
Computational and Theoretical Chemistry 1003 (2013) 101–113
Contents lists available at SciVerse ScienceDirect

Computational and Theoretical Chemistry

journal homepage: www.elsevier .com/locate /comptc
A size-consistent approach to strongly correlated systems using a generalized
antisymmetrized product of nonorthogonal geminals

Paul A. Johnson a, Paul W. Ayers a,⇑, Peter A. Limacher a, Stijn De Baerdemacker b, Dimitri Van Neck b,c,
Patrick Bultinck d

a Department of Chemistry & Chemical Biology, McMaster University, Hamilton, Ontario, Canada
b Ghent University, Department of Physics, Proeftuinstraat 86, 9000 Gent, Belgium
c Ghent University, Center for Molecular Modeling, Technologiepark 903, 9052 Zwijnaarde, Belgium
d Ghent University, Department of Inorganic and Physical Chemistry, Krijgslaan 281 (S3), 9000 Gent, Belgium

a r t i c l e i n f o a b s t r a c t
Article history:
Received 17 August 2012
Received in revised form 27 September 2012
Accepted 27 September 2012
Available online 6 October 2012

Keywords:
Antisymmetrized product of geminals
wavefunctions
Strong electron correlation
Richardson Hamiltonian
Lie Algebraic Hamiltonians
Bethe Ansatz
Off-shell Bethe vectors
2210-271X/$ - see front matter � 2012 Elsevier B.V.
http://dx.doi.org/10.1016/j.comptc.2012.09.030

⇑ Corresponding author. Tel.: +1 905 973 2710; fax
E-mail address: ayers@mcmaster.ca (P.W. Ayers).
Inspired by the wavefunction forms of exactly solvable algebraic Hamiltonians, we present several wave-
function ansatze. These wavefunction forms are exact for two-electron systems; they are size consistent;
they include the (generalized) antisymmetrized geminal power, the antisymmetrized product of strongly
orthogonal geminals, and a Slater determinant wavefunctions as special cases. The number of parameters
in these wavefunctions grows only linearly with the size of the system. The parameters in the wavefunc-
tions can be determined by projecting the Schrödinger equation against a test-set of Slater determinants;
the resulting set of nonlinear equations is reminiscent of coupled-cluster theory, and can be solved with
no greater than O (N5) scaling if all electrons are assumed to be paired, and with O (N6) scaling otherwise.
Based on the analogy to coupled-cluster theory, methods for computing spectroscopic properties, molec-
ular forces, and response properties are proposed.

� 2012 Elsevier B.V. All rights reserved.
1. Motivation

Modern quantum chemistry, at both the conceptual and com-
putational levels, is dominated by the orbital paradigm [1,2]. For
example, most of our understanding of chemical processes is based
on molecular orbital theory, in which electrons are assigned to
occupied orbitals, while virtual (unoccupied) orbitals are accessible
by electronic excitation. The wavefunction that corresponds to this
conceptual framework is a single Slater determinant.

Slater determinants are the foundation for all of the most pop-
ular methods in computational quantum chemistry [2,3]. In some
methods (Hartree–Fock, Kohn–Sham density functional theory),
the wavefunction is a single Slater determinant. Other methods at-
tempt to add corrections to the Slater determinant picture, typi-
cally by including excited-state electron configurations
(configuration interaction, coupled-cluster). These approaches
tend to fail for systems where the Slater determinant is a bad start-
ing point for approximating the true wavefunction unless an expo-
nential number of excited-state configurations are included. Such
systems are said to be strongly correlated [4].
All rights reserved.

: +1 605 974 2710.
When electrons are strongly correlated, the orbital picture breaks
down: it is no longer useful, either conceptually or computationally,
to classify orbitals as occupied or unoccupied. However, practical
and simple forms for the wavefunction may still exist. A classic
example of a strongly-correlated system is a superconductor, and
while a simple wavefunction built from orbitals is not appropriate,
a simple wavefunction built from Cooper pairs (geminals) is [5].

The purpose of this paper is to present families of wavefunctions
that are appropriate for both strongly-correlated and weakly-corre-
lated electronic materials. The forms we propose are still mean-field
models in the sense that the number of parameters in the wavefunc-
tion grows linearly with the size of the system. However, the wave-
function forms are based on antisymmetrized products of
nonorthogonal geminals. In these models, it is the pairs of electrons
that are weakly correlated to each other, not electrons themselves.

Unfortunately, the equations for determining wavefunctions
built from antisymmetrized products of nonorthogonal geminals
are computationally intractable. To circumvent this problem, many
authors have imposed orthogonality restrictions on the geminals
[6,7]. Our approach is different: in Section 2. A we will present a
special mathematical structure; when the nonorthogonal geminals
have this structure the wavefunction is said to be an antisymmet-
rized product of rank-two geminals (APr2Gs), and the equations for
determining the wavefunction are computationally tractable (Sec-
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tion 2.3). The APr2G form was inspired by the eigenfunctions of the
Richardson Hamiltonian, which can be determined by a Bethe an-
satz (Section 3.1) [8,9].

The APr2G wavefunction requires each electron to be paired (al-
beit not necessarily to an electron with the opposite spin); it is
associated with glð2;CÞ: the general linear algebra of degree 2 on
the field of complex numbers, the set of complex 2 � 2 matrices.
In Sections 3.2,3.3,3.4, wavefunctions that are appropriate for sys-
tems with unpaired electrons are derived by considering algebras
of higher degree, glðnjkÞ. glðnjkÞ is the general linear algebra acting
on n bosonic states (integer spin) and k fermionic (half-integer
spin) states.

Methods for computing properties from these wavefunctions
are proposed in Section 4; these methods are similar to those in
coupled cluster theory. Section 5 provides a summary of the main
results in the paper. Readers who are primarily interested in the
key results may safely skip Section 3, which is focused on the
mathematical tools needed to derive the results in Section 2 and
extend them to systems with unpaired electrons.

2. Pairing Models for the Wavefunction; glð2;CÞ

2.1. Pairing models

The Slater determinant is an antisymmetrized product of one-
electron wavefunctions, called spin–orbitals. When this model is
not appropriate, the next simplest model is an antisymmetrized
product of two-electron wavefunctions, called geminals. In second
quantization, the operator for creating an electron pair is

bGyp ¼X2K

i;j¼1

cij;payj a
y
i ð1Þ

with cij = �cji. Throughout this paper, K denotes the number of spa-
tial basis functions. By a suitable unitary transformation of the
spin–orbital basis [6,10], the pair-creation operator may be rewrit-
ten as a sum over pairs of spin–orbitals,

bGyp ¼XK

i¼1

ci;pay2ia
y
2i�1 ¼

XK

i¼1

ci;payi a
y
�i

ð2Þ

This is typically called the ‘‘diagonal’’ or ‘‘natural’’ form for the gem-
inal. Typically the spin–orbitals indexed with i and �i are the a- and
b-spin forms of the same spatial orbital; when this is not true, one is
using broken-symmetry geminals [11,12]. (Obviously this is not
true if the geminal is not a singlet. However, we will not even re-
quire that the geminal is a spin eigenfunction.) Hereafter, we will
use the word ‘‘orbital’’ to refer to a spin–orbital.

The wavefunction ansatz we choose is an antisymmetric prod-
uct of P geminals,
jWi ¼
YP

q¼1

Gyqjhi ¼
XK

i1¼1

ci1 ;1ayi1 ay�i1

 ! XK

i2¼1

ci2 ;2ayi2 ay�i2

 !
� � �

XK

iP¼1

ciP ;PayiP ay�iP

 !
jhi ð3Þ

where P is the number of electron pairs and where jhi denotes the
vacuum state. The vacuum state does not need to be the physical
vacuum, only a vacuum with respect to the creation of geminals.
For example, one can use a model wavefunction like this only in a
small active space by choosing a many-electron vacuum state.
States with an odd number of electrons can be treated quite simply
by using a one-electron state as the vacuum.

