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A previously introduced partitioning of the molecular one-electron density matrix over atoms and
bonds [D. Vanfleteren et al., J. Chem. Phys. 133, 231103 (2010)] is investigated in detail. Orthog-
onal projection operators are used to define atomic subspaces, as in Natural Population Analysis.
The orthogonal projection operators are constructed with a recursive scheme. These operators are
chemically relevant and obey a stockholder principle, familiar from the Hirshfeld-I partitioning of
the electron density. The stockholder principle is extended to density matrices, where the orthogonal
projectors are considered to be atomic fractions of the summed contributions. All calculations are
performed as matrix manipulations in one-electron Hilbert space. Mathematical proofs and numer-
ical evidence concerning this recursive scheme are provided in the present paper. The advantages
associated with the use of these stockholder projection operators are examined with respect to co-
valent bond orders, bond polarization, and transferability. © 2012 American Institute of Physics.

[doi:10.1063/1.3673321]

. INTRODUCTION

Many successful theories in chemistry are based on the
concept of atoms (and bonds) in molecules (AIM). Numerous
attempts were made to get a quantum mechanical description
of these AIM subsystems. Early techniques focussed on deter-
mining electron densities for atoms in molecules. This can be
done in Hilbert space (the Mulliken population analysis') or
in 3D space, using either nonoverlapping atomic basins (e.g.,
Bader’s quantum theory of atoms in molecules>™*) or overlap-
ping atomic regions (e.g., the standard Hirshfeld method®).
In Bader’s quantum theory of atoms in molecules (QTAIM),
a “zero-flux” boundary condition for the electron density is
satisfied at every point of an interatomic surface. The inter-
atomic surface delimits the atomic domains. This implies that
r-space is partitioned in a binary way, since each point in
space corresponds completely to a single atomic domain €24.
In the standard Hirshfeld method, a model electron density
for the molecule p°(r) is constructed from the electron den-
sities ,og(r) of neutral isolated atoms placed at the positions
of the nuclei in the molecule, and the overlapping atomic re-
gions are defined by the contribution of each isolated atom to
the model electron density. Perceived deficiencies in the stan-
dard Hirshfeld method (a dependence on the charge and state
of the isolated atoms) are addressed in the Hirshfeld-I tech-
nique (the iterative version of the Hirshfeld method®) and
the iterative stockholder approach (ISA)'%y,

Although these methods are well-established techniques
that are widely used, ambiguities arise with respect to cal-
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culating the properties of the resulting atomic densities. A
way to overcome these difficulties for one-electron operators,
is to determine the full atom-condensed one-electron den-
sity matrices (1DM). The expectation values for one-electron
operators are naturally (and unambiguously) expressed in
terms of the one-electron density matrices (1IDMs).!! We re-
cently proposed atom-condensed 1DMs for the Hirshfeld-I
AIM model'? and determined the energy components of the
Hirshfeld-I fragments.'® These atom-condensed 1DMs are ac-
tually based on a partitioning of the molecular density matrix
over atoms and bonds in molecules (ABIM). Because molec-
ular 1DMs are inherently nonlocal, a two-index partitioning
into atomic (diagonal) and bond (off-diagonal) contributions
is necessary to guarantee the local nature and transferability
of the atoms.'>'* However, we observed that these bond frag-
ments have a rather complicated structure, as large positive
and smaller negative eigenvalues appear in the bond matrix.
A much simpler bond structure can be obtained when orthog-
onal projectors are used to define atomic and bond regions in
the molecule. '

We therefore tried to optimize the ABIM descrip-
tion. In a recently introduced scheme'> for defining the
atomic and bond fragments of the molecular 1DM, we
combined the recipes of the different existing techniques.
(i) All calculations are performed as matrix manipulations
in one-electron Hilbert space, making it highly efficient
in terms of computation time, since no grid-based nu-
merical integrations are needed. (ii) For interpretative
convenience, orthogonal projection operators are used to
define atomic subspaces of one-electron Hilbert space.
Note that the concept of using orthogonal projectors has a

© 2012 American Institute of Physics
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long history dating back to Lowdin’s work on population
analysis.'20 Perceived deficiencies of Lowdin’s populations
are addressed in Natural Population Analysis (NPA),>' a
well-known technique based on orthogonalizing atomic
subblocks of the molecular density matrix. (iii) In contrast
to NPA-based schemes, the orthogonal projection opera-
tors are determined iteratively by a stockholder approach
starting from 1DMs of the isolated atoms. Stockholder
techniques, as used in the standard Hirshfeld and the ISA
approach to atomic partitioning of the electron density, are
known to minimize the information loss in the Kullback-
Leibler information entropy sense,”’* and therefore
maximally preserve the structure of the reference atoms.
In the present case we find that chemical relevance and
transferability of the resulting atoms and bonds seem to
follow quite naturally in such a stockholder approach. (iv)
The projection operators can then be used to define density
matrices assigned to atoms and bonds in the molecule.
Reminiscent of the Hirshfeld-1 approach, an outer iterative
procedure ensures that the reference atoms (that are needed
to initiate the stockholder procedure) are optimally chosen.

The new scheme will be referred to as stockholder pro-
jector analysis (SPA). Preliminary results obtained with this
scheme were promising:'> the bond fragments of the 1DM
can be soundly interpreted in terms of a transfer of electrons
from antibonding to bonding orbitals, and have no contribu-
tions from core electrons and free electron pairs. The atomic
fragments of the 1DM are well localized and the atomic
charges correlate linearly with well-established Hirshfeld-I
charges. Atomic populations and bond occupancies converge
efficiently with respect to basis set size.

The present paper is a continuation of this preliminary
work."> In Secs. ITand I1I, the theoretical background of the
method is analyzed. We provide proof for the assumption that
chemically relevant orthogonal projection operators can be
constructed using a recursive scheme. In Sec. [V, we examine
the advantages associated with the use of orthogonal projec-
tion operators from a stockholder approach. In Sec. V, sim-
ilarities and differences between the new SPA approach and
the NPA technique are discussed. In Sec. VI, we provide nu-
merical results for the SPA approach with respect to transfer-
ability, bond orders and bond polarization for a representative
subset of ca. 70 small molecules.

