show the deformation
mode corresponding to each modulus. Adapted from ref. 239 with per-
mission from American Chemical Society, Copyright 2021.

equilibrium structure of the MOF, either at 0 K or at elevated temperatures.
It is only natural, however, to ponder to which extent these elastic properties
can be correlated with ‘plastic’ mechanical properties (exceeding the elastic
limit) - for instance, in how far can elastic constants distinguish between
flexible materials, exhibiting a single-crystal-to-single-crystal phase tran-
sition under plastic deformation, and rigid materials, exhibiting a single-
crystal-to-amorphous phase transition instead? Finding such correlations
would be very powerful, both from an experimental and a theoretical per-
spective. Experimentally, such correlations would circumvent the need to
perform destructive tests to establish the plastic behaviour of a material.
Theoretically, it is often far easier to describe the equilibrium structure of a
material rather than its structure during plastic deformation, as discussed in
Sections 3.5 and 3.6.

Empirically, Zener found that the anisotropy index A = 2C,,/(Cy; — Cy,),
which is the ratio of the resistance of a cubic material against monoclinic
shear to its resistance to an orthorhombic shear, is an important quantity by
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which to predict mechanical processes in metals beyond the elastic regime.**!
This Zener anisotropy index forms a signature for phase transformations in
alloys and for plastic anisotropy in sheet metals: the higher the anisotropy,
the less energetically costly the phase transformation becomes.**>*** The
question remains, however, if a similar measure can also be introduced for
MOFs, which often exhibit noncubic structures.

In this regard, Ortiz et al. systematically calculated the 0 K elastic moduli
of the flexible MIL-53, MIL-47, and DMOF-1 materials, and observed that the
ratio of the maximum and minimum Young's modulus, as well as the ratio
of the maximum and minimum shear modulus, is about two orders of mag-
nitude higher for these flexible MOFs than for relatively rigid MOFs such as
MOF-5 and ZIF-8."%° This motivated them to conclude that high anisotropy in
these moduli, and hence the presence of directions with rather low Young's
and shear moduli, is an indicator for structural flexibility in MOFs - hence
predicting their plastic behaviour."*® Later, they noted that the occurrence of
such ‘soft’ deformations modes along which the material can deform with
only a small energy penalty can also be directly extracted by determining
the eigenvalues and eigenmodes of the stiffness tensor C, as the eigenmode
with the lowest eigenvalue describes the softest deformation mode of the
material."”” Their elastic signature for flexibility in MOFs can therefore be
more generally expressed as the simultaneous occurrence of soft deforma-
tion modes and large anisotropy in eigenvalues of the elastic stiffness ten-
sor."”” Although they recognised that this signature should be used with
caution - counterexamples were found in the rigid MIL-140,"”” which shows
unexpectedly high anisotropy, and in a series of flexible DUT-49 analogues,
which show unexpectedly low anisotropy*” - this criterion remains to date a
convenient criterion to check for flexibility in MOFs based on their computed
equilibrium properties, both at 0 K and at finite temperatures.’***!'®* When
a material is brought closer to instability, its anisotropy was furthermore
observed to increase substantially.’® In 2014, Sarkisov et al. demonstrated
that soft deformation modes in a material, and hence large-amplitude flex-
ibility, could also be predicted by representing the MOF as a mechanical
model constructed from rigid trusses that are connected through flexible
hinges (Section 2.4.5).>** The flexibility of this mechanical model and hence
the associated MOF, can then be predicted by considering the energy needed
to deform the model under various deformation modes.***

3.4.4 Determining the Stability Range of MOFs: Elasticity
Under Pressure

Predicting the thermodynamic conditions - temperature, stress, adsorption —
under which a certain phase of a MOF is stable is essential in order to know
how these MOFs can be shaped and handled, as well as for which applica-
tions they can be adopted. This can be directly achieved by modelling the
material outside of its elastic equilibrium, which is the topic of Sections 3.5
and 3.6. In contrast, herein two main methods will be outlined to determine
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the stability of MOFs - focussing on their ‘mechanical stability’ - based on
properties derived in the elastic regime: either the elastic stiffness tensor
(Section 3.4.4.1) or the vibrational modes (Section 3.4.4.2).

To do so, however, it is first necessary to generalise the definition of the
stiffness tensor of eqn (3.33) to account for finite pressures. Recall that finite
temperatures are already taken care of in eqn (3.33), given that the elastic ten-
sor is therein defined based on the Helmholtz free energy F. At a finite stress
6, the Helmholtz free energy of eqn (3.33) should be replaced by the Gibbs
free energy G, defined in eqn (3.6) for a general stress and in eqn (3.19) for a
hydrostatic pressure.**> As a result, the first-order expansion coefficients in
eqn (3.31) will no longer disappear at finite stress, and the unloaded elastic
stiffness tensor C should be replaced by the elastic stiffness tensor B under a
load o, defined component-wise as:2*¢247:¥

1
By =Cyy +E(Gik6jl +0,y0, + 0,0, +0,0; —20;0 ) (3.42)

In general, By; # By, due to the last term between brackets in eqn (3.42).
Hence, the loaded elastic stiffness tensor B has, in general, a lower symmetry
than the unloaded elastic stiffness tensor C. As a result, also the Voigt nota-
tion cannot be used in this case. Under a hydrostatic pressure o; = —Pd;;, eqn
(3.42) simplifies to

By = Cijg = P(03d + 00— 001a), (3.43)
and the Voigt symmetry of C is preserved.>**>*?

From a practical perspective, one can hence determine the loaded elas-
tic stiffness tensor B at a given temperature and stress by first determining
the unloaded elastic stiffness tensor C under the same conditions and then
applying eqn (3.42) or eqn (3.43). Alternatively, the elements of the loaded
elastic stiffness tensor can be determined directly through fluctuation for-
mulae similar to those presented in Section 3.4.2 but including a correction
term, and by setting the reference cell matrix necessary to define the strain in
eqn (3.4) equal to the average cell matrix at the applied stress and tempera-
ture, h, = (h), as derived in ref. 249 and 250.

3.4.4.1 Determining Elastic Stability through the Born Stability
Criteria
Intuitively, a MOF structure is said to be elastically stable at a given tempera-

ture T if any arbitrary infinitesimally small strain € increases its free energy
F.*'For such small strains, the harmonic approximation of eqn (3.33) is valid

9As mentioned before, the different definitions of the elastic stiffness tensor (based on the
stress-strain, stress-energy density, and elastic wave propagation) no longer coincide when
the material is subjected to an external load. Herein, we will apply the definition necessary
to check the Born stability criteria (based on strain-energy density) and refer the interested
reader to further discussions on this topic.**>248310:311
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and the aforementioned statement requires €:C:g to be positive for all small
deformations &, the so-called Born stability criterion. As a result, a necessary
and sufficient condition for a given MOF structure to be elastically stable at a
given temperature T is that its elastic stiffness tensor C is positive definite or,
in other words, that the eigenvalues of C are all positive or that all its leading
principal minors are positive (Sylvester's criterion).>*»*** Using the terminol-
ogy introduced in Section 3.4, this implies that energy needs to be supplied
to deform the system, even along the softest or most compliant deformation
mode, which is the eigenmode corresponding to the lowest eigenvalue of C.
From the point of view of the fluctuation formula of eqn (3.40), Parrinello
and Rahman noted that elastic instability of a crystal would lead to a diver-
gence in some of the correlations (g,s,,) = (€4 (€,,)."*

For a cubic crystal, calculating the eigenvalues of the elastic stiffness ten-
sor and requiring them to be positive leads to the well-known elastic stability
criteria®!

Cy, +2Cy,>0,C4—Cy,>0,C,y > 0. (3.44)

In turn, these inequalities can be interpreted as requiring the material to
be stable against a volumetric compression or expansion, against orthor-
hombic deformation, and against monoclinic shear.>>® Important, however,
is to realise that eqn (3.44) is a specific form of the Born stability criteria
valid only when a cubic crystal system is considered. For other crystal systems,
with other nonzero elastic constants, the requirement that the elastic stiff-
ness tensor is positive definite leads to different Born stability criteria, as
summarised by Mouhat and Coudert.***> The lower the symmetry of the sys-
tem, the more elastic constants appear in the stiffness tensor and the more
intricate these expressions become.?*

For materials subjected to an external stress o, the Born stability criteria
should be expressed in terms of the loaded elastic stiffness tensor B (see eqn
(3.42)) or its symmetric variant 2A = B + B”: a given material at a certain tem-
perature and under a certain external stress is stable with respect to small
elastic deformations if, and only if, B or A is positive definite.>**?> As an
example, for a cubic system under a hydrostatic pressure P (which retains
the cubic symmetry), the elastic stability criteria of eqn (3.44) transform to

Cy; +2Cy,+P>0,Cyy — Cy,—2P>0,Cpy— P> 0. (3.45)

One has to take care, however, that a general stress may lower the symme-
try of the crystal. The requirement that the loaded elastic stiffness tensor is
positive definite, may hence involve a more cumbersome expression of its
elastic constants than requiring the unloaded elastic stiffness tensor to be
positive definite.