In the 1970s, an alternative form of antisymmetrized product of
geminals, based on the antisymmetrized product of N(N � 1)/2 pair
functions, was proposed by Silver and explored by Náray-Szabó
[13–15]. This ‘‘all pairs’’ wavefunction does not seem to lend itself
to the type of analysis performed here. For example, in the all-pair
wavefunction, the pair functions are defined in the Banach space
L2ðN�1Þ, which means that a second-quantized description is proba-
bly extremely difficult. (Banach spaces are not self-dual, so the cre-
ation operators would act on L2ðN�1Þ, while the annihilation
operators would act on Lð2N�2Þ=ð2N�3Þ.)

Eq. (3) is an antisymmetrized product of nonorthogonal gemi-
nals. It is not the most general possible form, however, because all
the geminals share the same pairing scheme for the orbitals (i.e.,
the same unitary transformation converts the mathematical form
in Eq. (1) to the form in Eq. (2) for all the geminals, p = 1, 2, . . . , P).
Without this assumption, geminal product theories are very compli-
cated mathematically and very expensive computationally [16,17].

The wavefunction in Eq. (3) can be expanded in terms of Slater
determinants,

jWi ¼
X
½fPigP �

/½fPigP � ĝy1
� �P1 ĝy2

� �P2 � � � ĝyK
� �PK jhi ð4Þ

where

ĝyi ¼ ayi a
y
�i

ð5Þ

generates an electron in the ith set of paired orbitals and the nota-
tion [{Pi}P] indicates that the sum runs over all possible ways of par-
titioning P pairs of electrons into the K pairs of orbitals,

XK

i¼1

Pi ¼ P 0 6 Pi: ð6Þ

The expansion coefficient is

/½fPigP � ¼
1

P1!P2! � � � PK !
jC½fPigP �j

þ ð7Þ

where jCj+ denotes the permanent of C. The C matrix has the coef-
ficients of each Gyq listed in the rows and the columns lists the coef-
ficients of ĝyi , each of which appears Pi times,
ð8Þ
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Eq. (7) is valid for the general boson case, where it is possible to put
multiple bosons into a single state. We will not derive Eq. (7) in the
general case: because electron pairs are hard-core bosons, repeated
operations are zero in our method ( ĝyi

� �n ¼ 0 for n > 1). The perma-
nent arises because it is the coefficient of ôk1 ôk2 � � � ôkP in the
polynomialYL

l¼1

XK

k¼1

ck;lôkl

 !
ð9Þ

when the operators in the sum commute, ôkôl ¼ ôlôk. This estab-
lishes the validity of Eq. (7) for all terms with Pi 2 {0,1}, which suf-
fices for electron pairs. If the operators anticommuted, ôkôl ¼ �ôlôk,
then the coefficient of ôk1 ôk2 � � � ôkL would be the determinant, jCj�.
(This will be useful in Section 3, where the open-shell case is
treated.)

Eq. (7) is of limited computational utility because the perma-
nent of a general matrix cannot be computed in polynomial time.
We need to choose a special structure for the coefficients of the
geminals so that the permanent can be computed. A key result is
given by Borchardt’s theorem [18], which implies that if the gem-
inal coefficients have the form,

ci;p ¼
1

ei � kp
; ð10Þ

then the permanent is just a ratio of determinants,

j½ci;p�jþ ¼
jC½fPigP � � C½fPigP �j

�

jC½fPigP �j
� ð11Þ

where C½fPigP � � C½fPigP � denotes the Hadamard product of C½fPigP � with
itself; this is the matrix whose elements are the squares of the en-

tries of the original matrix, C½fPigP � � C½fPigP � � c2
i;p

h i
[19,20]. (N.B. There

is an analog of Borchardt’s theorem that allows Hafnians to be con-
verted to Pfaffians [21], which may be useful, given the recent inter-
est in Pfaffian wavefunctions in the quantum Monte Carlo
community [12,22,23]).

Borchardt’s result was generalized to generic rank-two matrices
by Carlitz and Levine [24] given complex numbers fapgP

p¼1; feigK
i¼1;

fbigK
i¼1; fkpgP

p¼1, if the geminal coefficients in Eq. (2) are the recipro-
cal of the elements in a rank-two matrix,

ci;p ¼
1

apei þ bikp
; ð12Þ

then Eq. (11) still holds. This is the type of coefficients we will use.
Our wavefunction ansatz is then,

jWða; e;b; kÞi ¼
YP

p¼1

XK

i¼1

ayi a
y
�i

apei þ bikp

 !
jhi: ð13Þ

We call this the antisymmetric product of rank-two geminals,
APr2G. It can be expanded in terms of Slater determinants, (4),
where the coefficients in the expansion have the form of a ratio of
determinants,

/½fPigP � ¼
1

ðapeiþbikpÞ2

h i��� ����
1

apeiþbikp

h i��� ���� ð14Þ

where only the columns corresponding to the occupied orbitals ap-
pear in the matrix (cf. Eq. (8)).

2.2. Links to other models

In order to elucidate the relationship between the APr2G wave-
function and previous models, it is helpful to rewrite Eq. (13) in the
form
jWðm; f; ~e; ~kÞi ¼
YP

p¼1

mp

XK

i¼1

fia
y
i a
y
�i

~ei þ ~kp

 !
jhi ð15Þ

with

~ei ¼ ei=bi

fi ¼ 1=bi

~kp ¼ kp=ap

mp ¼ 1=ap

ð16Þ

The constant prefactors, mp, can be chosen to normalize the gemi-
nals, but because they merely change the normalization of the
wavefunction, they are not optimizable parameters. To make this
clear, we rewrite the wavefunction form one final time,

jWmðf; ~e; ~kÞi ¼
YP

p¼1

mp

 !YP

p¼1

XK

i¼1

fi

~ei þ ~kp

ayi a
y
�i

 !
jhi ð17Þ

When we expand this wavefunction in terms of Slater determi-
nants, we have

jWmðf;~e;~kÞi¼
YP

p¼1

mp

 ! X
mi¼f0;1g

PK

i¼1
mi¼P

��� � fi

~eiþ~kp

�����
�����
þ

ay1ay�1

� �m1
ay2ay�2

� �m2
� � � ayK ay�K

� �mK
jhi

ð18Þ

where fi
~eiþ~kp

��� ���þ is a permanent of a matrix that includes only the con-
tributions from the orbitals with mi = 1 (cf. Eq. (8)). The wavefunc-
tion in Eq. (15) is a generalization of the wavefunction form one
obtains from a completely factorizable interaction [25], i.e. an inter-
action that may be decomposed

bV ¼X
ij

Cia
y
i a
y
�i

� �
ðCja�jajÞ ð19Þ

Examples of such models include p + ip wave [26–28] and d + id
wave superconductors [29], along with related models for heavy
nuclei [30]. In these models, the ~ei are interpreted as orbital ener-
gies and the ~kp are the energies of electron pairs, or quasimomenta
(because we imagine them to be the energy of the noninteracting
electron pairs) [31].

Eq. (17) clarifies that the APr2G wavefunction is an antisym-
metrized product of nonorthogonal geminals. It has close links to
other wavefunction forms that are based on pairing electrons in
geminals [7]. For example, the antisymmetrized geminal power
wavefunction (AGP, [32–36]) is the special case where
~e ¼ 0; ~k ¼ 1. AGP is an antisymmetrized product of rank-one gemi-
nals: APr1G = AGP. A special case of AGP is the Slater determinant
wavefunction, which arises when ~e ¼ ~k ¼ 1, with fi = 1 for the
occupied orbitals and fi = 0 for the unoccupied orbitals.