Il. ORTHOGONAL PROJECTORS FROM A
STOCKHOLDER APPROACH: RECURSIVE
SCHEMES AND PROOFS

In a previous paper,'> we introduced a double-atom par-
titioning scheme for the molecular spin-summed one-electron
density matrix,

p=3 pan: (1)
AB

in terms of atomic (AA) and bond (A #£ B) contributions. All
calculations are performed in the one-electron Hilbert space,
i.e., all psp are matrices with elements (p4p); Where indices i,
j refer to an orthogonal basis set. The individual contributions
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are defined as

1
paB =7 (wapwp + wppwa) ()

in which the concept of atomic weight functions (familiar
from Hirshfeld analysis of the electron density) is extended
to atomic weight matrices wy obeying

dij = Z(wA)ij- (3)
A

The atomic weight matrices are constructed as orthogonal
projection operators on one-electron atomic subspaces, i.e.,
they fulfill the following relation:

WAWB = WaSAB. (4)

As a consequence, the ps4 can be regarded as 1DMs of atoms
that are excited by the molecular environment but still contain
the full number of electrons N,

N =Tr(p) =) Tr(paa). )
A

No electrons are lost to the bonds (Tr(pap) = 0 for A # B),
which is a significant advantage in the interpretation of the
atomic and bond contributions. This is a marked difference
with the ABIM approach in a previous paper,'> where we re-
ported significant bond traces. Starting from the 1DMs pf& of
isolated atoms, the following recursive scheme (i =0, 1, ...):

PV =>"plh:
A

AP
Pan = wiowy, ©)

4 T
wy = (") "2 p (02,

converges and generates weight matrices wifo) that both obey

Eq. (4) and can be applied in Eq. (2) to produce a chemi-
cally relevant decomposition. Henceforth, the superscript
is used to indicate that recursive scheme has converged. Typ-
ically, the scheme reaches convergence in less than 10 itera-
tions. Upon convergence, 0> contains the summed atomic
1DMs and therefore represents the molecular 1DM stripped
of its bond contributions.

The recursive scheme of Eq. (6) can be generalized and
rewritten more compactly,

o
wh = (N wy M ()2,

P = wh  MwiTY, @
A

where M is in general any positive-definite matrix. To obtain
a chemically meaningful decomposition, we found that M can
be chosen as either the full molecular 1DM itself (M = p as in
Eq. (6)), or the recursive estimate for p© (with M = p¢@— D
in Eq. (7)). The preferred choice depends on the starting point
for the recursive scheme.

The recursion is applied to transform initial weight ma-
trices to orthogonal projectors on one-electron subspaces
(see Eq. (4)). It can be proven that every set of orthogonal
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projectors is a solution to the convergence limit of Eq. (7),
—1 —1
w = (02w Mw (p) 7,

PO =Y M. ®

If upon convergence M equals p®, then these are also the
only solutions to Eq. (8). If M equals p, then the sets of or-
thogonal projectors are only part of the entire solution set.
This follows from the following lemmas, the proof of which
is contained in the appendix:

Lemma 2.1. [f M = p Y in Eq. (7), then the converged
atomic weight matrices w AOO are idempotent.

Lemma 2.2. If the converged weight matrices wfo) are

idempotent, then they are orthogonal.

Lemma 2.3. When idempotent weight matrices enter the
recursion formula, immediate convergence is obtained.

Lemma 2.4. If M = p in Eq. (7), then non-idempotent
solutions to Eq. (8) exist.

For M = p, it is in principle not excluded that particular
non-idempotent solutions to Eq. (8) result from the recursion.
However, in our investigation only idempotent solutions were
obtained for any choice of the starting point. We included nu-
merical evidence in the results section of the paper, demon-
strating that for every molecule in the test set the recursion
of Eq. (7) always transformed the initial weight matrices into
perfect orthogonal projectors.

lll. STARTING POINTS FOR STOCKHOLDER
PROJECTORS

The choice of the starting point in the recursive scheme
of Eq. (6) is crucial, as the chemical relevance of the resulting
stockholder projectors is largely inherited from the starting

point. The starting point is either a trial weight matrix wg) or

a trial atomic 1DM ,0(0)

Atomic weight functions used to partition the electron
density (e.g., from an iterative-Hirshfeld analysis) can be
transformed to trial weight matrices wg)) in a finite basis
set.!> However, these atomic weight functions pick up non-
negligible contributions from core electrons and free electron
pairs on other atoms (since there is no orbital selectivity), and
this characteristic might be inherited throughout the orthogo-
nalization procedure.

Therefore, when the SPA method was introduced,'® the
atomic 1DMs of isolated atoms were used as the starting
points. However, different results are obtained depending on
the charge and electronic state of the isolated atom (similar to
the case of the standard Hirshfeld method®). As an example,
the partial charge on the Na atom in NaCl (with a B3LYP/aug-
cc-pVDZ geometry and a 1DM calculated at the RHF/aug-cc-
pVDZ level) is 4-0.89 when the orthogonalization procedure
is started from the neutral atoms, but amounts to +0.98 when
the ions are chosen as starting points. To eliminate this arbi-
trariness, the optimal charges and states of the trial atoms are
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required to be consistent with the charges and orbital popula-
tions of the final atoms (that have a IDM p Aoj)) In close anal-
ogy to the iterative-Hirshfeld procedure,® the consistency
requirement is implemented through an outer iterative loop.
After convergence of the inner (orthogonalization) loop, the
orbital populations n(AOZ), . of the atomic IDM ,ofj),

(00) (00) (00) (00)
Paa = ZnAA kPadk ‘/’AA k) ) )

are obtained by diagonalization of pfﬁ). The (pffx « are column
matrices and represent the eigenvectors. These orbital popu-
lations are then used to construct a new starting point for the
inner loop,

) (00)  (0) © \T
Pan [Nal = ZnAoji 1PaA ‘PAA 1) ’ 10)

where (p A A , represents an orbital (eigenvector) of a charged
isolated atom 1DM determined as a linear interpolation
between the 1DMs of the atoms with integer electron
numbers: >~

O N4 =

PAAINAl = (k + 1 — Na)pis[k]

+(Nj — k)p [k + 11. an

Note that the matrix on the left side of Eq. (10) has the same
eigenvectors as the isolated atom 1DM of Eq. (11), but with
occupations that reflect the molecular environment.

The procedure for establishing the correspondence be-
tween the orbitals of ,o(°°) and ,o(o) (N,) is based on the prin-
ciple of maximal orbital overlap. The 1DM }0510;\)) is expressed
in the basis of the molecular orbitals. pﬂ(N 4) is calculated
(and rotationally averaged) in a smaller atomic basis, and then
extended to the same molecular orbital basis. At first sight,
an unambiguous correspondence is only evident when there
is a high similarity between both sets of orbitals and when
these orbitals are properly oriented. To create a unique cor-
respondence when both sets of orbitals are less similar, we
introduce matrices that are intermediate (i.e., interpolated) be-
tween ,0(00) and ,0(0) [N4]. When the intermediate matrix has
a dominant contribution of p, A), then the overlap of each of
its orbitals with each of the orbitals ¢’ o ) is arbitrarily close to
either 1 or 0. For an intermediate matrix that has a dominant
contribution of pf&[N 4], the overlap of each of its orbitals
with each of the orbitals (pﬂ is arbitrarily close to either 1
or 0. A successive transfer of populations from the orbitals
N A) to the orbitals of the 1ntermed1ate matrices, and finally
to the orbitals of the isolated atom ¢, N A, is needed to construct
pff)‘*(N 4) in an unambiguous manner. It must be noted that in
most cases only a few intermediate matrices (one or two) are
needed to fix the correspondence of the orbitals.