Using these definitions, the elastic stability region of a MOF can be defined
as that region in parameter space (including, e.g., temperature, stress, and
gas loading) for which the Born stability criteria are satisfied. A first study
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exploring this stability region for a MOF was performed in 2012, by calculat-
ing the Born stability criteria for the cubic ZIF-8 material as a function of the
pressure for different temperatures and methane loadings.>*® As shown in
Figure 3.16, which illustrates the two smallest out of the three Born stability
criteria for this cubic material, C,, — P > 0 is the first criterion to be violated
for ZIF-8, irrespective of the methane loading or temperature.>® As could
be predicted qualitatively by the extremely low 0 K shear modulus of ZIF-8
discussed in Section 3.4.1, the material first becomes mechanically unsta-
ble under shear deformation.?*> However, while the 0 K shear constant C,,
of ZIF-8 amounts to about 1 GPa, the guest-free material becomes unstable
already at a lower pressure of ~0.4 GPa,*** a result which was later also veri-
fied via DFT calculations."? This illustrates the importance of determining
the elastic constants and verifying the positive definiteness of B at or close to
the thermodynamic conditions of interest, at finite temperatures and pres-
sures (using the technique in Section 3.4.2), rather than obtaining the elastic
constants from simulations without external stress (using the technique in
Section 3.4.1) and applying eqn (3.44) or its analogues to determine the sta-
bility region.**®> While Figure 3.16 demonstrates that the pressure at which
this instability occurs is rather insensitive to temperature, the inclusion of
methane in this material does expand its region of stability appreciably.>*®

A similar shear-induced elastic instability was also observed for ZIF-
several ZIF-8 analogues,”® and the denser Zn(CN), materials,**® whereas
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the softest deformation mode for the defect-free cubic UiO-66 MOF was
observed to be an axial deformation, which violates the Born stability con-
ditions starting from a pressure of ~1.85 GPa onwards.”” In contrast, in the
UiO-66 analogue obtained by replacing the phenyl ring in the BDC ligand by
a C=C moiety, the first Born stability criterion to be violated is the isotropic
compression mode.'"! This difference with respect to UiO-66 was attributed
to the weaker steric hindrance when compressing the MOF containing this
aliphatic linker compared to the aromatic linker in UiO-66."*! A similar varia-
tion in the weakest deformation mode leading to mechanical instability was
observed in DUT-49 and reticular analogues, although the underlying mech-
anism remains uncertain at this point.*’

In 2018, this procedure to determine the mechanical stability of MOFs
was contrasted with the anisotropy signature described in Section 3.4.3
and the construction of pressure-versus-volume equations of state, which
will be discussed in more depth in Sections 3.5 and 3.6. To this end, next
to the cubic and rigid UiO-66 and MOF-5 materials, MIL-47 and MIL-53
were also considered, for which the lp phases belong to the orthorhom-
bic crystal system.'*® For MOF-5, this analysis showed that the first Born
stability criterion to be violated is not due to shear deformation, as one
may expect based on the low C,, value and based on predictions within the
QHA framework,"” but is rather induced by isotropic compression, given
that Figure 3.17 reveals that the associated Born stability criterion shows a
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Figure 3.17 Born stability criteria for MOF-5 as a function of the hydrostatic pres-
sure, at 300 K. Adapted from ref. 136 with permission from American
Chemical Society, Copyright 2018.
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substantial pressure-induced softening."*® Despite the similarities between
the lp phases of MIL-47(V) and MIL-53(Al), their mechanical instability
was observed to be induced by two different deformation modes: a triaxial
deformation mode for MIL-47 and a shear deformation mode for MIL-53,
presumably due to the weaker inorganic chain present in the latter mate-
rial.»*® In contrast to the cubic UiO-66 and MOF-5 materials, however, the
weakest axial deformation mode in MIL-47 is not easily interpretable, due
to the lower symmetry of this orthorhombic structure.'*® This was further
exemplified by the even less-symmetric monoclinic cp phase of MIL-53(Al).
In this case, the Born stability criteria need to be evaluated by calculating
the eigenvalues of the stiffness tensor and requiring them to be positive,
giving only limited and less-interpretable information about the deforma-
tion mode leading to mechanical instability compared to more symmetric
phases.™®

3.4.4.2 Determining Dynamic Stability through the Vibrational
Spectrum

While the elastic stability criteria in Section 3.4.4.1 give insight into the
macroscopic deformation mode of the crystal that first induces mechan-
ical instability, complementary microscopic insight can in principle be
obtained through the vibrational spectrum. The Hessian matrix, intro-
duced in eqn (3.38), describes the energy associated with small displace-
ments of the different nuclei from their equilibrium structure, in the
harmonic approximation. The Hessian matrix therefore takes a very sim-
ilar role to that of the stiffness tensor: while the elastic stiffness tensor
should be positive definite to ensure elastic stability, the Hessian matrix
should be positive definite to ensure dynamic stability. If the Hessian
matrix contains negative eigenvalues, corresponding to imaginary vibra-
tional frequencies, displacing the nuclei along the associated vibrational
modes would lower the energy of the system, indicating its mechanical
instability. However, theoretically obtaining these low-frequency or ter-
ahertz vibrations is highly challenging, as is their interpretation, given
that these collective vibrational modes contain contributions from many
atoms in the unit cell.'8%2°

As an instructive example, Ryder et al. investigated the terahertz vibrations
in ZIF-4, ZIF-7, and ZIF-8,® as well as in HKUST-1,'®® which were discussed
earlier in Section 3.4.1.5. For ZIF-4, two soft phonon modes were identified:
one associated with a distortion of the 4MR aperture, discussed earlier in
Section 3.4.1.3, and one associated with a gate-opening phenomenon.**
For ZIF-7 and ZIF-8, several soft modes were found that could be associated
with gate-opening and breathing mechanisms, as well as a soft mode that
could explain the experimentally observed phase transition in these materi-
als.?**°% Also the phase transition in the related Zn(CN), material could be
associated with the instability of several low-frequency vibrational modes.***
While promising, extending this approach to finite temperatures is not
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straightforward due to the difficulties in accurately assigning vibrational
modes in those cases. Recently, Maul et al. presented such an approach that
combines this vibrational analysis with the Born stability criteria to obtain
both macroscopic insight into the weakest deformation mode and atomic
insight into which nuclei play a major role in determining mechanical insta-
bility.''> The Born stability criteria revealed that the shear deformation,
defined by C,,, is the weakest deformation mode in ZIF-8."* Subsequently,
they determined through the relaxation term in eqn (3.37) that the antisym-
metric breathing of the 4MR aperture and the antisymmetric gate opening
contribute most to the relaxation term associated with the C,, elastic con-
stant and hence to instability.'"

3.5 The Response of Flexible MOFs to Large
Pressures: the Inelastic Regime

Thanks to their porous structure, many MOFs undergo large-amplitude
structural phase transitions under external stimuli.? Studying the mechan-
ical response of these flexible MOFs or SPCs beyond the equilibrium
regime requires dedicated techniques differing from those outlined in
Section 3.4. While the approaches discussed in Sections 3.4.3 and 3.4.4
give insight into whether a MOF is flexible or not and, in the case of the
Born stability criteria, at which pressure it may undergo a phase transition,
they do not model the phase transition explicitly. As a result, none of these
aforementioned techniques provide information about the structure of the
MOF during and after the phase transition or the energy needed to induce
these transitions.