There are also links to conventional quantum chemistry meth-
ods. An antisymmetrized product of strongly orthogonal geminals
(APSGs) form was proposed [6,37,38] and explored [35,39–54] as a
wavefunction form in the 1950s and 1960s, and use of the APSG
wavefunction form continues to the present day [7,55–67]. (The
generalized-valence bond (GVB) wavefunction, ‘‘perfect pairing’’
wavefunction, and Piris natural orbital functional version 5
(PNOF5) are special cases of APSG [6,7,68–75].) The APSG is a lim-
iting case of the present form: choose f = 1, then choose ~kp ¼ pD. ~kp

can be interpreted as the characteristic energy of the pth electron
pair and if one examines the form of the geminal creation operator,
Eq. (13), it is clear that only the orbitals whose energy, ~ei, is close to
~kp make significant contributions to the pth geminal. As the spac-
ing between the pairing energies goes to infinity (D ?1), each
geminal is built from a distinct orbital subspace, which is the char-
acteristic feature of strongly orthogonal geminal product wave-
functions [76,77]. The APSG wavefunction is also a special case of
the Richardson wavefunction, which arises from APr2G when
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f = 1, with ~k and ~e related to each other by Richardson’s equations
[8,9].

There is also a link to the variation-after-projection Hartree–
Fock Bogoliubov (PHFB) method [78–85] that Scuseria et al.
[11,86–88] are developing for the electronic structure problem.
Their wavefunction has a very similar form to AGP (cf. Eq. (5) in
Ref. [11]), and for a system with an even number of electrons, after
projecting onto a state with the correct number of electrons, PHFB
gives the ~e ¼ ~k ¼ 1 case of Eq. (15). Just as in PHFB, we can consider
cases where the orbital-pairing scheme is increasingly flexible. If
we write our geminals in the form

bGyp ¼XK

i¼1

ci;payi a
y
Kþi ð20Þ

and build the orbital basis for Eq. (20) as a unitary transformation of
the orthonormal spin–orbitals,

aþi jhi ¼
X2K

j¼1

ui;j~ayjjhi ð21Þ

where the orbitals created by ~ayj and ~ayKþj have the same spatial
part, but differ because /j is an a-spin orbital for j = 1, 2, . . . , K
and /j is a b-spin orbital for j = K + 1, K + 2, . . . , 2K. The unitary
transformation can be written as a block matrix,

U ¼
Uaa Uab

Uyab Ubb

" #
: ð22Þ

More typically, one would restrict oneself to real coefficients, so one
would have an orthogonal (as opposed to a unitary) basis set
transformation,

Q ¼
Q aa Q ab

Q T
ab Q bb

" #
ð23Þ

The link between our approach and the PHFB approach is clarified
by considering a hierarchy of increasingly general pairing schemes
and relating these to the corresponding PHFB labels. Specifically, we
can consider pairing orbitals which (1) have the same spatial part
and differ only in spin (‘‘R’’;Qab = 0;Qaa = Qbb), (2) have different
spatial parts but differ in spin (‘‘U’’,Qab = 0,Qaa – Qbb), and (3) are
arbitrary orbital pairs and not necessarily eigenfunctions of ŝzð1Þ
(‘‘G’’,Qab – 0;Qaa – Qbb). Projecting the RHFB, UHFB, and GHFB
functions onto the N-electron space (NRHFB, NUHFB, NGHFB) gives
antisymmetrized geminal power wavefunctions with unbroken
(NRHFB = AGP) or broken (NUHFB = UAGP; NGHFB = GAGP) sym-
metry geminals [12,22,23,89]. NGHFB is the most general APr1G
wavefunction, and is thus a special case of the APr2G wavefunction.
The NUHFB and NGHFB wavefunctions are generally not spin eigen-
functions, but spin symmetry can be restored by projection (i.e.,
SNGHFB). Projecting the wavefunction cannot decrease the energy
because the wavefunction after a projection must still be in the Hil-
bert space of number-projected HFB wavefunctions. Except for the
complex number symmetry restoration, denoted K, for which the
wavefunction form is not obvious, the entire PHFB hierarchy is con-
tained inside APr1G, and therefore is a special case of APr2G.

One implication of our results is that the PHFB approach can be
extended to wavefunctions with the more general form,

j eWmðf; ~e; ~kÞi ¼
YK

p¼1

mp

 !YK

p¼1

XK

i¼1

1þ fi

~ei þ ~kp

ayi a
y
�i

 ! !
jhi ð24Þ

without a debilitating increase in computational expense. The link
between APr2G and other popular wavefunction forms is summa-
rized in Fig. 1.

The APr2G wavefunction is a special case of the most general
antisymmetrized product of geminals wavefunction, where the
geminals are allowed to be nonorthogonal and have no special
structure [48]. This most general form of geminals is computation-
ally daunting and mathematically intimidating [17], so we re-
stricted the form of the geminal product so that all of the
geminals have the same orbital-pairing scheme. This restriction
was originally proposed by Silver [90,91], who calls the wavefunc-
tion in Eq. (3) an antisymmetric product of interacting geminals
(APIGs). Even the APIG form is not computationally facile [92],
however; the appearance of the permanent in the expansion coef-
ficients (cf. Eq. (7)) indicates that directly employing the APIG
wavefunction is likely to be challenging. The restricted form of
APIG in Eq. (13) is computationally facile, however.

Finally, the APr2G wavefunction is a special case of the doubly-
occupied configuration interaction (DOCI) calculation method that
was first proposed in the context of reduced density matrix theory
by Weinhold and Wilson [93]. When the orbitals are optimized
(i.e., configuration interaction is extended to multi-configuration
self-consistent field (MCSCF)), this method is referred to as com-
plete MCSCF [94,95], doubly-occupied MCSCF [96], pair-excited
MCSCF [96–103], even-replacement MCSCF [101], closed-shell-
MCSCF [104], and seniority-zero MCSCF [97]. These methods are
CI (or MCSCF, where the spin–orbitals are optimized) calculations
including all the Slater determinants in which every orbital pair
is either unoccupied or doubly occupied. The unpaired electron
configurations contribute most of the correlation energy in larger
molecules, and the APr2G wavefunction ansätz, like DOCI and its
APSG wavefunction special case, is not expected to recover dynam-
ical correlation effects [97]. The APr2G wavefunction includes the
electron correlation between paired electrons (intra-geminal cor-
relation) but the correlation between electron pairs (inter-geminal
correlation) is neglected, just like it is in any antisymmetric gemi-
nal project form. We anticipate, however, that it is a suitable start-
ing point for dynamical correlation theories, and that the
techniques that have been used to address dynamical correlation
with the APSG wavefunction [7,61–63,105] will be even more
effective if the APr2G wavefunction is used as a starting point.

In agreement with Bytautas et al.’s results [97], our preliminary
calculations suggest that optimizing the orbitals is important, and
can significantly increase the fraction of the correlation energy that
is obtained with DOCI. Our preliminary calculations also suggest
that the APIG wavefunction gives results that are almost numeri-
cally indistinguishable from orbital-optimized DOCI [106]. While
APIG is not computationally tractable, these results encouraged
us to develop computational procedures for determining the
parameters in the APr2G wavefunction.

2.3. The projected-Schrödinger equations for the APr2G wavefunction

To optimize the parameters in the wavefunction (17), we use
the projected Schrödinger equation,

hUtestjbHjWmðf; ~e; ~kÞi ¼ EhUtestjWmðf; ~e; ~kÞi ð25Þ

or, equivalently,

hbHUtestjWmðf; ~e; ~kÞi ¼ EhUtestjWmðf; ~e; ~kÞi: ð26Þ

Here Utest is any N-electron wavefunction, but the conventional
choice is a Slater determinant. The idea of using the projected
Schrödinger equation, instead of the variational method, is standard
in coupled cluster theory [107]. In the context of geminal product
wavefunctions, the idea of using the projected Schrödinger equation
was proposed by Cullen [108] and developed further by the Head-
Gordon group [74,109,110].