In Ref. 15, we also introduced a less sophisticated outer
loop procedure called the “charge equalization scheme.”
Here, only the atomic charges of rotationally averaged atomic
1DMs ,oi,ol)4 were adjusted during successive iterations of the
outer loop (i.e., Eq. (11) was used as a starting point for the
inner loops). In the present paper we only present calculations
with the full procedure described in Egs. (9)—(11), called the
“population equalization scheme” in Ref. 15, as we find that
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the results are markedly superior especially in cases where
the orbital orientations play an important role. In this case
Eq. (10), rather than Eq. (11), determines the starting point of
the inner loops.

The choice of starting point determines not only the
chemical relevance of the scheme, but also the preference
for the matrix M in Eqgs. (7)and (8). When the trial weight
matrices are nearly orthogonal, then M = p appears to be
the most elegant choice in Egs. (7) and (8) (see Sec. VI B).
This is the case when the trial weight matrices are based
on the 1DMs of isolated atoms,'> as is done in this paper.
When the trial weight matrices are further from orthogonality
(e.g., the Hirshfeld-I weight matrices) then it may be safer to
use M = p~ 1 in order to guarantee that the scheme con-
verges to a set of orthogonal weight matrices and to avoid
particular nonorthogonal solutions that can be reached if
M= p.

IV. INTERPRETATIVE ADVANTAGES OF
PARTITIONING WITH ORTHOGONAL PROJECTORS

A. Non-bonded atoms

IDM partitioning with orthogonal projectors facilitates
considerably the interpretation of the atomic and bond matri-
ces. It was already mentioned that the p44 can be regarded as
1DMs of atoms that are excited by the molecular environment
without loss of electrons to the bonds (Eq. (5)). The bond ma-
trices describe the electronic rearrangements that occur when
a covalent bond is formed between atoms A and B. From
Eq. (4), it is clear that upon convergence no electrons are
shared between different atomic matrices pfﬁ) :

Tr(p5)osy) = Tr((p59)")8as- (12)

Since the sharing of electrons between the atoms in a
molecule is identified with the process of chemical bonding,
Eq. (12) is the basis for the interpretation of pfj) as the IDM
of a “non-bonded” atom in a molecular environment. Note
that this interpretation holds here for the normal molecular
geometry, and has nothing to do with dissociation processes.

Also, no contributions of the pfj) can be assigned to atom

(f) (9) (h)
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pairs,
wis” (Pﬁg\))) w(coo) = 5V 8an8ac (13)

Only when orthogonal projectors are used for the 1DM-
partitioning, Eqs. (12) and (13) are trivially satisfied.

B. Bonded atoms

A very different interpretation is attached to the single-

index atomic 1DM’s ,offo) , that are derived by single insertion
(00)

of the converged orthogonal weight matrices w, ~ into the
molecular 1DM,
1 1
P =ptwipt, Y =p. (14)
A

In contrast to the double-index atomic matrices ,ofj), these
N-representable matrices do share electrons. The number of
electrons that is shared between the single-index atoms is
equivalent to the number of electrons shared by the bond ma-
trices:

Tr(os” o) = Tr(pis p) = 2Tr (055 o) #0. (15)

Therefore, the single-index atomic matrices pﬁf"’) can be con-
sidered as effectively “bonded” within the molecular geome-
try. The property in Eq. (15) is only trivially satisfied when
orthogonal projectors are used.

C. Electron delocalization in “bonded”
and “non-bonded” atoms

There are intimate connections between the single-
atom (Eq. (14)) and double-atom 1DMs (Eq. (2)). Defining

1 -
C =p: wﬁfo), one can rewrite

pyY =ccr,
Py =C"C, (16)

which implies that both sets of 1DMs share the same eigen-
value spectrum. Numerical evidence suggests that while the
orbitals of the double-atom 1DMs are localized, the orbitals
of the single-atom 1DM atoms have the shape of typical
molecular orbitals (e.g., o and ). This is consistent with the

FIG. 1. Dominant natural orbitals and populations of the “non-bonded” pfﬁ) (a-e) and the “bonded” pfo) (f-j) in a N, molecule at the RHF/aug-cc-pVDZ level

of theory. The isosurface value (in a.u.) used is & 0.1.
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interpretation of “non-bonded” and “bonded” atoms in the
molecule. As an example, Fig. 1 displays the main orbitals of
the single-atom and double-atom 1DMs of Nj.

As noted in Ref. 12, any single-atom 1DM definition suf-
fers from bad localization properties. For the “bonded” single-
atom 1DMs in Eq. (14), the population d; of a natural orbital
@; in the molecular 1DM is simply divided over the occupan-
cies dy_ ; for that orbital in the single-atom 1DMs:

(OO))ii = d,-(cp,- |w5\00)|¢i>’

= (o
ZdA,,- =d,. (17)
A

This implies that only orbitals ¢; that are occupied in the
molecule are also occupied in the atoms. Typical chemical
compounds have large populations for the bonding orbitals
and smaller populations for the antibonding orbitals. Since
good localization properties for the atoms are obtained only
if the bonding and antibonding molecular orbitals have about
equal occupancies in the atom, we conclude that the degree of
electron delocalization in the single-index atoms is similar to
the degree of electron delocalization in the molecule.

In contrast, the double-index atoms in Eq. (2) have good
localization properties. The occupancy dag,; of each (bond-
ing and antibonding) molecular orbital ¢; in the double-atom
1DMs gets contributions from all populations in the molecu-
lar 1DM:

dani = (0%, de<ol|w£f°>|¢k)2. (18)

Therefore, similar occupancies are obtained for bonding and
antibonding molecular orbitals. This results in excellent lo-
calization properties for the orbitals of ,0 o A , as is clear from
Figs. 1(a)-1(e). However, small orthogonalization tails can be
observed in some cases, e.g., in the p, orbital on N (Fig. 1(c)).

Fig. 2 illustrates the localization properties of the frag-
ments of the molecular electron density (the diagonal of the
lDM) for the N, molecule at the RHF/aug-cc-pVDZ level.
Py A)(r) is clearly local and positive-semidefinite. ,o(oo)(r) has
negative and positive contributions, and reflects a shift of the
electron density from the atomlc regions to the bonding re-
gion. The single-atom p () is heavily delocalized.

FIG. 2. Localization properties of the fragments of the molecular electron
density (the diagonal of the IDM) for the N, molecule at the RHF/aug-cc-
pVDZ level. The isosurface value (in a.u.) used is & 0.1.