In this section, three general techniques will be discussed to access that
information. The most straightforward technique, outlined in Section
3.5.1, consists in probing the response of the MOF structure during an MD
simulation in the (N,P,6,,T) ensemble at various pressures and following
the phase transition that is observed once the external pressure P is suffi-
ciently high. Due to the inability of this technique to determine the energy
required to induce the phase transition or the difference in energy between
the initial and final phases, as well as due to inaccuracies in predicting
the transition pressure, two other approaches will be outlined in Sections
3.5.2 and 3.5.3. In Section 3.5.2, the energy-versus-volume equation of state,
introduced in Section 3.4.1 to extract the equilibrium bulk modulus, will be
extended so to cover the different phases the material can attain. In Section
3.5.3, a technique will be outlined that generalises this approach to finite
temperatures, giving rise to pressure and free energy equations of state that
govern the dynamics of MOFs under experimental conditions. While flexi-
bility in MOFs can be induced by many stimuli, we will focus on mechanical
stress and pressure as stimuli herein to keep the discussion succinct and
refer the reader interested in a broader range of stimuli-induced transitions
to ref. 3 and 260.
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3.5.1 Directly Modelling Phase Transformations in Flexible
MOFs and Its Limitations

Initial force field studies on MOFs focussed on their exceptional adsorption
properties, which were described by keeping the atomic structure of the MOF
rigid and only accounted for noncovalent interactions between the MOF and
the adsorbed gases. Given that these so-called ‘rigid’ force fields are unable
to describe phase transitions, and given that ab initio MD simulations lasting
several picoseconds — necessary to observe a phase transition - were com-
putationally too costly in the early years of MOF research, the first direct
(N,P,0,,T) simulations that demonstrate pressure-induced phase transitions
in MOFs were only reported in the early 2010s. For MIL-47(V), Yot et al. com-
bined high-pressure mercury intrusion experiments with direct force field
simulations to discover that this material, which was known to remain rigid
under gas adsorption, can undergo phase transitions under high mechanical
pressures.”! The simulated Ip-to-cp transition pressure of 137 MPa and the
simulated cp-to-lp transition pressure of 66 MPa were both in good agree-
ment with the experimental range of pressures, amounting to 85-125 MPa
and 55-75 MPa, respectively, and are rather high compared to other flexi-
ble MOFs."! For isostructural MIL-53(Cr), lower transition pressures were
observed, amounting to 53.5 MPa and 2.4 MPa for the Ip-to-cp and cp-to-lp
transitions, respectively, which decrease further when low amounts of guest
molecules are present inside the pores.>*?"2%? This latter observation is in
line with the equivalence between internal adsorption stress and external
mechanical stress postulated earlier.””® These computational studies also
identified the rotation of the phenyl ring with respect to the carboxylate group
in the BDC ligand as one of the main rearrangements during breathing in
MIL-47(V) and MIL-53(Cr),"*"?°>2¢! next to the experimentally observed ‘knee
cap’ motion in which the carboxylate O-O axis acts as a hinge.*** For MIL-
53(Al), an even lower Ip-to-cp transition pressure of 19 MPa was obtained.**

In addition to the aforementioned force field studies, also several ab ini-
tio MD simulations have been performed to study pressure-induced phase
transformations in MOFs. In cases where the studied phase transformation
is reconstructive in nature rather than displacive, such an ab initio approach
is vital to describe the bond rearrangement. However, as with force fields,
extreme care needs to be exerted regarding technical details, given that the
occurrence of a phase transformation may depend on, among other things,
the basis set size, the size of the unit cell, and the functional and dispersion
scheme used, and this to an even larger extent than for the static simulations
described in Section 3.4.1.%°° Using the B3LYP functional,'®® Ortiz et al. fol-
lowed this approach to predict the flexibility of NOTT-300 and CAU-13.>** For
NOTT-300, an Ip-to-cp transformation was observed from pressures of 700
MPa onwards.*** Although the authors noted that large volume fluctuations
were already visible starting from 500 MPa, no transformation was observed
in the 6 ps simulation time at this pressure, an important point discussed
later in this section.?** Also CAU-13 was predicted to be flexible, although
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the transformation to its lp phase was observed for negative mechanical
pressures.”?* However, as mentioned before, such negative pressures can be
achieved by means of adsorption stress, when a low amount of suitable guest
molecules adsorb in the MOF.*%

Similarly, ZAG-4 and ZAG-6 were predicted to undergo proton transfer at
high pressures (3.7 GPa and 3.0 GPa, respectively), which in the case of ZAG-6
is accompanied by a coiling of the linker.?'® While these results were obtained
through minimisation of the enthalpy rather than through a direct (N,P,6,,T)
simulation, it is important to mention that the proton transfer describing
the phase transformation cannot be modelled via force-field techniques due
to the bond rearrangement, necessitating the more costly ab initio technique
used in this study.?'® A similar minimisation procedure was employed to the-
oretically predict a displacive phase transition in ZIF-8 at around 3.8 GPa,
under the condition that the well-known reconstructive phase transition at
lower pressures is suppressed, for instance by theoretically constraining the
symmetry of the material.'®® For CoBDP, an Ip-to-cp phase transition was pre-
dicted at an extremely low pressure of 0.5 MPa.*"’

While these direct simulation approaches are attractive to gain insight into
the possible occurrence of phase transitions in a material, there are a few
pitfalls associated with them. Direct simulations explore only one possible
trajectory through phase space at the given temperature and pressure, while
discarding all other potential trajectories. This also implies that repeat-
ing the same simulation with slightly different initial conditions - atomic
positions, velocities, or slight changes in the initial cell matrix - may fun-
damentally alter the simulation results, making interpretations based on a
single simulation speculative. Instead, a proper analysis of phase transitions
requires taking an ensemble average over all possible trajectories, weighted
with their proper statistical importance. This is key in the approaches out-
lined in Sections 3.5.2 and 3.5.3.

However, even when repeating the direct (N,P,6,,7) simulations of this
section several times with slightly different initial conditions to stimulate
ergodicity, taking a statistical average may still underestimate the transition
pressure. To understand this, Figure 3.18 shows the simulation time needed
to observe an Ip-to-cp transition in a 1 x 2 x 1 unit cell of MIL-53(Al), contain-
ing 152 atoms, at 300 K and at various pressures between 0.1 MPa and 1000
MPa.®® For each pressure, 100 independent simulations were performed
starting in the Ip phase.* In addition, each simulation was conducted for
two different barostat implementations, the MTK barostat and the Langevin
barostat,’®®” and three different barostat relaxation times of 1 ps, 5 ps, and 10
ps.® For simulations performed at pressures higher than the experimental
Ip-to-cp transition pressure, an lp-to-cp transition was observed in all sim-
ulations, as expected.®> Moreover, these transitions occurred on a subpico-
second timescale, as shown in Figure 3.18(b), which are also accessible in
AIMD simulations.® However, an Ip-to-cp transition was also unexpectedly
observed for all simulations at pressures below the experimental transition
pressure and below the transition pressure extracted via the thermodynamic
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Figure 3.18 Average simulation time needed to observe the MIL-53(Al) lp-to-cp
transition in a (N,P,6, = 0,T) ensemble at 300 K as a function of the
applied pressure and carried out for different barostats and barostat
relaxation times of 1, 5, and 10 ps. The shaded regions indicate the
1o confidence interval for this average simulation time. The vertical
line indicates the experimental transition pressure. The side panes
(a) and (b) display the probability density function (PDF) of the time
to transition for two selected pressures, each constructed based on
100 independent simulations carried out with the MTK barostat and
a relaxation time of 1 ps. Adapted from ref. 83 with permission from
American Chemical Society, Copyright 2015.

approach outlined in Section 3.5.3.% Compared to transitions at higher
pressures, the simulation time needed to induce transitions at these lower
pressures is substantially higher — up to several tens of picoseconds, which
are not reached in the aforementioned AIMD simulations - and also more
strongly impacted by the barostat relaxation time.*® Furthermore, as shown
in Figure 3.18(a), the time to observe the transition at a certain pressure
below the experimental transition pressure was found to be exponentially
distributed, indicating that the mechanism inducing this transition is sto-
chastic in nature.®

These premature phase transformations were found to be induced by fluc-
tuations in the internal pressure of the material.*® Even though the average
internal pressure converges to the value supplied to the barostat scheme,
simulations with pressure control show substantial relative fluctuations in
the instantaneous pressure, as demonstrated in Figure 3.6(a). These fluctu-
ations, which scale inversely with the square root of the number of atoms,
are necessary to properly sample the isobaric ensemble; a similar effect is
also present in temperature control.>®” In the case of the 152-atom unit cell
of MIL-53(Al), these pressure fluctuations were found to amount to several
gigapascals, thereby exceeding the experimental Ip-to-cp transition pres-
sure by several orders of magnitude.*® When a sufficiently large sequence
of positive pressure fluctuations are observed during a simulation, they may
hence trigger a premature phase transition.*® A similar underestimation of
the transition pressure via direct (N,P,6,,T) simulations was also observed
for a series of IRMOFs by Ying et al.**” They also noted that this effect was
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much less pronounced in DUT-49-like materials, most likely because of their
larger conventional unit cells, as the conventional DUT-49 unit cell contains
1728 atoms.*” Besides providing an underestimation of the transition pres-
sure, these premature phase transitions also limit how close to mechanical
instability one can simulate the vibrational spectra or Born stability criteria
of Section 3.4.4. As a result, to use these techniques, one needs to rely on
extrapolations to obtain the Born stability criteria or vibrational modes at the
point of instability.'*