Because the overlaps between Wmðf; ~e; ~kÞ and Slater determi-
nants can be computed efficiently, we choose Utest in Eq. (25) to
be Slater determinants. It seems logical to choose the determinant



Fig. 1. The antisymmetrized product of rank-2 geminals wavefunction (APr2G; cf. Eq. (15)) and its relationship to other, more common, wavefunction forms in quantum
chemistry. See Section 2.2 for details. The coefficients in the Richardson wavefunction have the form of Eq. (10). APSG is the antisymmetric product of strongly orthogonal
geminals, which includes the generalized valence bond (GVB) wavefunction (also known as perfect-pairing, PP) as a special case. AGP is the antisymmetrized geminal power,
and PHFB is the projected Hartree–Fock–Bogoliubov wavefunction; unlike the other wavefunctions on this diagram, they are not size-extensive. All of these wavefunctions
are exact for two-electron systems.
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defined by occupying the lowest-energy pairs (Hartree–Fock) and a
subset of its pair-excited determinants,

jUa�a
i�i i ¼ ayaay�aa�iaijUHFi; ð27Þ

as test functions, but other choices are possible. Note that because
there are only 2K + 2P unknown parameters, only a small number
of Slater determinant test functions suffice to determine all the un-
known parameters. Adding more test functions than needed con-
verts the problem from a system of nonlinear equations to a
nonlinear least-squares problem. Determining the best choice for
the number and type of Slater determinant test functions will re-
quire computational testing.

The computational cost of evaluating these nonlinear equations

is the cost of evaluating overlaps like Ua�a b�b c�c���
i�i�jj k�k��� jWmðf;~e; ~kÞ

D E
, times

the number of overlaps that need to be determined. (Overlaps that
are not of this form are always zero.) Notice that because the Ham-
iltonian is a 2-electron operator, all the determinants that appear
are related by a single pair-excitation to a test determinant. If
the test functions are also related by pair excitation, then the coef-
ficient matrices for which we need to take the determinant typi-
cally differ by just one column. If we compute the determinants
in Eq. (14) for one of the Slater determinants of interest, and we
also compute the inverse of the corresponding coefficient matrix,
then we can compute the determinant of a related matrix using
the identity for a rank-one update of the determinant. Denoting
ek as the vector that is zero except for a 1 in position k, replacing
orbital-pair i with orbital pair a in the changes the determinants
by,

Ca�a
i�i

�� ��� ¼ Cþ ðca�a � ci�iÞeT
k

�� ��� ¼ 1þ eT
k C�1ðca�a � ci�iÞ

� �
jCj�: ð28Þ

This means that, for a given electron configuration, the cost of Eq.
(14) is just O(P2), instead of the naively expected O(P3).
The number of determinants that appear depends on the choice
of test functions. If O(K) pair-excited determinants are used as test
functions, then the determinants that appear are (1) all P(P � K)
pair-excited determinants and (2) a subset of O((K � P)PK) of the

two-pair excited determinants, Ua�a b�b
i�i j�j . The overall computational

cost per iteration will then be O(P3(K � P)K), which grows as the
fifth power of the system’s size.

Alternatively, one could use O(K) single-excited Slater determi-
nants, denoted Ua

i or U�a
�i , as test functions. Applying the Hamilto-

nian to these test functions does not generate any two-pair
excitations, so only the coefficients of the P(K � P) pair-excited
determinants need to be determined. The overall computational
cost per iteration will then be O(P3(K � P)), which grows as the
fourth power of system size. The caveat is that the equations
may not converge to the desired solution if only single-excitations
are used. Brillouin’s theorem indicates that

Ua
i jbHjUHF

D E
¼ Ua

i jUHF
	 


¼ 0, so the Hartree–Fock wavefunction is

a solution to the projected-Schrödinger equation if only single
excitations are used. (It may or may not be the only solution.)
One needs to have a suitable non-Hartree–Fock initial guess for
the parameters in the wavefunction in order to use only single
excitations. Alternatively, one could include a few pair excitations
(enough to avoid the Hartree–Fock solution, but not enough to ruin
the scaling). It seems safe to claim, however, that the nonlinear
equations for the parameters in the wavefunction can potentially
be solved with the quartic scaling that is characteristic of a
mean-field method like Hartree–Fock.

In order to solve the nonlinear equations, we anticipate using a
quasi-Newton method. However, Newton’s method (or a partial
quasi-Newton method where some elements of the inverse Jaco-
bian are computed exactly) is feasible because the Jacobian can
be evaluated analytically without great difficulty. The key is the
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formula for the derivative of a determinant with respect to one of
the parameters, q, that enter into the coefficients is

@jCj�

@q
¼ jCj� Tr C�1 @C

@q

� �
 �
ð29Þ

Using the Sherman–Morrison formula for the rank-one update of a
matrix inverse,

Ca�a
i�i

� ��1
¼ C�1 þ C�1ðca�a � ci�iÞeT

k C�1

1þ eT
k C�1ðca�a � ci�iÞ

; ð30Þ

the derivative can be efficiently evaluated,

@ Ca�a
i�i

�� ���
@q

¼ Ca�a
i�i

�� ��� Tr C�1 @C
@q

� �
� 1þ 1þ eT

k C�1ðca�a � ci�iÞ
1þ eT

k C�1ðca�a � ci�iÞ

 ! 

� 1þ eT
k C�1 @ðca�a � ci�iÞ

@q


 �
 ��
: ð31Þ
3. Generalization to open shells; glðnjkÞ

3.1. Bethe ansatz wavefunctions

The wavefunction in Eq. (13) is limited to systems with an even
number of electrons. Systems with an odd number of electrons can
be treated by using a 1-electron vacuum state, but the electron in
the 1-electron state will not be correlated to the other electrons in
the system. This is undesirable: a good description of the electron
correlation in a free radical requires, above all, describing the cor-
relation between the unpaired electron and the other electrons in
the system.

To propose wavefunction forms that do not possess this limita-
tion, it is useful to explain how we ‘‘discovered’’ the wavefunction
in Eq. (13) (which is different from the motivation we gave for it in
Section 2). We have been studying exactly solvable Hamiltonians.
Given a Lie algebra, there are well-studied ways for constructing
a Hamiltonian which has an exact solution. Eigenvectors of these
models are expressed in terms of a nested Bethe ansatz, or general-
ized Bethe hypothesis [111,112]. The Richardson wavefunction,
which is commonly written in the form of Eq. (15) with f = 1, can
be derived by considering the algebra glð2;CÞ or, more convention-
ally, suð2Þ. (glð2;CÞ is the general linear algebra based on complex
2 � 2 matrices.)

The fundamental operators in the glð2;CÞ algebra can be chosen
to create a pair of electrons, to remove a pair of electrons, to count
the number of electron pairs, and to count the number of spatial
orbitals. This last operation yields a constant, and hence can be dis-
regarded. If one considers an algebra that has different, or even
better, more types of operators, then different types of electron
configurations can be generated. We have followed this path of re-
search, which involves (1) studying various algebras, (2) finding an
interesting ‘‘physical’’ representation of the operators in the alge-
bras in terms of fermion creation and annihilation operators, (3)
constructing a Hamiltonian from the set of (classical) Yang–Baxter
equations for the algebra, and then (4) formulating a (nested)
Bethe ansatz for the Hamiltonian. A detailed description of this
work will be presented elsewhere; for the purposes of this paper
it is only important to note that the wavefunction forms we will
propose are motivated by our desire to be able to write the exact
solution to increasingly realistic model Hamiltonians. (We believe
that using wavefunction forms that are inspired by the eigenfunc-
tions of interesting Hamiltonians is important because this ensures
that our wavefunctions are not entirely devoid of physical
relevance.)