J. Chem. Phys. 136, 014107 (2012)

D. Bond orders and bond polarization

At the Hartree-Fock level, the quantum mechanical bond
order index (also shared-electron distribution index)*-7 is
determined from the integration of the exchange density over
atomic domains:

1
Bus =5 / drdr'wa(r)p(r, Fyws(r ), r).  (19)

Note that this expression applies to closed-shell single-
determinant wave functions. The atomic weight functions
wa(r)in Eq. (19) are a special case of the more general atomic
weight matrices wa(r, r’) used in this paper, in a sense that
they are diagonal in r-space. These quantities, that obey the
property >, wa(r) = 1, are used extensively in the AIM lit-
erature that is concerned with the partitioning of the electron
density p(r) in r-space. In Eq. (19), atomic weight functions
wa(r) can be taken from any particular AIM model (e.g.,
the Hirshfeld-I model, see Table IV in Sec. VI). In the SPA-
framework, the definition in Eq. (19) can be extended to gen-
eral atomic weight matrices (that are not diagonal in r-space),
as

l o0 o0 o0 o0
BTN = ST () = Tre ). @)

One can easily show that Eq. (20) reduces to Eq. (19)
if the weight matrices are diagonal in r-space, and that
it is invariant under unitary transformations. Note that
Eq. (20) is not related to the concept of overlap populations,
defined as f drw,(r)p(r)wp(r). Extending to general weight
matrices this would become 7r(p4g), which is zero in the SPA
framework.

It appears that within the framework of orthogonal
projectors, the covalent bond order can be identified with
Eq. (20) and is just the number of electron pairs shared be-
tween bonded atoms (or bond matrices). Since this seems to
be a very natural statement for the quantum mechanical bond-
order index, we propose to use Eq. (20) to assess the covalent
bond order also at the post-Hartree-Fock level.

For homonuclear diatomic molecules calculated at the
Hartree-Fock level, Eq. (20) is extremely close to the classical
bond order, as could be expected from Fig. 1. The deforma-
t10n matrices A,o(oo) that transform the “non-bonded” atoms

,o o ) into the corresponding “bonded” atoms pﬁfo),

ApsY = pi¥ — pley. €2y

are traceless and in addition may be considered to be atom-
condensed bond matrices:

A,B£A

Using these atom-condensed bond matrices, it is possible to
define the contribution of atom A to the covalent AB bond
order as

1
(SPA) _ (00) (00)
Aw =3 —Tr (Ap > Pug ) (23)
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In case of a diatomic, it is easy to see (using the orthogonal
projector relationship) that

1
By " = Tr(ofy o) = 5 Tr (8057 + 2057)0}y)

BSPA (24)

Numerically, we found that Eq. (24) is also satisfied in the
general case. We refer to the Sec. VI for more details. From
Eq. (23), it is possible to assess the share of each atom in
the creation of the bond. Classical chemistry distinguishes be-
tween normal covalent bonding and dative covalent bonding
when a bond is formed between neutral atoms. In a normal co-
valent bond, each atom has an equal share in the bond order.
In a dative covalent bond, only one atom provides the elec-
trons for bonding. In the ABIM framework, a bond is formed
between partially charged atoms and covalent bonds display
a continuous spectrum between “normal” and “dative” bond-
ing. From the splitting of the bond order in Eq. (24), it is then
possible to assess the “normal” and “dative” character of the
covalent bond.

V. COMPARISON WITH NATURAL
POPULATION ANALYSIS

The notion of using orthogonal projectors in a double-
atom partitioning scheme for the 1DM is reminiscent of the
natural population analysis (NPA) (Ref. 21) introduced by
Reed et al. in 1985. In NPA, blocks of the 1DM are considered
on the basis of the attachment of basis functions to the atomic
centers. An orthogonal basis is constructed that, at least for or-
bitals corresponding to a minimal basis set, remain very close
to the original atom-centered nonorthogonal basis functions.
When the density matrix is expressed in this orthogonal basis,
the blocks on the diagonal (AA and BB) can be considered
to be orthogonal atomic fragments of the density matrix and
the off-diagonal blocks (AB and BA) are the bond fragments.
The bond fragments are traceless and their eigenvalues come

spa 4=1.995

FIG. 3. Typical differences between the eigenfunctions of pff:) in the new

SPA method and the natural atomic orbitals in NPA. For a N, molecule at the
RHF/aug-cc-pVDZ level, the 2s and 2p, orbitals on the first N atom obtained
using SPA ((a) and (b)) are compared to their counterparts in NPA ((c) and
(d)). The differences between the Is, 2p, and 2py, orbitals are rather small.
The isosurface value (in a.u.) used is £ 0.1.

J. Chem. Phys. 136, 014107 (2012)

in pairs with opposite signs.?’ This is very similar to the SPA
double-atom partitioning of the density matrix, based on or-
thogonal atomic weight matrices.

Both approaches, however, are not equivalent. As an ex-
ample, Fig. 3 displays typical differences found between the
eigenfunctions of % in the SPA method and the natural
atomic orbitals of the (AA) block in NPA. The example is
chosen so that the result is not influenced by the choice of
the outer loop in SPA (N, has zero atomic charges and equal
populations for the p orbitals). Any differences observed be-
tween both methods reflect only the orthogonalization proce-
dure. In NPA, the orthogonalization procedure is constructed
SO as to maintain a maximal similarity for a minimal basis
set to the original atom-centered basis functions. Therefore
the 2s and p, orbitals in N, (see Figs. 3(c) and 3(d)) are the
slightly deformed versions of the atom-centered basis func-
tions. In contrast to the Mulliken procedure, NPA converges
rather well with increasing basis set, although one could ar-
gue that the original atom-centered orbitals play a preferential
role. In SPA, the 2s and p, orbitals (see Figs. 3(a) and 3(b))
are equally well localized, but they reflect more the actual
electronic orbitals in the molecule. The 2s orbital is shifted
outwards to accommodate the free electron pair (it has a pop-
ulation of 1.995) and the 2p, orbital resembles a fragment of
the molecular o orbital (with population 1.000). The corre-
sponding populations in NPA are very different (1.601 and
1.356 respectively). The differences between both methods in
the shape and occupancies of the 1s, 2p,, and 2p, orbitals are
rather small.

The SPA orthogonalization procedure seems, in our view,
more straightforward than the NPA one. In NPA, a block
structure of the molecular 1DM is identified based on the
atom attachment of the basis functions. These blocks are ro-
tationally averaged and diagonalized to obtain a first approx-
imation to the Natural Atomic Orbitals (pre-NAOs). In a sec-
ond step, the pre-NAOs are classified as belonging to the
“minimal basis set” or the “Rydberg basis set” (that con-
sists of leftover functions). Then, a complicated sequence
of orthogonalization procedures follows aiming at preserv-
ing the atomic character of the minimal basis set. In the SPA
procedure, the atomic weight projectors are orthogonalized
through a simple iterative self-consistency loop. No distinc-
tion is made between different types of orbitals. The final
shape of the atomic orbitals is based on the isolated-atom
1DMs used as a starting point of the iterative procedure, but
also reflects the molecular environment. Note that the outer
loop in SPA only provides suitable starting points for the or-
thogonalization procedure in the inner loop, and could even
be avoided if some set of nonorthogonal weight matrices from
alternative approaches are used as a starting point.