3.5.2 Modelling Flexible MOFs at 0 K: Energy Equations
of State

A first approach to overcome the limitations of direct (N,P,6,,7) simulations
outlined in Section 3.5.1 — as well as the Pulay stress for plane-wave codes
mentioned earlier in Section 3.4.1 - is to model the energy-versus-volume
equation of state of the material that connects the different (meta)stable
states. Such an energy equation of state can be obtained by optimising the
cell shape and nuclear coordinates of the MOF while keeping its volume
fixed for different structures dispersed along a volume grid, and collecting
the internal energy as a function of the volume. This gives access both to the
energy difference between the different phases and to the transition pres-
sure necessary to induce transformations between them, given that the 0 K
pressure equation of state can be obtained as the negative of the first deriv-
ative of the E(V) profile with respect to the volume. The approach outlined
here assumes that the different phases can be distinguished based on the
volume and is in its basic form limited to 0 K results. Although extensions to
both limitations will be discussed in Section 3.5.3, these 0 K profiles are com-
putationally less expensive than those discussed in Section 3.5.3 because
they only require optimisations. As a result, they are more easily accessible
through ab initio techniques, thereby providing a first set of guidelines on
how to model the flexibility of MOFs at 0 K, which are directly transferable to
finite temperatures.

Although Vanpoucke et al. only reported partial energy equations of state
for the cp and Ip phases of MIL-47, they extracted an ab initio lp-to-cp transi-
tion pressure between 82 and 125 MPa, depending on the magnetic ordering
of the inorganic chains, and an lp phase that is around 1.3 k] mol ' more
stable than the cp phase.'*?°>Ill Through the harmonic approximation, they
predicted that entropic factors would increase the relative stability of the 1p
phase to around 13.7 k] mol™ at 300 K.'® These small energy differences
emphasise the need to use very accurate models to estimate the energy, given
that changes in the choice of functional or dispersion scheme can give rise
to errors that are substantially larger than these energy differences.”2%%2¢
This can be exemplified by MIL-53(Cr), shown in Figure 3.19, where both the

Energy differences are defined per unit cell of the material, which contain four metal atoms
for MIL-47 and MIL-53.
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Figure 3.19 Equation of state of (a) the internal energy, neglecting zero-point
motion, and (b) the Helmholtz free energy at 293 K for MIL-53(Cr) as a
function of the volume, for different density functionals. Each curve is
scaled so that its minimum is zero. Adapted from ref. 268 with permis-
sion from American Chemical Society, Copyright 2017.

internal energy and the Helmholtz free energy at 293 K obtained through
QHA strongly depend on the functional and dispersion scheme, which also
affect the prediction of the most stable phase in this temperature range.>*®

The aforementioned observations were the motivation behind a more
extensive study by Wieme et al., in which the random phase approximation
(RPA) to the correlation energy, including single-excitation (SE) effects, was
adopted to model the 0 K energy equation of state for MIL-53(Al).**° The RPA
+ SE equation of state showed that the MIL-53(Al) c¢p phase was only around
7.4 k] mol™ more stable than the lp phase, separated by an Ip-to-cp bar-
rier amounting to around 8 kJ mol*.?*° This bistability was found to occur
because of an interplay between entropic effects (favouring the Ip phase) and
dispersion interactions (favouring the cp phase).>® They used this knowl-
edge to show that lowering the extent of dispersion interactions, such as by
replacing the BDC ligand in MIL-53(Al) with a fumarate ligand, gives rise
to an energy equation of state with only an 1Ip minimum, while replacing
the ligand with either BPDC or NDC ligands, with larger aromaticity and
hence higher dispersion interactions, leads to energy profiles with only a cp
minimum.®® In contrast, altering the metal atom only has a minor effect
on the energy profile, with MIL-53(Ga) showing the same bistability as MIL-
53(Al).>*° The absence of a 0 K ¢cp minimum in the fumarate-based MIL-53(Al)
material as well as the bistability of MIL-53(Al) were also reproduced using a
QuickFF force field,**>*’® although the stability of the cp phase in MIL-53(Al)
was overestimated at both 0 K and 300 K.*%

A similar MIL-53(Al) cp overstabilisation was also observed when apply-
ing the quasi-harmonic approximation®*® or through umbrella sampling
simulations.?”! For the fumarate-based MIL-53, it was found that the
gallium analogue stabilises the cp phase compared to the aluminium
analogue, forming a metastable phase at 0 K."*® A similar relative stabil-
isation was also observed by replacing the copper cation in DMOF-1(Cu)
with zinc, although the Ip phase remained the most stable phase at 0 K.*'?
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These observations led to the theoretical prediction that the cp phase in
DMOFEF-1 could be accessed by applying appropriate mechanical pressure,
which was subsequently confirmed experimentally.*"” Finally, for a different
wine-rack type material, CUK-1(Mg), the slope of the 0 K energy equation of
state as a function of the volume is almost constant between the cp and Ip
phase.?”? This indicates that the cp-to-Ip and Ip-to-cp transition pressures
coincide for CUK-1(Mg), hence forming the first pressure-driven molecular
MOF spring.*”

3.5.3 Modelling Flexible MOFs at Finite Temperature: Free
Energy Equations of State

3.5.3.1 General Methodology

To incorporate the full impact of temperature on the mechanical properties
of a MOF, the energy-versus-volume equation of state in Section 3.5.2 should
be replaced by a Helmholtz free energy equation of state as a function of
the volume.?”*?’* Free energy profiles are ubiquitously adopted to describe
transformations in biomolecular complexes, using a variety of so-called
enhanced sampling techniques such as metadynamics,”>*’® umbrella sam-
pling,””” multistate Bennett acceptance ratio estimation,*”® thermodynamic
integration,””® and free energy perturbation.?®® When the free energy profile
is obtained as a function of the volume, the pressure profile can be retrieved
as the negative of its first derivative:

OF (N,T;V)

= (3.46)

P(N,T;V)=—

This pressure profile directly reveals the mechanical response of the mate-
rial upon pressure.

An alternative way that circumvents taking this derivative — and hence
avoids the numerical noise that may be introduced when predicting transi-
tion pressures this way - is to directly simulate the pressure-versus-volume
or P(V) equation of state, as first derived in ref. 83. In Section 3.5.2, the 0 K
pressure profile was obtained by optimising the cell shape and nuclear coor-
dinates at fixed volume for a variety of structures along a predefined volume
grid. Analogously, the pressure profile at finite temperatures can be obtained
by determining the ensemble-averaged instantaneous pressure of a mate-
rial at a range of fixed volumes, while simultaneously allowing the nuclear
positions and cell shape to dynamically fluctuate in line with the applied
temperature and so that the average deviatoric stress is zero (only yielding a
hydrostatic pressure).®” Hence, the appropriate ensemble to directly simulate
these P{(V) or P(V) profiles at finite temperatures is the (N,V,6, = 0,T) ensem-
ble, in which the temperature T and the deviatoric stress o, are controlled
and both the number of particles N and the cell volume V are kept fixed.*
As was demonstrated in ref. 271, this thermodynamic integration procedure
parallels the accuracy of alternative enhanced sampling methods, while
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being, together with umbrella sampling, among the most efficient methods
for this purpose.