Our procedure for deriving new wavefunction forms can be
made slightly more concrete by summarizing the derivation of
the Richardson wavefunction using glð2;CÞ. We define the state
‘‘2’’ as the physical vacuum, jhi, and the state ‘‘1’’ as a two-electron
state with the kth orbital pair occupied, jk�ki. We denote this ladder
of states as a vector,

jk�ki
jhi

" #
ð32Þ

The operator that creates a pair of electrons in the kth orbital pair is
denoted bE12ðkÞ and its adjoint, bE21ðkÞ ¼ bEy12ðkÞ removes a pair. These
operators can be represented with 2 � 2 matrices; bEfiðkÞ is a matrix
of zeros except for a one in the fi position. I.e., the mnth element of
the matrix is,

½bEfiðjÞ�mn ¼ dmf dni ð33Þ

Making K copies of the algebra, where K is the number of spatial ba-
sis functions, we construct a Hamiltonian that resembles the Casi-
mir operator for the algebra,

bHRichardson ¼
XK

k¼1

ek aykak þ ay�ka�k

� �
þ g
XK

k;k0

bE12ðkÞbE21ðk0Þ

¼
XK

k¼1

ek aykak þ ay�ka�k

� �
þ g
XK

i;i0
aykay�ka �k0ak0 ð34Þ

The manner in which this Hamiltonian can be systematically con-
structed is presented by Cambiaggio et al. [113] building on previ-
ous work of Gaudin [114]. A Lie algebra with continuous complex
coefficients is constructed. The conditions which ensure that the
Casimir-like operators of this algebra commute take the form of
classical Yang–Baxter equations. One solution, called the ‘‘rational
model,’’ has the form

jWglð2;CÞi ¼
YP

p¼1

XK

k¼1

bE12ðkÞ
kp � ek

 !
jhi ¼

YP

p¼1

XK

k¼1

aykay�k
kp � ek

 !
jhi: ð35Þ

(This equation differs by a constant factor from the conventional
form of the Richardson wavefunction, but it is more convenient
for the following analysis.)

Once we have found an algebraically motivated wavefunction
form, we then try to generalize the coefficients of expansion (just
as Eq. (12) generalizes Eq. (10)) as much as we can without sacri-
ficing computational practicality (i.e., instead of actually using the
wavefunctions we obtain by solving an exactly solvable model
using the Bethe ansatz, we use off-shell Bethe vectors). This gener-
alization is not without drawbacks. There are approaches for deriv-
ing expressions for the expectation values (including the energy
and its derivatives) of the wavefunction, but those approaches
work only for the eigenfunctions of the model Hamiltonian (e.g.,
Eq. (34)). So while one can use a variational approach (like config-
uration interaction) when the wavefunction is an eigenfunction of
the model Hamiltonian, one can usually only use a projection algo-
rithm (like coupled cluster, cf. Eq. (26)) after one generalizes the
wavefunction form. (Our initial variational calculations using the
eigenfunctions of the Richardson Hamiltonian (Eq. (34)) have given
promising results; these will be presented separately [115].) The
focus of this paper is on the more general wavefunction forms. In
the remainder of this section, the wavefunctions we propose are
classified by the algebra that inspired them.

Basing our approach on model Hamiltonians seems to ensure
that our wavefunctions are essentially size consistent. That is, sup-
pose that our system consists of M distinct fragments, with
fPmgM

m¼1 pairs and fKmgM
m¼1 orbitals. Assume furthermore that the

orbitals from different fragments are orthogonal. Define the num-
ber of pairs and number of orbitals in the first m fragments as,
Qm ¼

Pm
i¼1Pm and Lm ¼

Pm
i¼1Km, respectively. The optimal wave-

functions for the individual fragments can be written as
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WðmÞglð2;CÞ

��� E
¼

YQm

p¼Qm�1þ1

XLm

k¼Lm�1þ1

aykay�k
kp � ek

 !
jhi: ð36Þ

However, the optimal wavefunction of the supersystem contain all
M fragments is also of this form,

jWglð2;CÞi ¼ lim|{z}
D!1

YP

p¼1

XK

k¼1

aykay�k
ðkp þmpDÞ � ðek þ nkDÞ

 !
jhi ð37Þ

where mp and nk indicate which fragment the pair p and orbital k
belong to. I.e., Qmp�1 < p 6 Qmp and Lnk�1 < k 6 Lnk

. (In chemical sys-
tems, where the fragments are never entirely noninteracting, one
never needs to go all the way to the D ?1 limit.) By similar, but
slightly more complicated arguments, the wavefunctions we con-
struct from more complicated algebras can also be shown to be
essentially size consistent.

We say that these wavefunctions are ‘‘essentially size consis-
tent’’ because of the limit in Eq. (37). The fact that we can write
the wavefunction as an antisymmetrized product of fragment
wavefunctions, however, is enough to show that if the parameters
in the APr2G wavefunction were determined by minimizing the
energy, then the energy of system composed of non-overlapping,
noninteracting fragments will equal the sum of the fragment ener-
gies and the wavefunction will be the antisymmetrized product of
the fragment wavefunctions. Establishing the analogous result for
the projected Schrödinger equation is more involved, but does
not seem to be impossible [116].

3.2. All unpaired electrons have the same spin; glð2j1Þ

To describe a system with both paired and unpaired electrons,
we need an algebra that is built from at least three states. We de-
fine the states 1, 2, and 3 as the unpaired, paired, and vacuum
states respectively,

jki
jk�ki
jhi

264
375 ð38Þ

In this case the algebra is the general linear algebra of complex
3 � 3 matrices acting on two bosonic states ðjhi; jk�kiÞ and one fermi-
onic state (jki). As before, we define operators that shift the system
from an initial state i = 1, 2, 3 to a final state f = 1, 2, 3, and evaluate
to zero otherwise; in matrix notation, these operators arebEfiðkÞ ¼ bEyif ðkÞ ¼ dmf dni. Notice that the bEfiðkÞ operators have a differ-
ent meaning in this algebra. (Now, for example, bE12ðkÞjk�ki ¼ jki. We
have resisted the temptation to add another index to the operators
to specify which algebra they belong to, and will rely on the oper-
ators’ context to make this clear.) In conventional second-quantized
form, we havebE23ðkÞ ¼ aykay�kbE13ðkÞ ¼ aykbE12ðkÞ ¼ a�k

ð39Þ

The Hamiltonian is of the form

bHglð2j1Þ ¼
XK

i¼1

ei ayi ai þ ay�i a�i

� �
þ g
XK

i;i0
ðbE12ðiÞbE21ði0Þ

þ bE13ðiÞbE31ði0Þ þ bE23ðiÞbE32ði0ÞÞ ð40Þ

and the nested Bethe ansatz for the eigenvectors of this Hamilto-
nian is,

jWglð2j1Þi ¼
YP

p¼1

XK

i¼1

bE23ðiÞ
kp � ei

 !YQ
q¼1

XP

p0¼1

bIðp0Þ
lq � kp0

 !
jhi ð41Þ
bIðp0Þ is a notational convenience introduced by Dukelsky et al. [117].
These operators anticommute among themselves but commute
with everything else except the p

0th pair in the preceding product,
where it converts that bE23ðiÞ to bE13ðiÞ for that pair. ðbIðPÞÞk is zero
for k > 1. For example,

YP

p¼1

XK

i¼1

bE23ðiÞ
kp�ei

 ! bIðp0Þ
lq�kp0

jhi¼ 1
lq�kp0

XK

i¼1

bE23ðiÞ
k1�ei

 !
� � �

XK

i¼1

bE23ðiÞ
kp�1�ei

 !

�
XK

i¼1

bE13ðiÞ
kp0 �ei

 ! XK

i¼1

bE23ðiÞ
kp0þ1�ei

 !
� � �

XK

i¼1

bE23ðiÞ
kp0 �ei

 !
jhi ð42Þ

Eq. (41) is just a compact way of writing the sum of all possible
replacements of a geminal-creation operator with the creator of
an unpaired electron. Let N be the total number of electrons and n
and �n denote the number of unpaired electrons of type one (created
by operators like ayi and typically a-spin) and type two (created by
operators like ay�i and typically b-spin), respectively. Ensuring that
there are the correct number of electrons of each type in the wave-
function (41) requires choosing Q to be the number of unpaired
type-one electrons (Q = n) and P ¼ 1

2 ðN þ nÞ. There are no unpaired
type-two electrons in this model ð�n ¼ 0Þ. Choosing the correct value
for n requires the insight from the user, but if the user wishes to
choose n objectively, the value of n that gives the lowest total en-
ergy should be selected.