VI. RESULTS
A. Computational methods

For the SPA method described in Ref. 15 and in
Secs. II and III, numerical tests were performed on the re-
cursive scheme used to construct orthogonal projectors. The
molecular 1DMs used in these tests originated from a small
set of ca. 67 simple molecules representative of a variety of
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TABLE 1. List of molecules in the test set.

AlICl;  C4H4 CH3F co HCOOCH; LiOH P,
AlH3 C4Hg CH3NH, CO; HF No PoH4
BoH¢ CeHp CH3;OCH3z F, HNO;, NoH, PHj3
BeH, CCly CH3;0H H, HNO3 N0 S,
BH3 CF4 CHy H,O HOC1 NaCl SF¢
C2H2 CHze CHF3 st HOOH NaOH SizH6
CHs  CH;NH CHONH; H;SO4 HSSH NH;  SiHy
CHg CHO CHOOH H3;O0%" Li 0,

C3H3sN CH,0, Cl, HC1 LiF 03

C3H; CH3CH,CH; CIF3 HCN LiH 0S8,

chemical bonds. The list of molecules, which was also used
in Ref. 15 is presented in Table I. All molecules have a sin-
glet ground-state, apart from O,, for which we consider the
singlet (excited) state. Molecular geometries were obtained
from a B3LYP (Refs. 38-41) /cc-pVDZ (Refs. 42—-44) op-
timization. The molecular 1DMs were calculated at the re-
stricted Hartree-Fock level of theory using the aug-cc-pVDZ
basis set.*>*> To eliminate the starting-point dependence of
the 1DM partitioning scheme, self-consistency was enforced
for the populations of the atomic orbitals as outlined in
Sec. IIT and Ref. 15.

To assess the interpretative advantages associated with
the use of orthogonal projectors for the 1DM partitioning,
we also calculated covalent bond orders for a small subset of
mainly diatomic molecules. For that purpose additional cal-
culations were performed at the full-valence CASSCF level
of theory, for varying bond lengths.

B. Orthogonal projectors from a stockholder
approach: numerical evidence

In the preceding theoretical discussion, it was assumed
that the weight matrices obtained from the recursive scheme
in Eq. (7) are orthogonal projectors. It was shown that this
should be inevitably the case when M = p'~ 1. However,
for the more elegant implementation of the recursive scheme
(when M = p) , we were unable to prove that the resulting
weight matrices are indeed binary, since orthogonal projectors
are only a subset of the entire solution set.

Numerical results seem to indicate that the recursive
scheme with M = p outcompetes the implementation with
M = p~ D, when the starting points are close to orthogonal
projectors. In Fig. 4 the numerical accuracy is shown for the
relationship that defines orthogonal projectors (in terms of the
converged weight matrices). For each molecule in the entire
test set, all atom pairs AB contribute to a matrix Cup that re-
duces to the zero matrix for perfect orthogonal projectors:

Cliy = wPws — s,5whe. (25)

The matrix element with a maximal deviation from zero in
Cap, for all atom pairs, is chosen to represent the accuracy
obtained for that molecule. A histogram is created from the
integer logarithms of these accuracy measures.

When M = p in Eq. (7), we indeed find that the relation-
ship associated with orthogonal projectors is extremely well
fulfilled by the weight matrices from the recursive scheme
(the largest nonzero element of the C4 matrices being smaller
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FIG. 4. Attained numerical accuracy in obtaining weight matrices that are
orthogonal projectors, through the use of the recursive scheme. For details,
see text.

than 10~%). Note that the accuracy limit (10~®) is determined
by the convergence criterion and this limit can be shifted to
smaller values by requiring a more tight convergence. There-
fore, we consider it as proven that even with this implementa-
tion (for which there is no airtight theoretical proof) the initial
weight matrices are transformed into perfect orthogonal pro-
jectors for every molecule in the test set. For the alternative
implementation of the recursive scheme (where M = p! ~ 1),
it is observed that for only half of the molecules in the test
set the largest nonzero element of the C4p matrices is smaller
than 107>, There are even cases for which an element larger
than 10~! was found, which is seemingly in contrast to the
theoretical prediction that for this implementation all the ob-
tained weight matrices should be orthogonal projectors. The
analytical proof, however, assumes that in Eq. (7) the ma-
trix p can be inverted. Since we started from Hartree-Fock
1DMs of the isolated atoms and of the molecule, nullspace
will inevitably be present in these matrices. We have replaced
zero eigenvalues in ,offf)‘ with a small value of 107> in order to
avoid this, an operation which has no effect on the final frag-
ments ,ofj). For M = p this is sufficient to remove nullspace
issues during the iterations. The M = p¢ ~ D scheme, however,
is less stable in this respect and the matrices become close
to singular during successive iterations. We checked that the
stability of the latter scheme is enhanced when small eigen-
values in ,05,0/)4 are replaced with a somewhat larger value of
1073, In that case, there is a drastic improvement of the accu-
racy values (which become consistently smaller than 103 for
all molecules), although this operation has a small effect on
the final fragments. It shows that the stability problem in this
scheme is just a numerical issue that disappears when there
are no (near) nullspaces in pggl)

Multiplying Eq. (25) on both sides with ()2, one
obtains

2 _1
Cith = Py (0°) 7 o5y — anpisy - (26)

where pffj) is a shorthand notation for the converged ma-

trix w T Mw . Expression (26) is an equivalent orthogonal-
projector relationship, but is restricted to the relevant or
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Testing of zero bond traces
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FIG. 5. Attained numerical accuracy in obtaining nonzero bond matrices
with a zero trace.

“occupied” part of space. It is clear from Fig. 4 that the weight
matrices from both recursive schemes satisfy these relation-
ships almost perfectly (the largest nonzero element of the C4p
matrices being consistently smaller than 10~%). This observa-
tion confirms that both schemes construct perfect orthogonal
projectors for the relevant subspace.

In Fig. 5, we examined which accuracy was obtained for
the zero bond traces, a direct consequence of the use of or-
thogonal projectors. For each molecule in the test set, the
largest bond trace is smaller than 107! when M = p, and
smaller than 107> when M = p~ 1. The implementation
with M = p performs consistently better, which is again tied
to the nullspace issue. To show that there are considerable
bond matrices for all molecules in the test set (also for the
ionic compounds), the largest element in the bond matrices is
also presented. There is no molecule for which all bond ma-
trix elements are smaller than 102,

In the current analysis, the 1DMs of isolated atoms pro-
vide the starting points of the iterative scheme. In this case,
the standard recursive scheme (where M = p) is superior
since it is more elegant and less prone to numerical problems.