As shown in Figure 3.20, any pressure equation of state can be divided
into regions with a positive slope, which are mechanically unstable regions
as they show a thermodynamically forbidden negative volume compressibil-
ity, that separate mechanically stable regions (with a negative slope), which
can be stabilised under pressure. More specifically, the different (meta)stable
states and transition states at any given pressure P, can be obtained by deter-
mining the intersections of the P(V) profile with a horizontal line at P = P,
and classifying these intersections into mechanically (meta)stable states and
mechanically unstable transition states. This is demonstrated in Figure 3.20,
which shows three pressures that lead only to a stable cp state (at a pressure
P,), only to a stable Ip state (at a pressure P;), or to the presence of both a
(meta)stable cp and Ip state separated by a transition state (at a pressure P,).
Furthermore, the transition pressures between the different phases follow as
the minima and maxima in the pressure profile (see Figure 3.20).
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Figure 3.20 Generic pressure-versus-volume equation of state (green) for a bistable
material, exhibiting a closed-pore (cp) and a large-pore (Ip) phase,
separated by a thermodynamically unstable region (red). The two
transition pressures, Ip-to-cp and cp-to-Ip, are indicated by solid blue
lines, whereas the magenta square indicates the (met)stable Ip state
at atmospheric pressures. The intersections between the equation of
state and a blue dotted line indicate the different (meta)stable and, if
present, transition state at that pressure. Adapted from ref. 136 with
permission from American Chemical Society, Copyright 2018.
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From the pressure profile, the free energy equation of state can be con-
structed via thermodynamic integration:*

F(N,T;V)-F(N,T;V,)= —jP(N,T;V’)dV' = —j(Pi (N,T;v"))dv". (3.47)

Vo o

Finally, from the above Helmholtz free energy, also the Gibbs free energy
or free enthalpy profile at a pressure P can be determined as

G(N,P,T;V) = F(N,T;V) + PV (3.48)

thereby revealing the relative stability of the different (meta)stable phases
at any given pressure.® By repeating this procedure at different tempera-
tures, also temperature-induced phase transitions can be predicted.””* It is
important to emphasise here that the cell shape h, should be able to fluctu-
ate when constructing P(V) profiles.”®" If, instead of the appropriate (N,V,6, =
0,T) ensemble, the more popular but shape-restricted (N,V,h,,T) ensemble is
used, cell shape contributions to the free energy are neglected, which intro-
duces a free energy error comparable to the free energy difference between
the lp and cp phases in MIL-53(Al).?*" Finally, one should realise that the vol-
ume may not always be the most optimal parameter to describe pressure-
induced phase transitions in MOFs.****%* In that case, one has to employ one
of the other enhanced sampling techniques mentioned above to construct
the free energy profile,*®*** from which the pressure profile can then be
obtained by taking its derivative with respect to the volume.

3.5.3.2 Application to MOFs

The general procedure described above was first adopted to determine the
transition pressures for MIL-53(Al), revealing Ip-to-cp and cp-to-lp transition
pressures of ca. 30 MPa and —180 MPa, respectively, yielding much better
agreement with the experimental transition pressures than those obtained
through the direct method of Section 3.5.1.%'*® For MIL-47, both transition
pressures were found to be higher and the corresponding free energy equa-
tion of state only revealed a stable lp phase at atmospheric pressure and for
temperatures between 100 K and 400 K."***** Increasing the aromaticity of the
ligand increases the relative stability of the cp phase, resulting in a bistable
BPDC-containing COMOC-2 material, similar to MIL-53(Al), whereas the
NDC-containing COMOC-3 material exhibits only a stable cp phase between
100 K and 400 K.*** For CUK-1(Mg), a similar procedure demonstrated that it
behaves as a spring-like material in which the Ip-to-cp and cp-to-lp transition
pressures coincide.”’* Similar to their 0 K behaviour discussed in Section 3.5.2,
MIL-53(Ga) and the fumarate-based MIL-53(Al) show only a single stable phase
at 300 K and atmospheric pressure.”’* For the MIL-53(Al) analogue in which
the hydroxide anions in the inorganic chain are replaced by fluoride anions,
a similar bistability as in MIL-53(Al) is found at room temperature, although
only a stable Ip phase remains at temperatures of around 450 K and higher.>”*
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For the unfunctionalised DMOF-1(Zn), mercury intrusion experiments
indicate an Ip-to-cp transition at around 51 MPa without exhibiting a cp-to-lp
transition upon lowering the pressure again, indicating that the material is
bistable at 300 K in the absence of an external pressure.*"> Although this
bistability was not retrieved using a QuickFF force field fitted to the ab ini-
tio Hessian matrix and geometry,>” Keupp et al. did correctly obtain this
bistability using a MOF-FF force field that was derived in a similar fash-
ion,' demonstrating how small differences in the theoretical description of
the interatomic interactions may greatly affect the predicted macroscopic
behaviour. This is true to an even larger extent when considering fu-MOFs,
which are obtained from DMOF-1 by the side chain functionalisation of its
BDC linkers.?®* Keupp et al. noticed that the volume of the fu-MOF cp phase
as well as its relative stability with respect to the Ip phase strongly depend on
the alkoxy group present on the BDC linker.?®* Even more importantly, for the
longest functional groups considered in this study, the P(V) profile depends
on the conformation of the functionalised BDC linker, where some conforma-
tions exhibit a metastable cp phase, while others only retrieve a monostable
Ip material, which indicates that the volume alone may not be appropriate
to describe the phase transition.”®> By combining experimental and com-
putational tools, they further explored this observation for the copper-
containing DMOF-1 and fu-DMOF-1 analogues.”® This study revealed that
the stability of the cp and Ip phases of these materials, as probed through
pressure equations of state, is governed both by the configurational entropy
associated with the different conformations of the alkoxy groups as well as
by the dispersion interactions acting between them.>*°

To explore the extreme volume contraction during the op-to-cp transi-
tion in DUT-49, Evans et al. highlighted the similarities between the elastic
buckling of the ligand in this material and the (plastic) buckling of a column
upon application of a critical load in macroscopic mechanics.* In addition,
they constructed pressure-versus-volume equations of state at fixed guest
loadings to understand the thermodynamics underpinning negative gas
adsorption (NGA) in DUT-49.%° Although these simulations were performed
in the (N,V,h,,T) ensemble instead of the (N,V,6, = 0,T) ensemble and hence
neglect cell shape sampling (vide supra), this has no substantial impact on
the predicted free energy profiles given the large number of nuclear degrees
of freedom in DUT-49.>*! These observations were later generalised to other
members of the DUT family, revealing that the linker should both be stiff
enough to stabilise the op phase of the structure under guest-free and over-
loaded conditions, while simultaneously being sufficiently soft to allow for
the guest-induced op-to-cp transformation.*”:7,288

Pressure equations of state have also been adopted to investigate the phase
transition mechanism in flexible MOFs. In 2019, Rogge et al. investigated how
increasing the simulation cell size affects the thermodynamics of MIL-53(Al),
demonstrating that cp and Ip phases may coexist as metastable configura-
tions in between the pure-phase cp and Ip phases, but only for crystals that
are sufficiently large, as visualised in Figure 3.21."° For the studied MIL-53(Al)
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Figure 3.21 Stabilisation of the metastable cp/lp coexistence regions with increas-
ing cell size. Pressure (bottom) and free energy (top) equations of state,
with indication of the metastable (n,n,,) phase coexistence regions,
in which n, cp and ny, Ip layers coexist, as a function of the volume
(middle) for four different cell sizes: (a) a 2 x 2 x 2 supercell, (b) a 4 x
2 x 4 supercell, (c) a 6 x 2 x 6 supercell, and (d) an 8 x 2 x 8 supercell,
all at 300 K. The red lines indicate the fitted thermodynamic model,
which is extrapolated in (e) for a 128 x 2 x 128 supercell (208.0 x 1.4
x 171.2 nm?®), similar in size to experimental MIL-53(Al)-NH, crystals.
Reproduced from ref. 19, https://doi.org/10.1038/s41467-019-12754-w,
under the terms of the CC BY 4.0 license https://creativecommons.
org/licenses/by/4.0/.

mesocells, with a critical dimension larger than 10 nm, the possibility of
phase coexistence also impacts the phase transition mechanism. While peri-
odic boundary conditions on small unit cells imply a transition mechanism
in which all unit cells transform collectively, phase coexistence in mesocells
allow for a layer-by-layer transition mechanism*®* that is energetically more
favourable than the concerted transition mechanism, as shown in Figure
3.21, and which becomes more likely the larger the crystal.’ These phase
coexistence regions, shown in the insets of Figure 3.21 for MIL-53(Al), can
also be stabilised by dedicated temperature, pressure, or adsorption quench-
ing experiments, as shown for DMOF-1(Zn), MIL-53(Al)-F, and CoBDP.” In a
follow-up study on a one million atom simulation cell of MIL-53(Al), it was
observed that the phase transition could also proceed via discrete nucleation
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points instead of this layer-by-layer transition mechanism, but only for suffi-
ciently high excess pressures.”