An approach based on the wavefunction form in (41) is superior
to the conventional approach of choosing the vacuum state in the
APr2G wavefunction (Eq. (17)) as a wavefunction for the unpaired
electrons. In the conventional approach, the unpaired electrons are
not correlated with the electron pairs. In Eq. (41), the unpaired
electrons and the electron pairs are coupled together.

To use the projection algorithm from Section 2.3, we need to
write Wglð2j1Þ as a linear combination of Slater determinants. Using
the relationship between a product of a sum and permanents/
determinants (cf. Eq. (9) and the surrounding discussion), we can
rewrite Eq. (41) as:

jWglð2j1Þi ¼
YP

p¼1

XK

i¼1

bE23ðiÞ
kp�ei

 !

�
X

mp2f0;1g
PP

p¼1
mp¼Q

���n o 1
lq�kp

�����
�����bIm1 ð1ÞbIm2 ð2Þ � � �bImP ðPÞ

0BBB@
1CCCAjhi:
ð43Þ

The matrix determinant only includes the column ½1=jlq � kpj�Qq¼1 if
mp = 1. Using the definition of the Dukelsky operator,

XK

i¼1

bE23ðiÞbImp ðPÞ
kp � ei

¼

XK

i¼1

bE23ðiÞ
kp�ei

mp ¼ 0

XK

i¼1

bE13ðiÞ
kp�ei

mp ¼ 1

0 mp > 1

8>>>>>>><>>>>>>>:
ð44Þ

the remaining product of pair creators is decomposed in two pieces,
corresponding to the two cases in Eq. (44),

jWglð2j1Þi ¼
X

mp2f0;1g
PP

p¼1
mp¼Q

���n o 1
lq � kp

�����
����� YP

p¼1;2;:::Pjmp¼1f g

XK

i¼1

bE13ðiÞ
kp � ei

0B@
1CA

�
YP

p¼1;2;:::Pjmp¼1f g

XK

i¼1

bE23ðiÞ
kp � ei

0B@
1CAjhi ð45Þ



jWglð2j1Þi ¼
X

mp2f0;1g
PP

p¼1
mp¼Q

���n o X
ki2f0;1g

PK

i¼1
ki¼Q

��� � X
li2f0;1g

PK

i¼1
li¼P�Q

��� � 1
lq�kp

�����
����� 1

kp�ei

���� �����
zfflfflfflfflfflffl}|fflfflfflfflfflffl{

p includes
indices with

mq ¼1

1
kp�ei

���� ����þ
zfflfflfflfflfflffl}|fflfflfflfflfflffl{

p includes
indices with

mq¼ 0

bEk1
13ð1ÞbEk2

13ð2Þ � � �bEkK
13ðKÞbEl1

23ð1ÞbEl2
23ð2Þ � � �bElK

23ðKÞ

0BBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCA
jhi

ð46Þ
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Using the result for the product of sums again (remember that thebE13ðiÞ operators anticommute),

Unfortunately this form is intractable for a large Q because the
number of contributions to a given Slater determinant grows facto-
rially with the number of unpaired electrons. (In particular, one
must sum over all P

Q


 �
ways of combining paired (generated bybE23) and unpaired (generated by bE13) states).

Eq. (46) is practical for one unpaired electron (Q = 1), and gives a
promising method for systems with an odd number of electrons.
For Q = 1, the wavefunction form is,

jWglð2j1Þi ¼
XP

q¼1

YP

p¼1

dqp

XK

j¼1

bj;qaj

 ! XK

i¼1

ci;payi a
y
�i

 !
jhi; ð47Þ

with P ¼ 1
2 ðN þ 1Þ. The Slater determinant expansion of Eq. (47) is

jWglð2j1Þi ¼
XP

q¼1

X
ki2f0;1g

PK

i¼1
ki¼1

��� � X
li2f0;1g

PK

i¼1
li¼P�1

��� �ðbi;qÞjci;p–qjþ

� ay1
� �k1 � � � ayK

� �kK ay1ay�1

� �l1
� � � ayK ay�K
� �lK

ð48Þ

As before, the permanent jci;p–qj includes only the orbitals with li = 1
and only the pairs with p – q; bi;q is the coefficient of the orbital in
which ki = 1. The geminal coefficients ci;p have to be structured so
that evaluating the permanent is feasible.

In analogy to the procedure for glð2;CÞ, we would like to build a
computationally practical wavefunction for large Q, inspired by the
wavefunction forms associated with glð2j1Þ. The wavefunction an-
satz we choose is,

j eWglð2j1Þi ¼
YP12

p¼1

XK

i¼1

cð12Þ
i;p
bE12ðiÞ

 ! ! YP13

p¼1

XK

i¼1

cð13Þ
i;p
bE13ðiÞ

 ! !

�
YP23

p¼1

XK

i¼1

cð23Þ
i;p
bE23ðiÞ

 ! !
jhi ð49Þ

The constants must be chosen so that the number of unpaired
type-one electrons is n = P12 + P13 and N = 2P23 � P12 + P13. This
wavefunction does have a compact expression as a sum of Slater
determinants,
j eWglð2j1Þi ¼
X

mð12Þ
i

;mð13Þ
i

;mð23Þ
i
2f0;1g

PK
i¼1mð12Þ

i ¼ P12PK
i¼1mð13Þ

i ¼ P13PK
i¼1mð23Þ

i ¼ P23

��������
8>><>>:

9>>=>>;
Cð12Þ

i;p

��� ���� Cð13Þ
i;p

��� ���� Cð23Þ
i;p

��� ���þ �
The coefficient matrices C(12) and C(13) can be entirely general. The
factorial expense of evaluating the permanent is avoided by
choosing

cð23Þ
i;p ¼

fi

~ei þ ~kp

: ð51Þ

The projection method in Section 2.3 can be used to solve for the
unknown coefficients, but because there are nonvanishing singly-
and triply-excited determinants, the computational scaling in-
creases by one order. The number of free parameters is still propor-
tional to the size of the system, however, so Eq. (49) can still be
viewed as a ‘‘mean-field’’ wavefunction ansatz, but one with two
different types of quasiparticles.eWglð2j1Þ (Eq. (49)) correlates the unpaired electrons with the
paired electrons by allowing unpaired electrons to be generated
by annihilation of an electron from a pair. The wavefunction of a
5-electron system could have the form

jWi ¼ gy1gy2 a�ig
y
3

� �
þ gy1 a�ig

y
2

� �
gy3 þ a�ig

y
1

� �
gy2gy3

� �
jhi ð52Þ

where gyk is the operator for creating the kth electron pair. If there
were only one term in Eq. (52), one would have the conventional
‘‘generalized’’ antisymmetrized product of geminals form
gy1gy2ayi jhi, where the unpaired electron is not correlated with the
pairs. Because Eq. (52) includes several such terms, the unpaired
electron is correlated with the pairs. Because it is preferable to cor-
relate the unpaired electrons with the pairs, it is reasonable (but not
required) to choose P13 = 0 in Eq. (49).

The wavefunction form from the nested Bethe ansatz has addi-
tional correlation: in Eq. (47), the form of the single-particle state
depends on which pair the electron is removed from, while in Eq.
(49) the same single particle state is removed from all pairs,
regardless of their structure.