J. Chem. Phys. 136, 014107 (2012)

On the other hand, the alternative recursive scheme (where
M = p@~ D) could be useful if, e.g., the iterative Hirshfeld
weight matrices would be chosen as the starting point for the
iterations. The iterative-Hirshfeld weight matrices (as used in
Ref. 12) are not close to a set of orthogonal projectors. As a
result, the standard scheme might converge to a nonorthogo-
nal solution, while such an event is excluded in the alternative
scheme (see Sec. II).

C. Interpretative advantages: Transferability
of the atoms and bonds

An approximate transferability of atoms and bonds in
molecules across similar compounds is a necessary criterion
for any ABIM approach. For techniques based on a partition-
ing of the molecular electron density over atoms, it is widely
recognized that transferability requires local atomic electron
densities. For density-matrix based approaches, localization
is a more subtle issue. It is easy to understand (see, e.g.,
Ref. 12) that a fragment p(r, r’) in any single-atom parti-
tioning scheme of the molecular 1DM cannot be localized to
the atomic region of A.

For a general double-atom partitioning of the molecu-
lar density matrix, as introduced in Eq. (2), several situations
can be considered. When the weight matrices wy are diago-
nal in r space, pap(r, r’) can be localized to the atom pair
AB, provided local weight functions wa(r) and wg(r) are
used. If these weight functions are also binary (as in QTAIM,
i.e., wa(r) = xa(r) = 0/1 if r is outside/inside the domain
of atom A), and therefore orthogonal projectors satisfying
Eq. (4), then the corresponding atomic 1DM fragments do not
have tails that stretch into the domains of other atoms,

P M ) =D dia@e N o). (27)

In Eq. (27), ¢;(r) and d; represent a molecular orbital and its
population.

In the SPA framework, the orthogonal projectors w, are
not diagonal in r space and small “orthogonalization” tails

TABLE II. Populations in ps4 are quite transferable to similar compounds. The first line indicates the valence orbitals
in isolated atoms (2s,2p,,2py.2p;). The second line indicates the type of bond these are prepared to form in the molecule
(Ip = lone pair, X = a heteroatom), according to the deformations of p44. The following lines list the populations of the
orbitals of pa4 in similar compounds, at the RHF/aug-cc-pVDZ level.

2s 2py 2py 2p, 2s 2py 2py 2p,
pcc(CH3) C-H C-H C-H C-X poo(OH) Ip Ip O-H 0-X
CH3H 1.18 1.22 1.22 1.22 HOOH 2.00 1.99 1.60 0.99
CH3CH3 1.12 1.21 1.21 0.99 HOCI 2.00 1.99 1.62 1.18
CH;3NH; 1.09 1.17 1.22 0.75 CH3;OH 1.98 1.96 1.59 1.40
CH30H 1.09 1.17 1.21 0.57 HCOOH 1.99 1.90 1.62 1.42
CH3F 1.11 1.22 1.22 0.43 HOH 2.00 1.98 1.64 1.57
CH;Cl 1.20 1.28 1.28 0.71 LiOH 1.98 1.98 1.59 1.58

2s 2py 2py 2p, 2s 2px 2pvv 2p,
P0oo(CO) Ip Ip C=0¢r) C=0() pcc(CO) C-H  C=O, C=0) C-X
HCOH 1.99 1.89 141 1.35 HCOH 1.11 0.58 0.64 1.13
HCOOCH3; 1.99 1.88 1.54 1.30 HCOOCH3 1.04 0.54 0.70 0.54
HCOOH 1.99 1.88 1.57 1.34 HCOOH 1.06 0.51 0.66 0.57
HCONH; 1.99 1.89 1.60 1.32 HCONH; 1.05 0.53 0.62 0.77
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TABLE III. Transferability of the bond orders B(:; A to similar compounds at the RHF/aug-cc-pVDZ level.

CH; CH;CH; CH,CH, CH3NH, CH;OH CH,O CHF; CHOOH HCN CHCH
BEFY 095 0.95 0.94 0.95 0.95 095 094 093 093 087
H,0 HOOH CH;0H HCOOH LiOH  HOCI
BSAY 065 0.61 0.64 0.61 0.64 0.62
NH; N;H,  CH;NH, CH,NH CHONH,
BYLY 083 082 0.79 0.79 0.75
H,CO HCOOH HCOOCH; HCONH,
BT 183 1.65 1.65 1.60
CyHy C3Hy C4Hg
BT 201 1.94 1.91

may appear on neighboring atoms (just as in NPA), as can
be inferred from Fig. 3 (b). However, these small tails have
little impact on the transferability of the atomic fragments.
This could already be expected from the excellent linear cor-
relation of the atomic charges in the new SPA method with
the atomic charges from a Hirshfeld-I AIM model."> A more
elaborate investigation is presented in Table II, that assesses
the transferability of some functional groups (CHs, OH, and
CO) within a wide range of chemical compounds. This assess-
ment is focussed on the orbital populations of pa4. It appears
that significant differences only appear in the orbital that at-
taches the functional group to the molecule (C-X, O-X and
C-X). The populations of free electron pairs and of orbitals
pointed towards the other atoms of the functional group are
remarkably constant. Transferability is of course important,
but the main goal of this scheme is to investigate the differ-
ences rather than the similarities between molecules, e.g., the
effect that electron delocalization in conjugated 7 systems has
on the orbital occupancies. One can infer from Table II that an
increased degree of conjugation (e.g., in HCONH,) boosts the
population of the p-orbital on O in CO that is involved in this
conjugated 7 system.

Let us now consider the transferability of the 1DM frag-
ments associated with the bonds (pap, A # B). Table III ad-
dresses the transferability of some bonds (CH, OH, NH, C=C,
C=0) within a wide range of chemical compounds. This
assessment is focussed on the covalent bond orders Bfg 4,
Again, these bond orders are remarkably constant in different
compounds. It is interesting to investigate the effect of 7 con-
jugation in some systems on the bond orders. One can infer
from Table III that an increased degree of conjugation (e.g.,
in HCONH,) suppresses the C=0 bond order in molecules
with a carbonyl functional group. In Sec. VI D, we elaborate
on these covalent bond orders.

D. Interpretative advantages: examination
of covalent bond orders

Hartree-Fock covalent bond orders are trivial in many
cases (e.g., homonuclear diatomic molecules), and their
reproduction is an excellent test for any ABIM scheme. In
Table 1V, the number of electron pairs shared between
“bonded atoms” B(Aslf 4 (Eq. (20)) is compared to the well-
established Hirshfeld-I SEDI-index B%I) at the Hartree-Fock

level of theory. For homonuclear diatomic molecules, it

is confirmed that values for B(Asg Y are quite close to the
integer values of the classical bond orders. In particular for
the halogen gases, the expected values are obtained. For the
Hirshfeld-I AIM model, values obtained for the SEDI-index
in these molecules are clearly larger than dictated by intuition
and would seem to indicate that the “free electron pairs”
contribute to the bond order. Note that this is a defect of the
Hirshfeld-I AIM model, not of the SEDI-index. For ionic
compounds, it is satisfying to observe that covalent bond
orders in the orthogonal projector framework deviate only a
few percent (0.03—0.08) from zero. Hirshfeld-I SEDI-indices
for these compounds are much larger (0.26-0.32). For polar
covalent compounds, values for the bond order indices are
inversely correlated with the charges on the atoms.