For DMOF-1(Zn), a similar layer-by-layer transition mechanism was also
observed by Keupp et al. when discarding periodic boundary conditions alto-
gether and modelling the free energy of various finite DMOF-1 crystallites
with different sizes.'® They found that this transition mechanism becomes
more complex for fu-MOFs with larger alkoxy functionalised ligands.** How-
ever, by going beyond periodic boundary conditions, and hence also beyond
the definition of a simulation cell, it also becomes less straightforward to
define pressure in a finite crystallite simulation, in line with the discussion
in Section 3.2." To circumvent this problem, they calculated the free energy
equations of state via umbrella sampling instead.'® More recently, they pro-
posed an alternative approach in which the pressure medium was modelled
explicitly and distinguished between four different transition mechanisms
in finite crystallites of DMOF-1, DUT-8, and DUT-128.>%

While pressure equations of state derived in the (N,V,6, = 0,T) ensemble
can directly model pressure- and temperature-induced phase transitions,
guest-induced transitions require a different approach. To model the appro-
priate thermodynamic potential in this case - the osmotic potential - the
chemical potential u of the guest molecules needs to be controlled next to
the number of atoms of the host material Ny, giving rise to the osmotic
ensemble.””' However, directly simulating in this (Np.,u,P,6, = 0,T) ensem-
ble may give rise both to unsurmountable free energy barriers between the
different metastable states and to large volume fluctuations in the MOF unit
cell, limiting the accuracy of this method similar to the earlier discussion
in Section 3.5.1.%°> Therefore, Rogge et al. proposed in ref. 292 a hybrid MC/
MD scheme in which MD simulations in the (Ny,s,Nguest, ;6. = 0,T) ensemble
are considered as an extra type of trial move during grand canonical Monte
Carlo simulations in the (Ny,og,4,V,hy,T) ensemble. The flexible-host osmotic
potential can then be directly calculated from the obtained flexible adsorp-
tion isotherms.*> By comparing this method with three existing approaches,
it was shown that it features a strongly improved accuracy thanks to isolating
the volume - the coordinate along which the largest free energy barriers are
typically encountered in flexible MOFs - from the other dynamic variables.**
This approach was also successfully used to construct the osmotic potential
in DUT-49 and explain how the occurrence of different (meta)stable states
as a function of (gas) pressure and volume give rise to the attractive NGA
phenomenon.*”

3.6 The Response of ‘Rigid’ MOFs to Large
Pressures: the Inelastic Regime
The distinction between rigid and flexible MOFs is not an absolute one (see

Section 2.4 of Chapter 2) as many ‘rigid’ MOFs still contain some flexible
modes, albeit not as extreme in amplitude as flexible MOFs. However, in
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contrast to the flexible MOFs discussed in Section 3.5, the rigid MOFs dis-
cussed in this section all undergo a transition to a noncrystalline state when
subjected to high pressures. Noncrystalline states, which are for instance
encountered in amorphous MOFs, MOF liquids, or MOF glasses, show no
long-range order.’**”*** This makes obtaining an accurate structural model
of the material, as discussed in Section 3.3.1, substantially more difficult
and limits the use of periodic boundary conditions, as they assume perfect
translational order at a length scale corresponding to the simulation cell.
Furthermore, classical force fields cannot describe these phase transfor-
mations if they are reconstructive in nature. As a result, many of the tech-
niques mentioned in Section 3.5 can be adopted only to a limited extent for
these noncrystalline states, and pressure-induced transitions of rigid MOFs
are studied in a more ad hoc way compared to transitions in flexible MOFs.
Herein, three important aspects will be covered: how plastic deformation
nucleates and propagates through MOFs (Section 3.6.1, using MOF-5 as a
case study), which deformation modes are responsible for MOF amorphisa-
tion and melting (Section 3.6.2, using ZIFs as a case study), and how different
types of disorder and defects alter this plastic deformation behaviour (Sec-
tion 3.6.3, using UiO-66 as a case study). Other important results concerning
the inelastic behaviour of rigid MOFs will be discussed in Section 3.6.4.

3.6.1 Nucleation and Propagation of Mechanical Instability
in the IRMOF Series

As the prototypical rigid MOF that undergoes amorphisation under relatively
low pressures, different complementary approaches have been adopted to
study amorphisation in MOF-5.In 2011, Graham et al. performed a series of ab
initio optimisations under various external pressures, observing that mainly
the zinc-oxygen bond lengths that connect the MOF-5 inorganic brick with
the carboxylate moieties decrease upon increasing pressure.'” In a classical
force-field-based study in which the phase transition was modelled directly,
Biswas et al. observed that MOF-5 undergoes a pressure-induced transition
towards a ~60% denser structure at around 250 MPa,'?® which is below the
amorphisation pressure determined experimentally.*® This transition was
found to be irreversible for the empty MOF-5, since releasing the pressure
did not allow them to retrieve the original unstressed structure, although
reversibility was obtained upon low hydrogen gas loadings.*® In contrast to
ref. 155, they did not find any substantial effect on the bond lengths under
pressure, but rather attributed the observed phase transition to a cooperative
rotation of the ligands and a hinge-like motion of the metal oxide clusters
around the carboxylate joints.** A similar phase transition was also obtained
by Rogge et al., Ryder et al., and Erkartal et al.,"**'*"?%* although this latter
study only observed amorphisation at pressures between 1 and 2 GPa.**
Even though no bond reorganisation was observed, strong local distortions
of the framework led to disorder within the unit cell, as evidenced from
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radial distribution functions.’*®?°* In all aforementioned studies, however,
periodic boundary conditions were assumed and relatively small unit cells
were used, thereby preventing the direct simulation of the loss of long-range
order that accompanies amorphisation and limiting the range of transition
mechanisms that could be observed, as discussed in Section 3.5.3.2.

To allow for disorder to take place on longer length scales, Banlusan
et al. generated a 6 x 6 x 12 supercell of MOF-5, containing around 180000
atoms.**® They directly followed the structural transformation of the frame-
work upon different uniaxial deformations via the ReaxFF force field,**
which overcomes some of the limitations of classical force fields as it can
be adopted to describe reactive events such as reconstructive phase tran-
sitions.”®” As an example, Figure 3.22 illustrates various snapshots of the
plastic deformation in MOF-5 upon increasing compression along the [001]
direction, using a colour bar to localise the positions in the material that
show the largest volume compression and the largest plastic deformation.>®
For all deformation directions, Banlusan et al. observed that plastic defor-
mation nucleates through local slip-collapse events, in which the ligand
hinges with respect to the inorganic cluster resulting in a local slip of adja-
cent planes and an associated collapse of the unit cell,**° while a later study
showed that the exact deformation mechanism depends on the defects pres-
ent in the material.**® The propagation of local slip-collapse events releases
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Figure 3.22 Atomistic snapshots showing plastic deformation of MOF-5 during the
compression along the [001] direction at various strains, from 0% in
panel a to 20% in panel h. Colours indicate the percentage of local vol-
ume decrease compared to the initial value in as-equilibrated systems.
The bottom panels show only groups of atoms with a volume decrease
of more than 10% to highlight the nucleation and propagation of plas-
ticity. The arrows in the bottom panel (d) illustrate the propagation
in (100) and (010) directions on the (001) plane of volume collapse.
Reproduced from ref. 296 with permission from American Chemical
Society, Copyright 2015.



184 Chapter 3

the stress in neighbouring planes, which may even lead to the recovery from
plastic deformation, as shown in Figure 3.22. Furthermore, while the ini-
tial nucleation of such slip-collapse events requires significant stress, addi-
tional slip-collapse events are facilitated by the heterogeneous nature of
the now partially collapsed MOF-5, requiring lower stress.>*® Banlusan et al.
also predicted that plastic deformation makes the material more compli-
ant along certain directions.**® Using a similar model, they later generalised
these quasistatic loading conditions to simulate how a shock wave propa-
gates through the MOF-5 framework.>®® Such a shock propagates through
the material in two waves: a leading elastic wave followed by a pore-collapse
wave that leads to plastic deformation and significant local heating of the
material.**® For sufficiently fast shocks, the pore-collapse wave also induced
chemical decomposition of the material which partially dissipated the
energy of the shockwave.*”’

Finally, Pallach et al investigated how functionalising the MOF-5 ligand
with different alkoxy sidechains affects its amorphisation behaviour using a
variety of experimental and computational tools.**® Besides calculating the
pressure equation of state for these alkoxy-functionalised materials, they
also performed pressure ramp force field simulations on much larger simu-
lation cells to directly observe loss of spatial order upon increasing pressure,
as evidenced by the simulated X-ray diffraction patterns and pair distribu-
tion functions.**® These simulations confirmed the experimental observa-
tions that large volumetric contractions of these frameworks, induced by
the alkoxy functionalisation, require random distortions of the framework
which conflict with the rigidity of the material, leading to the concept of frus-
trated flexibility.**°