3.3. Unpaired electrons of both spins; glð2j2Þ

In singlet biradicals and in systems containing antiferromagnet-
ically coupled metal atoms, it is convenient to be able to treat all
possible occupations of an orbital pair. This requires the four-state
algebra described by glð2j2Þ (the general linear algebra of 4 � 4
YK

i¼1

ða�iÞ
mð12Þ

i ayi
� �mð13Þ

i ayi a
y
�i

� �mð23Þ
i jhi ð50Þ
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matrices with two boson states and two fermion states). With
glð2j2Þ we can treat unpaired electrons of both types (typically
these will be up- and down-spin unpaired electrons). We define
states 1 and 2 as containing unpaired electrons of type one (there
are n type-one unpaired electrons) and type two (there are �n type-
two unpaired electrons); state three contains a pair of electrons
and state four is the vacuum state:

jki
j�ki
jk�ki
jhi

26664
37775 ð53Þ

and define the operators for moving between the states,

bE34ðiÞ ¼ ayi a
y
�ibE24ðiÞ ¼ ay�i ð1� n̂iÞbE14ðiÞ ¼ ayi ð1� n̂�iÞbE23ðiÞ ¼ ain̂�ibE13ðiÞ ¼ a�in̂ibE12ðiÞ ¼ ayi a�i:

ð54Þ

Here n̂i ¼ ayi ai is the number operator for state jii.
The Hamiltonian is of the form

bHglð2j2Þ ¼
XK

i¼1

ei ayi ai þ ay�i a�i

� �
þ g
XK

i;i0

bE12ðiÞbE21ði0Þ þ bE13ðiÞbE31ði0Þ
�

þbE14ðiÞbE41ði0ÞþbE23ðiÞbE32ði0Þ þ bE24ðiÞbE42ði0Þ þ bE34ðiÞbE43ði0Þ
�

ð55Þ
and the nested Bethe ansatz for the eigenvectors of this Hamilto-
nian is,

jWglð2j2Þi ¼
YP

p¼1

XK

i¼1

bE34ðiÞ
kp � ei

 !YQ
q¼1

XP

p¼1

bIðPÞ
lq � kp

 !YR

r¼1

XQ

q¼1

bJðqÞ
mr � lq

 !
jhi

ð56Þ
where the Dukelsky operators have the effect,

XK

i¼1

XP

p¼1

bE34ðiÞbImp ðPÞbJnq ðqÞ
ðkp � eiÞðlq � kpÞ

¼

0 mp > 1
0 nq > mpXK

i¼1

XP

p¼1

bE34ðiÞ
ðkp�eiÞðlq�kpÞ mp ¼ nq ¼ 0

XK

i¼1

XP

p¼1

bE24ðiÞ
ðkp�eiÞðlq�kpÞ mp ¼ 1; nq ¼ 0

XK

i¼1

XP

p¼1

bE14ðiÞ
ðkp�eiÞðlq�kpÞ mp ¼ nq ¼ 1

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
ð57Þ

Ensuring that there are the correct number of unpaired electrons of
type one and type two requires that,

R ¼ n

Q ¼ �nþ n

P ¼ ðN þ nþ �nÞ=2
ð58Þ

Similar to the nested Bethe ansatz wavefunction for glð2j1Þ (cf.
Eq. (50)), in the expansion of Wglð2j2Þ, the number of terms that con-
tributes to the coefficient of any given Slater determinant increases
factorially with increasing n and �n. This wavefunction is only prac-
tical for systems with a few unpaired electrons (e.g., biradicals). For
two unpaired electrons, n ¼ �n ¼ 1, a general wavefunction form is,
jWglð2j2Þi ¼
XP

r¼1

XP

q¼1

YP

p¼1

drp

XK

k¼1

bk;ra�kayk

 !
dqp

XK

j¼1

�bj;qaj

 ! XK

i¼1

ci;payi a
y
�i

 !
jhi

ð59Þ

where P ¼ 1
2 ðN þ 2Þ. The Slater determinant expansion has the form,

jWglð2j2Þi ¼
XP

q;r¼1

X
ji ;ki ;li¼f0;1g

PK
i¼1ji ¼ 1PK
i¼1ki ¼ 1PK
i¼1li ¼ P � 2

�������
8><>:

9>=>;
ðbi;rÞð�bi;qÞjci;p–q;p–r jþ

ay1a�1ay�1

� �j1
� � � ayK a�K ayK
� �jK ay�1

� �k1
� � � ay�K
� �kK

ay1ay�1

� �l1
� � � ayK ay�K
� �lK


 �
ð60Þ

Notice that Eq. (60) assigns a coefficient to every Slater determinant
with one broken pair (seniority two). A slightly different, and argu-
ably more interesting, wavefunction assigns a coefficient to every
Slater determinant with seniority either zero or two,

jWglð2j2Þi ¼
XP

r¼1

XP

q¼1

YP

p¼1

drp

XK

k¼1

bk;ra�k

 !
dqp

XK

j¼1

�bj;qaj

 ! XK

i¼1

ci;payi a
y
�i

 !
jhi

ð61Þ

jWglð2j2Þi ¼
XP

q;r¼1

X
ji ;ki ;li¼f0;1g

PK
i¼1ji ¼ 1PK
i¼1ki ¼ 1PK
i¼1li ¼ P � 2

�������
8><>:

9>=>;
ðbi;rÞð�bi;qÞjci;p–q;p–r jþ

ay1
� �j1 � � � ayK

� �jK ay�1

� �k1
� � � ay�K
� �kK

ay1ay�1

� �l1
� � � ayK ay�K
� �lK


 �
ð62Þ

This is expected to be an extremely good model for static correla-
tion in strongly correlated systems [97].

To use the projection algorithm from Section 2.3 for systems
with many unpaired electrons, we need an alternative to Wglð2j2Þ

that has a compact expansion in terms of Slater determinants.
The wavefunction ansatz we choose is,

j eWglð2j2Þi¼
YP12

p¼1

XK

i¼1

cð12Þ
i;p
bE12ðiÞ

 ! ! YP13

p¼1

XK

i¼1

cð13Þ
i;p
bE13ðiÞ

 ! !"

�
YP23

p¼1

XK

i¼1

cð23Þ
i;p
bE23ðiÞ

 ! !
�

YP14

p¼1

XK

i¼1

cð14Þ
i;p
bE14ðiÞ

 ! !

�
YP24

p¼1

XK

i¼1

cð24Þ
i;p
bE24ðiÞ

 ! ! YP34

p¼1

XK

i¼1

cð34Þ
i;p
bE34ðiÞ

 ! !#�����h
+
ð63Þ

The constants must be chosen so that:

n ¼ P12 þ P13 þ P14

�n ¼ P23 þ P24 � P12

N ¼ 2P34 � P23 � P13 þ P24 þ P14

ð64Þ

This wavefunction also has a reasonably compact expression in
terms of Slater determinants,

j eWglð2j2Þi ¼
X

mðfiÞ
k
2f0;1g

PK

k¼1
mðfiÞ

k
¼Pfi

��� � Cð12Þ
k;p

��� ���þ Cð13Þ
k;p

��� ���� Cð23Þ
k;p

��� ���� Cð14Þ
k;p

��� ���� Cð24Þ
k;p

��� ���� Cð34Þ
k;p

��� ���þ�

�
YK

i¼1

ayka�k

� �mð14Þ
k ða�kn̂kÞm

ð13Þ
k ðakn̂�kÞ

mð23Þ
k ðaykÞ

mð14Þ
k ðay�kÞ

mð24Þ
k ðaykay�kÞ

mð34Þ
k

#�����h
+
ð65Þ

The coefficients that enter as determinants can be chosen com-
pletely generally, but those that enter as permanents should be
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assumed to take a restricted form. Evaluating the coefficient of a
given Slater determinant in Eq. (65) requires considering all pos-
sible ways of generating a given electron configuration using the
operators given. This process is dramatically simplified if one
makes simplifying assumptions like P12 = P14 = P24 = 0, so that un-
paired electrons can only be created by removing electrons from
paired states.