In Table V, the contribution of the individual atoms to
the bond (order) is examined (see Eq. (23)). Relative contri-
butions are presented as x& B = BI(QS(;A) / B;SBPA). The values
for x& B) indicate that in the ABIM framework, the atoms do
not contribute equally to the covalent bond. The contribution
is mainly determined by the atomic charge and can be approx-
imated (in the diatomic case) with the simple formula:

A ((b.o)ap — Qs+ Fu)
(4B) — 2(b.0) a5

where (b.0.)4p is the classical number of bonds between the
atoms (covalent or ionic), Q4 is the atomic charge determined
from the AIM and F} is the formal charge. Note that for zero
charges on the atoms, the classical number of dative bonds is
obtained as |x(ﬁ3) — X hp)|(b.0)aB.

; (28)

TABLE IV. Comparison of the covalent bond orders obtained in the or-
thogonal projector framework (Bfg A)) with the well established iterative-
Hirshfeld SEDI-index (B(AHB’) ). Values, calculated at the RHF/aug-cc-pVDZ
level, are shown for the diatomic molecules in the test set.

R R

H, 1.00 1.00 LiH 0.26 0.08
F 1.58 1.01 LiF 0.26 0.05
Cl, 1.75 1.04 NaCl 0.32 0.03
Lijp 1.03 1.00 HF 0.80 0.48
(o)) 2.69 2.02 CcO 2.84 2.15
No 3.33 3.02 HCI 1.12 0.91
Sy 2.77 2.04 H,O 0.88 0.65
P, 3.29 3.01
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TABLE V. The contribution of the individual atoms to the covalent bond,
for the diatomic molecules in the test set calculated at the Hartree-Fock level.
The covalent bond order B;SBPA) and its relative contributions from the atoms
( x(f)\ p)and x(li‘ p) ) are determined within the orthogonal projector framework.
Note that x& Bt x& B = 1. The relative atomic contributions can also be

estimated with a simple formula ( xéAf‘ p) and x(’ f‘? p) ) from the atomic charges

Oa.

O Op BZSBPA) x&s) x(’fw) xéﬁs) x(/fs)
LiH 0.96 —0.96 0.08 0.02 0.97 0.02 0.98
LiF 0.97 —-0.97 0.05 0.01 0.98 0.01 0.99
NaCl 0.98 —0.98 0.03 0.01 0.99 0.01 0.99
HF 0.70 —0.70 0.48 0.12 0.87 0.14 0.86
CO 0.57 —0.57 2.15 0.24 0.75 0.24 0.76
HCl 0.34 —0.34 0.91 0.33 0.67 0.34 0.66

At the post-Hartree-Fock level, the number of electron
pairs shared between the 1DMs p,®of the bonded atoms
is generally lower than in Hartree-Fock (see Table VI). This
can be roughly understood by considering that previously
unoccupied orbitals in these atoms now have a small occu-
pation, but contribute less efficiently to the bond order in-
dex than the previously fully occupied orbitals (with, e.g.,
o and m shapes), whose occupation is now somewhat re-
duced. For the polar bonds, it is observed that some covalent
bond order indices are larger with respect to the Hartree-Fock
case. This is related to the less polar character of the bonds

5 T T T
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(a)Covalent bond order in N
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TABLE VI. Covalent bond orders obtained in the orthogonal projector

framework (B(Asg A>) for the diatomic molecules in the test set. Values are

calculated at the full-valence CASSCF/aug-cc-pVDZ level of theory.

BI(L‘SBPA) B,(ASBPA)

H; 0.95 LiH 0.13
F 0.77 LiF 0.08
Cl 0.93 NaCl 0.05
Lip 0.79 HF 0.54
0, 1.35 CcO 2.15
N, 2.78 HCI 0.87
S2 1.44

P 2.64

in these compounds at the correlated level (smaller atomic
charges).

Calculations at the post-Hartree-Fock level are required
to obtain reasonable indices for the covalent bond orders of
molecules undergoing bond breaking and formation. As il-
lustrated in Fig. 6 for N, and HF, Eq. (20) has the cor-
rect dissociation behavior at the full-valence CASSCEF level,
whereas the bond order index incorrectly evolves towards a
constant nonzero value in the Hartree-Fock dissociation limit.
Fig. 6(b) displays the covalent bond order of the polar HF
molecule for bond lengths R4p varying from the equilibrium
bond length Ry. Fig. 6(c) displays the associated charge on
the H-atom. Values for very short internuclear distances are

full-valence CASSCF —e—
ROHF —o—
0.8 f Ras=Ro o
‘@
= 0.6 1
)
=
o 04 ¢ 1
0.2 r 7
0 L L L L L
0 0.5 1 15 2 2.5 3

Rag (A)
(b)Covalent bond order in HF

0.8 rCe®

0.6

Qa

04
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full-valence CASSCF —e—
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1.5 2 25 3

Rag (&)

(c)Charge on the H-atom in HF

FIG. 6. Covalent bond order indices B(ASBPA) in the N and HF molecules for bond lengths R4p varying from the equilibrium (B3LYP/aug-cc-pVDZ) bond
length Ry. The covalent bond order index was determined at the RHF/aug-cc-pVDZ and full-valence CASSCF/aug-cc-pVDZ levels of theory.
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chemically not relevant. It appears that covalent bond orders
initially rise when the molecule starts dissociating, because
atomic charges decrease and the molecule becomes less po-
lar. At the dissociation limit, the CASSCF bond order and the
atomic charges correctly drop to zero. The RHF bond order
and atomic charges remain nonzero for large internuclear dis-
tances, and we checked that a value close to 1.0 is obtained
at the dissociation limit. This is a typical RHF error. In UHF
calculations, values for the covalent bond order fall to zero for
large internuclear distances.

VIl. CONCLUSIONS

Recently, we developed a double-atom partitioning of the
molecular 1DM to describe atoms and bonds. The concept of
atomic weight functions (familiar from Hirshfeld analysis of
the electron density) is extended to atomic weight matrices.
These weight matrices are determined iteratively by a stock-
holder approach, starting from the 1DMs of isolated atoms.
The iterative procedure ensures that the weight matrices are
orthogonal projectors on atomic subspaces, which has signif-
icant advantages in the interpretation of the bond contribu-
tions. This new scheme is referred to as SPA. All calculations
are done in Hilbert space.