3.6.2 Failure Modes in ZIFs and their Melting Behaviour

Given the variety of crystalline, and especially amorphous ZIF states, that
can be obtained by controlling the temperature and pressure, these mate-
rials form a rich but largely untapped playground to computationally inves-
tigate how these different (dis)ordered states can be obtained. To study the
mechanism behind the mechanical failure of ZIF-8, Hegde et al. investigated
whether tensile or shear failure is most likely in this material.*** Along the
first mode, the material is cleaved upon failure, requiring twice the surface
energy associated with the cleavage plane. Along the second mode, the mate-
rial shears upon failure, forming stacking faults, and the free energy barrier
to get from the material in equilibrium to the material with stacking faults
needs to be overcome.**' The authors determined computationally that the
energy to form intrinsic stacking faults in ZIF-8 is rather low, comparable to
that of metals like copper and gold. However, as the lowest-energy barrier
to form these stacking faults from a fault-free material was found to require
more energy than the energy needed to cleave the material, the authors
concluded that ZIF-8 is nonetheless a brittle rather than a ductile material.
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Furthermore, they suggested that ZIF-8 might energetically prefer to form a
high-density amorphous state under shear stress rather than forming stack-
ing faults.*”

In 2014, Bouéssel du Bourg et al. directly modelled the mechanical sta-
bility of a set of ten ZIFs, each composed of zinc cations and unsubstituted
imidazolate (Im) ligands but exhibiting a different topology using a force-
field approach.**® At room temperature, nine of these materials mechanically
failed under compression at pressures of 0.4 GPa or lower, the sole exception
being the material in the coi topology, confirming the weak mechanical sta-
bility of ZIFs also discussed in Section 3.4.4.1.>°* Despite the clear impact
topology has on the mechanical stability of the material, no straightforward
relation between the density and stability of the framework was observed.’”
For ZIF-4, one of the materials investigated in this study, Gaillac et al. later
performed AIMD simulations of the crystalline unit cell at various high tem-
peratures — up to 2250 K - to understand the mechanism behind its melting
behaviour.*® Radial distribution functions revealed that ZIF-4 glasses retain
the chemical configuration, porosity, and short-range order of the crystalline
parent material, while simultaneously being disordered on longer length
scales (while still satisfying periodic boundary conditions).*® A follow-up
study revealed that this mechanism behind ZIF melting is largely unaffected
by applying a pressure in the GPa regime during the heating process.’*
However, they did observe a decrease in energy to rupture a zinc-imidaz-
olate bond at higher pressures due to the softening of the Im-Zn-Im angle
upon pressurisation, leading to more frequent cleavage events.’” As a result,
AIMD simulations showed that increasing the pressure lowers the tempera-
ture necessary to melt ZIF-4; similar observations also hold for ZIF-62.7%

3.6.3 The Impact of Defects on the Amorphisation of the UiO-
66 Series

While localised defects and other types of spatial disorder are expected to
profoundly impact the (mechanical) stability and amorphisation of all MOFs,
this effect has until now only been extensively studied for MOF-5 (see Section
3.6.1) and the UiO-66 series of materials. In a force-field based study, the
pressure-versus-volume equations of state of UiO-66, UiO-67, and UiO-68, as
well as of a series of low-defective UiO-66 materials were investigated.”® For
the defect-free UiO-66, this equation of state reveals that mechanical insta-
bility is induced at 1.83 GPa.*’ In addition, although the force-field descrip-
tion precludes a direct simulation of the amorphisation process, the radial
distribution functions and space group of the deformed materials show a
distinct loss of crystalline order upon increasing the pressure above this
instability, something that is not observed when applying this protocol to
the flexible MOFs discussed in Section 3.5.3.* By extending the length of
the ligand in UiO-66 to achieve the more porous UiO-67 and UiO-68 MOFs, a
sharp decrease in loss-of-crystallinity pressure was observed, from 1.83 GPa
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over 0.45 GPa to 0.2 GPa.”’ A similar observation holds when increasing the
number of defects, although the pressure at which the material becomes
unstable is not only determined by the concentration of defects, but also by
their distribution throughout the framework (a similar conclusion was also
drawn concerning the bulk modulus in Section 3.4.1.4).* Both for UiO-66
and UiO-67, the obtained results coincide well with those obtained through
mercury intrusion experiments® and through computationally optimising
the structure at increasing pressures and at 0 K.'”®

When accounting for node defects, the mechanical stability of UiO-66 is
compromised even further, yielding a loss-of-crystallinity pressure of only
0.8 GPa for the reo-defective material, similar to the decrease in bulk modu-
lus upon increasing defectivity.'®* However, incorporating cerium in the zir-
conium nodes of UiO-66 affects the loss-of-crystallinity pressure differently
than it affects the bulk modulus: while it barely impacts the bulk modulus
of the bimetallic UiO-66 materials, as discussed earlier in Figure 3.11, their
loss-of-crystallinity pressure strongly decreases upon increasing cerium con-
tent, as shown in Figure 3.23."® In contrast, no substantial changes were

6Ce 61r 6 Hf

l& replace Zr by Ce l& replace Zr by Hf lh
\ replace Ce by Zr \v replace Hf by Zr \v

20—
i e o o o e o e i
& fi
E 15— (-] l
o ° ¥ @ Simulated fcu -
=3 i _ N
a = =T e B Simulated reo
£ e o % o © O Interpolated reo A
2 10k % Experiment introduce node defects
£ (fcu to reo)
m
R . ] OO0 .0«
=
& o * *
2 05| Bk
wn & D
s
Ir *
ool XLty
b a 1) a (1) @ - = e — a— — —
8 8 § 88 8 % 3 &85 3 5 3
NNON NN o SR S~ R

Figure 3.23 Loss-of-crystallinity pressures at 300 K for a series of bimetallic UiO-
66 materials as determined from the pressure equations of state, both
in the pristine feu (circles) and node-defective reo (squares) topolo-
gies. For mixed-metal bricks for which two inequivalent bricks can
be obtained, the weighted average is shown, whereas the two inde-
pendent results are included as semi-transparent data points. Experi-
mental results are indicated with stars. Reproduced from ref. 182 with
permission from American Chemical Society, Copyright 2020.
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observed upon hafnium incorporation instead, showing that the lower
mechanical stability of UiO-66(Hf) that was observed experimentally in
this study is solely a consequence of the higher defect concentration in this
material and not an intrinsic materials property.'®* The observation that the
mechanical properties in equilibrium, such as the bulk modulus, are not
perfect predictors of the mechanical properties near instability was further
underscored by the findings of Moghadam et al.'*' They noted that replac-
ing the BDC ligand in UiO-66 with a shorter ligand leads to an increase in
bulk modulus, as expected, but to a decrease in loss-of-crystallinity pressure,
despite the lower porosity of the material.'** This counterintuitive result was
explained based on the two materials featuring different softest modes of
deformation.'"!

3.6.4 Other Computational Studies on the Plastic
Deformation of MOFs

In 2013, Fang et al. derived a force field for Zn(CN), and adopted it to study
the high-pressure behaviour of this NTE material that features the same
tetrahedrally coordinated zinc cations as ZIFs, but with smaller ligands.>*’
Direct (N,P,6, = 0,T) simulations revealed that, at room temperature, Zn(CN),
undergoes a phase transition at pressures between 1.2 and 2.1 GPa, which
could be explained by the substantially pressure-induced softening of several
vibrational modes.*”® However, since increasing the temperature tends to
stiffen these low-frequency modes, the phase transition could be postponed
to higher pressures upon increasing the temperature, as confirmed by MD
simulations.*”® This study was later extended by Trousselet et al., considering
ten additional topologies in which Zn(CN), could potentially be synthesised.
They clearly observed a correlation between porosity on the one hand, and
the bulk modulus and the critical pressure needed to induce a structural
transition on the other hand, with the densest topologies showing the high-
est mechanical stability, while the less dense topologies already failed in the
sub-gigapascal regime.