In the current paper, we provide evidence that chemically
relevant orthogonal projection operators can be constructed
using a recursive scheme. Numerical evidence was supplied
for the recursive scheme used in Ref. 15 and solid theoretical
proof could be obtained for a slightly adapted scheme.

We also examined the advantages associated with the
SPA framework, with respect to transferability, bond orders
and bond polarization. The atomic fragments of the molecular
1DM are clearly local. The final shape of the atomic orbitals
is based on the isolated-atom 1DMs used as a starting point
of the iterative procedure, but also reflects the molecular
environment in a sense that these resemble fragmented
bonding orbitals and free electron pairs. The populations of
the orbitals associated with functional groups are remarkably
constant. For the bond fragments, the analysis was focussed
on covalent bond orders. The Hartree-Fock (HF) level of the-
ory was applied to test the ability of the scheme to reproduce
well-established information and known trends. In contrast
to HF bond orders from a Hirshfeld-I analysis, HF covalent
bond orders from the current scheme are small for ionic com-
pounds and integer values are reproduced for homonuclear
diatomic molecules. At the full-valence CASSCEF level, cova-
lent bond orders approximate typical Hartree-Fock values for
equilibrium bond lengths, but (correctly) fall to zero at the
dissociation limit. In the framework of orthogonal projectors,
it is possible to assess approximately the contributions from
the individual atoms to the covalent bond (order). These
contributions provide a measure for the “dative” character of
covalent bonds.
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APPENDIX: ANALYTICAL PROOFS OF SEC. Il

Lemma 2.1. If M = p ~ V in Eq. (7), then the converged

weight matrices wifo) are idempotent.

Proof: If M = p~ 1 in Eq. (7), then we can use the
shorthand notation,

(AL)

(00) (00), (00) '(00)
wy P W = P

to write down the converged solution of the recursive scheme
in Eq. (7):

1 ! 1
wi® = (0720, (p) 2 (A2)
(OO) _ Zp (00)' (A3)

By substituting Eq. (A2) in Eq. (A1), we obtain an equation,

(p(oo))—f '(00) (OC)(p(oo))—f '(00)

ZPaa Paa = Pas » (A4)

that can be multiplied on both sides by p 4 4 (00)

root of the resulting expression becomes

so that the square

PA PN Y = (37 (AS)

After multiplying the left 51de of Eq. (A4) by p ;"O)(p(‘”))_%

and the right side by (,0(00)) é A ), the square root of that
expression can be simplified on the right hand side by twice
substituting Eq. (AS) into it,

1
PAD N = (P () (02 pY)?

(00)) (p(oo)) p(OO))%
301
() (01))?

P (A6)

(o
(

A simple multiplication of Eq. (A6) on both sides with
(0©))~3 retrieves

(W)’ = w, (A7)

establishing that the atomic weight matrices are idempotent
or binary in Hilbert space.

Lemma 2.2. If the converged weight matrices wffo) are
idempotent, then they are orthogonal.

Proof: Suppose that xp ; is a normalized eigenvector of

wg’o) with unit eigenvalue. Then

T (00) R C— T J—
Xg (E Wy )xB,j —xB_jIxB,J = Xg jXB,j = 1.
A

(A8)
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The left hand side of Eq. (A8) can be rewritten,

x (Wi )xs g gy | Do wl | xmy =1
A#B
1+xB] Zw(oo) g =1 (A9
A#B

and therefore we have

leTz,j(w( )

W )xp; =0. (A10)
A+£B
However, since the atomic weight matrices are positive

semidefinite by construction, this implies that for every
A # B:

x;j (w;m)).xB] = O,

(00)

('LUA )xB,j =0. (All)

And so any eigenvector of wg)o) with unit eigenvalue is an
eigenvector of all the other weight matrices with zero eigen-
value. An explicit way to show that binary weight matrices are
orthogonal is to expand an arbitrary trial vector in the eigen-
basis of w'®. Then

(00), (00)

w, Wwg (A12)

E ijB,j = 0,
j

because either (wB xp,j=0) or (wB xp,j =xp,; and
(00) =0
wy, xp ;= 0).

Since Eq. (A12) is true for every trial vector, this implies

that the weight matrices must be orthogonal:

(00) . (c0) =0

W, wp (A13)

Lemma 2.3. When idempotent weight matrices enter the
recursive scheme of Eq. (7), immediate convergence is ob-
tained.

Proof: With the shorthand notation,
Pl =w " Mw ", (Al4)

and the assumption that for iteration (i-1) the weight matri-

ces are binary [wx_]) = (wx_l))z], the following equation is
obtained:
1 1
par=wh piawi . (A15)

When both sides of this equation are multiplied by (p, (’))’,
and the square root of the resultmg expression is multiplied

once more on both sides by (o4 <'))2 we arrive at

(p(l)) (i) (l D (@)

aA) = PaaWa  Paa- (A16)

Since the weight matrices are binary and therefore orthogonal,
if follows from p® =", p é’g that

(pi2)” = pufi "o,

and the result can be rewritten in terms of the weight matrices
for iteration (i-1) and (i):

(t i} ((1)) ( (l))z(p(i))—l’

(A17)

J. Chem. Phys. 136, 014107 (2012)

-
w{ ™ = ()72 ((0™) T p (™))
i)\— L i)\— L
<o (0" 20,50 2)(p )2,
(t D — (pV)~ 2w(z) (i) (t)(p(z)) 2. (A18)

A similar relationship between the weight matrices for itera-
tion (i-1) and (i) can be obtained, starting from the definitions
of w} and p ) JOR

P (o)1,

(l I)Mw(l 1)(10(1))—*

= (")

= (p")

Matrix M can be substituted, using the idempotency and or-
thogonality for the weight functions,

(z I)wa 1)_( (i—l))ZM(wX‘—l))Z
- )

=Dy G ((EaV]
= (wy™)p"(wi ™),
after which the relationship between the weight matrices for
iteration (i-1) and (i) (Eq. (A19)) becomes

(A19)

(A20)

l) — (p(i))_%wx l)p(z)w(, 1)(10(1'))—%. (A21)

Equatlons (A18)and (A21) are equal apart from interchang-
ing w(A and w(') Therefore, when the system of these equa-
tions is solved w1th the substitution method, it appears that

wi ™ =wl, (A22)

Lemma 24. If M = p in the recursive scheme of
Eq. (7), then it is in principle not excluded that particular
non-idem j (0o) i

potent solutions w, ~ result from the recursion.

Proof: The Convergence limit of the iterative scheme is

P> = Z wgfo)Mw(fo) (A23)
A
We have, then, that
(P2 = wFMuY.  (A24)

Consider a system with k fragments. Suppose that all the frag-
ments had the same weight matrix,

1
w® = o (A25)
Then
pe =3 I m(ir)=1u (A26)
k k ko

A

Inserting into Eq. (A24) reveals that this is also a particular
solution,

1 1

(1) ) (i) = ()i

(A27)
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