As the absence of crystallinity in amorphous states pushes classical simu-
lation methods to its limits, it forms an impetus to develop new approaches
to model the plastic deformation in MOFs without resorting to the con-
cept of periodic boundary conditions altogether. Two approaches can be
distinguished at this point. First, similar to the finite DMOF-1 crystallites
discussed earlier,’ the Schmid group also cleaved a HKUST-1 surface to
investigate how a tungsten tip penetrates into the material, mimicking
nanoindentation experiments.” Although the classical force field descrip-
tion used in that work precludes modelling plastic deformation, their setup
holds promise to model other surface-related mechanical properties. Sec-
ond, FEM approaches have not only been used to model the elastic behaviour
of mixed-matrix membranes,®! but also to understand how stresses exerted
on a macroscopic MOF crystal distribute within the particle, both in the
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elastic and plastic regimes.®* Although both approaches are still in their
infancy at this point, the development of these and other methods that
bridge the gap towards macroscopic MOF crystals is essential to fully com-
prehend how the intricate interplay of interactions at the atomic level gives
rise to the attractive but complex mechanical behaviour of macroscopic
MOF materials.

3.7 Conclusions and Outlook

Although MOFs exhibit a variety of attractive responses to mechanical stim-
uli, computational research on MOF mechanics remains largely in its infancy.
The available literature is concentrated overwhelmingly on pressure-induced
responses near equilibrium, such as the NLC and auxetic behaviour dis-
cussed in Section 3.4, with a strong focus on their 0 K behaviour. However,
the inelastic responses of MOFs to large mechanical pressures, which give
rise to flexibility and amorphisation as discussed in Sections 3.5 and 3.6,
form an even more attractive field of computational research that remains
largely untapped to date. In these concluding remarks, it is my intention to
provide a personal reflection on the challenges that need to be overcome to
mature computational research on MOF mechanics and the opportunities
that the availability of such established and commonly available computa-
tional tools would engender.

A first challenge that was formulated throughout this chapter is how the
occurrence of spatial disorder on various length scales can be designed to
engineer MOF mechanics. While disorder and defects are often regarded as
detrimental to the mechanical stability of a MOF, the large degree to which
this disorder can be tuned as well as its strong effect on the macroscopic
performance of MOFs open up enormous opportunities to design defect-
engineered materials.” A first example of this was provided in Section 3.3.1,
when discussing how the different orientation of low-symmetric ligands
on the high-symmetric DUT-8(Ni) topology gives rise to distinct adsorption
behaviour,™ a functional property coined as ‘adaptive flexibility’ by Reyn-
olds et al.*** Two additional case studies, focusing on the inelastic response
of MOFs, were presented in Sections 3.6.1 and 3.6.3, when discussing frus-
trated flexibility induced by the sidechain functionalisation of ligands in oth-
erwise rigid MOFs and when discussing the impact of intrinsic defects in
UiO-66 materials on their elastic and inelastic behaviour.**'#2?% While form-
ing an important guidance, these studies only form the tip of the iceberg,
as (correlated) disorder is expected to be the norm rather than the excep-
tion in MOFs.? Seizing this opportunity requires an enormous effort from
computational MOF researchers, as modelling such correlated phenomena
requires both sufficiently large simulation cells and a proper inclusion of
defects in these models. As with the discussion of phase coexistence in Sec-
tion 3.5.3.2, where distinct phase transition mechanisms could be identified
based on the size of the unit cell, #9242 different realisations of correlated
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disorder inside a material could in general amplify different sets of mechan-
ical responses, from among a library of available responses.’* This phe-
nomenon, termed combinatorial mechanics,*** emphasises the unparalleled
design opportunities offered by MOFs; computational research will therefore
be vital to isolate and identify the salient features that drive the macroscopic
MOF response and to predict how these features interact with one another in
macroscopic materials.

A second challenge that closely relates with this first one is how to real-
istically model disordered MOFs, from the atomic to the macroscopic level
and from local defects over amorphous structures to beyond-particle disor-
der found in mixed-matrix membranes, MOF monoliths, and other shaped
MOFs.'7?*% The wildly varying computational cost of different techniques
such as DFT, atomistic force fields, CG force fields, and FEM approaches
motivates the development of a hierarchical toolbox of computational
techniques in order to cover MOF mechanics across these disparate length
scales. Crucial in this regard is the proper theoretical foundation and val-
idation of such a hierarchical bottom-up approach. This is determined by
the information that is transferred between more accurate but also more
expensive methods on the one hand and less accurate methods that can
be adopted for larger systems on the other. Examples of such hierarchical
approaches are dispersed throughout this chapter and include FEM tech-
niques that take as input the elastic moduli calculated at the ab initio or
force field level,®"%*3% the CG force field of HKUST-1 that was fitted based
on an atomistic force field,” the HKUST-1 atomistic force field derived based
on the ab initio stiffness tensor,”® and the micromechanical model, in which
the force-field based elastic stiffness tensor is used as input to derive the
mechanics of MOFs at much larger length scales.®® As these examples show,
mechanical properties such as strain fields and the elastic stiffness tensor
play a central role in bridging these different length scales, evidencing the
need for more in-depth and hierarchical computational studies on MOF
mechanics.

A third challenge for computational MOF mechanics is to overcome the
focus of current literature on the response of these materials to hydrostatic
pressures and to account for their response to a more general stress state.
Since stress is a tensorial quantity, compared to pressure as a scalar quan-
tity, subjecting a MOF to a general stress state would most likely pave the
way to discover an even larger versatility of attractive stress-induced MOF
phenomena that are not expressed under pure hydrostatic pressure. How-
ever, general stress control in molecular simulations remains the excep-
tion today due to the confusion that arises from the different definitions
of stress during a molecular simulation, as mentioned in Section 3.2.2, and
the apparent lack of a proper definition of a Gibbs free energy under gen-
eral stresses and for general deformations, as discussed in Section 3.3.3.
As a result, current barostat coupling schemes have only been tested for
hydrostatic pressures, save for some very limited non-MOF related examples
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whose applicability to MOFs is uncertain, given the mechanical softness of
these materials that may reveal inconsistencies in general stress coupling
schemes that remain hidden for more rigid materials. Therefore, there is an
urgent need to develop and validate more general stress coupling schemes,
applicable to both periodic simulations and isolated MOF crystallites, both
from a fundamental theoretical curiosity and in order to fully explore the
entire library of structural responses MOFs can exhibit when subjected to
such a general stress.

While this book focuses on MOF mechanics, the mechanical behaviour of
MOFs cannot be fully decoupled from their adsorption or thermal behaviour.
This is clear when considering for instance the coupling between NTE and
purely mechanical phenomena such as NLC and auxetic behaviour, the tem-
perature-induced melting of ZIFs which is affected by the pressure exerted on
the material,*® as discussed in Section 3.6.2, and the impact of temperature
on the limit of mechanical instability, which was examined more closely in
Sections 3.4.2 and 3.4.4. As a result, a fourth challenge arises to rationalise
how different external stimuli - temperature, sorption, mechanical stress,
among others — can amplify each other to access MOF phenomena inac-
cessible when applying only a single stimulus. This idea has been explored
through the equivalency between mechanical stress and adsorption-induced
stress®**?%” and through thermal stresses,’*® although these examples remain
scarce at the moment.

A final challenge for the computational research on MOF mechanics is
the general lack of high-throughput studies. Compared to, e.g., adsorption
phenomena, such high-throughput studies on the mechanical behaviour
of MOFs are much scarcer and the library of MOF structures investigated
in these studies is typically much smaller and less diverse. While this con-
nects to the computational cost associated with accurately calculating finite-
temperature mechanical properties in MOFs, which is higher than for purely
structural properties, such high-throughput studies are vital to identify over-
arching trends that may be obscured when only focussing on specific MOFs.
While the accuracy of these high-throughput projects is typically lower than
for studies focussing on one material or one class of materials, the qualita-
tive trends obtained in this way are pivotal to go beyond phenomenological
observations of attractive mechanical behaviour in MOFs. In addition, this
accuracy limitation may be partially overcome by adopting stepwise screen-
ing, as in ref. 141, in which less expensive levels of theory are used first to
filter the most promising materials, which are subsequently considered at a
higher level of theory.

While this chapter demonstrates that the challenges that need to be over-
come to mature computational MOF mechanics to a fully developed field
of research are numerous, so are the variety of new mechanical phenom-
ena hiding in these materials. In this respect, our overarching aim should
be to develop computational MOF mechanics into a holistic and multi-
scale research field that is able (i) to provide an in-depth understanding
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of what drives these phenomena - both in the elastic and the inelastic
regime, and (ii) to predict and identify MOF materials with exceptional
mechanical behaviour that can be adopted for practical applications. It is
my hope that the critical discussion herein, on both the technical aspects
of the computational simulations of MOFs as well as on the mechanical
phenomena that can be extracted from these simulations, not only sum-
marises the current state-of-the-art in the research field but also forms an
impetus to further its development into uncharted but undoubtedly excit-
ing territories.
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