One disadvantage of these wavefunction forms is that the num-
ber of broken pairs is a good quantum number. If we wish to design
a wavefunction that includes both broken and unbroken pairs, this
can be done by replacing the operators in Eq. (63) with forms that
allow unpaired electrons to combine into pairs. This can be
achieved by the following reassignment,

bE24ðiÞ ¼ ay�ibE14ðiÞ ¼ ayibE23ðiÞ ¼ aibE13ðiÞ ¼ a�i

ð66Þ
3.4. Explicit coupling between pairs; glð8j8Þ

It is clear from the preceding development that one can sys-
tematically extend this procedure to algebras of increasingly
dimensionality. For example, if one wishes to include coupling
between pairs of fermions, one could consider glð8j8Þ based
on the states,

jji j�ji jJi jJi
jJJi j�j Ji jj Ji j�j Ji jj Ji jjji
j�j JJi jj JJi jjj Ji jjj Ji
jjj JJi jhi

ð67Þ

namely,

j eWglð8j8Þi ¼
Y16

i¼2
f<i

YPfi

p¼1

XK

k¼1

cðfiÞk;p
bEfiðkÞ

 !
jhi ð68Þ

The coefficient matrices for operators that transfer between
states separated by an even number of rows in Eq. (67) (zero or
two, e.g., bE5;15ðkÞ; bE6;10ðkÞ) commute, so they enter the Slater deter-
minant expansion as a permanent, and should be chosen as the ele-
ment-inverse of a rank-two matrix. The coefficient matrices for
operators that transfer between states separated by an odd num-
ber of rows (e.g., bE1;7ðkÞ; bE5;13ðkÞ) anticommute, so they enter the
Slater determinant expansion as a determinant, and can be chosen
arbitrarily. There are 120 operators in Eq. (68), but if one builds all
3-fermion states by removal from 4-fermion states, all 2-fermion
states by removal from 3-fermion states, and all 1-fermion states
by removal from 2-fermion states requires ‘‘only’’ 28 operators.
This form could be useful in chemistry, as it allows for explicit cou-
pling between bonding and antibonding orbitals. In nuclear phys-
ics, the states could represent the spin and isospin degrees of
freedom.

3.5. Other generalizations

The wavefunction one obtains using these methods depends on
how one chooses the order of the operators. For example, placingbE24ðiÞ before bE12ðiÞ in Eq. (63) will give a different wavefunction
even if all the coefficient matrices are retained. Choosing the cor-
rect order of operators is potentially problematic; we have selected
an order that seems reasonable to us.

It is also possible to use the adjoint operators in the expansion.
For example, one could consider an operator like
j eWglð2j1Þi ¼
YP32

p¼1

XK

i¼1

cð32Þ
i;p
bE32ðiÞ

 ! ! YP31

p¼1

XK

i¼1

cð31Þ
i;p
bE31ðiÞ

 ! !"

�
YP21

p¼1

XK

i¼1

cð21Þ
i;p
bE21ðiÞ

 ! !
�

YP12

p¼1

XK

i¼1

cð12Þ
i;p
bE12ðiÞ

 ! !

�
YP13

p¼1

XK

i¼1

cð13Þ
i;p
bE13ðiÞ

 ! ! YP23

p¼1

XK

i¼1

cð23Þ
i;p
bE23ðiÞ

 ! !#�����h
+
ð69Þ

where the operators on the first row decrease the number of elec-
trons. This procedure adds to the variational freedom in the wave-
function and can be carried out indefinitely, with electrons
repeatedly added to, rearranged within, and removed from the sys-
tem as one ladders up and down the states. It is interesting to spec-
ulate whether it might be possible, in the limit where one considers
arbitrarily long strings of the 2K�2(2K�1 � 1) raising and operators in
the most complicated possible algebra, glð2K�1j2K�1Þ, with com-
pletely general coefficients, whether one might converge to the ex-
act result. That is, can we consider the methods we are presenting
here as the first few elements of a hierarchy that converges to the
exact solution of the Schrödinger equation, within a given basis?

The form of the coefficient matrix in Eq. (12) (equivalently, Eq.
(15)) is motivated by the need to cheaply evaluate the permanent
of the coefficient matrix. This led to the idea of considering matri-
ces whose element-wise inverse had low rank, leading to the anti-
symmetrized product of rank-k geminal wavefunction ansatz
(APrkG). It is easy to see that the antisymmetrized geminal power
wavefunction is defined by APr1G; in this paper we focus on APr2G
wavefunctions. We have tried to extend this model to higher-rank
products of geminals, but methods based on geminals with k > 2
seem to have factorial cost [118].

The permanent of a matrix can be evaluated efficiently when al-
most all of the entries in the matrix are zero. We are also exploring
that possibility, and it seems that very simple coefficient matrices
(e.g., let each geminal depend on at most one occupied orbital) give
excellent results [119].

4. Computing properties and optimizing orbitals

In this work, we have proposed optimizing the coefficients in
the APr2G wavefunction and its open-shell extensions by using
the projected Schrödinger equation, Eq. (25). This leads to a set
of nonlinear equations for the wavefunction parameters that can,
at least in principle, be solved at low (O(K4) or O(K5)) computa-
tional cost. The equations we must solve are strongly reminiscent
of coupled-cluster theory [2,120–125], and many coupled-cluster
techniques can be used in this context also.

In DOCI, APSG, and GVB calculations, the quality of results
strongly depends on the quality of the orbitals [97,126–128]. Like-
wise, it is important to optimize the orbitals in the APr2G ansätze.
Fortunately, the orbitals can be optimized using the same
techniques that are used for orbital-optimized coupled-cluster
calculations [129]. The Lagrangian approach to constraints in
coupled-cluster theory [2] is especially useful here: one rewrites
the problem as the minimization of an energy expression,

eEglð2jkÞðgÞ �
hUjbHj eWglð2jkÞðgÞi
hUj eWglð2jkÞðgÞi

ð70Þ

subject to the constraint that the projected Schrödinger equation
holds. (g denotes the parameters on which the wavefunction de-
pends.) This gives the Lagrangian,

Kglð2jkÞ½g; k� ¼ eEglð2jkÞðgÞ þ
X

i

kiðhUijbHjWðgÞi � eEglð2jkÞðgÞ

� hUij eWglð2jkÞðgÞiÞ ð71Þ
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After solving the nonlinear equations,

rgKglð2jkÞ½g; k� ¼ 0
rkKglð2jkÞ½g; k� ¼ 0

ð72Þ

the derivative of the energy with respect to any parameter can be
evaluated,

@eEglð2jkÞ

@gk

�����
g¼gopt

¼ @
eEglð2jkÞðgÞ
@gk

�����
g¼gopt

þ kopt
@½ðhUijbHjWðgÞi � eEglð2jkÞðgÞhUij eWglð2jkÞðgÞiÞ�

@gk

�����
g¼gop

ð73Þ

This procedure allows one to compute the first-order change in en-
ergy due to a change in the orbitals, and therefore allows one to
optimize the orbitals in the APr2G (and related) wavefunctions. It
also allows one to compute other molecular response properties,
including derivatives with respect to the atomic positions (facilitat-
ing geometry optimization).

Other types of molecular response properties can be computed
by an approach inspired by equation-of-motion coupled-cluster
[124,130]. For example, ionization potentials and electron affinities
can be computed using equations that are reminiscent of the ex-
tended Koopmans’ theorem [131–135],

Ui ayk½bH; aj�
��� ��� eWglð2jkÞðgÞ

D E
� �Ik Ui aykaj

�� �� eWglð2jkÞðgÞ
D E

ð74Þ

Ui ak
bH; ayjh i��� ��� eWglð2jkÞðgÞ

D E
� �Ak Ui akayj

��� ��� eWglð2jkÞðgÞ
D E

ð75Þ

or its generalizations to higher-order operators like [136]

Ui ay
j0
ay

k0
al0

bH; ayl akaj

h i��� ��� eWglð2jkÞðgÞ
D E
� �Ik Ui ay

j0
ay

k0
al0a

y
l akaj

��� ��� eWglð2jkÞðgÞ
D E

: ð76Þ

Eq. (76) changes the computational scaling, but Eqs. (74) and (75)
can be evaluated with negligible computational cost after the pro-
jected Schrödinger equation for eWglð2jkÞðgÞ has been solved. Excita-
tion energies can be computed in several ways, including

Ui ayj ai
bH; ay

i0
aj0

h i��� ��� eWglð2jkÞðgÞ
D E

� x0k Ui ayj aia
y
i0
aj0

��� ��� eWglð2jkÞðgÞ
D E

ð77Þ

In designing formulas like Eqs. (74)–(77), it is important to choose
Hermitian operators: it is impractical to act directly on ket (the
geminal product wavefunction) with the operator, so one needs to
be able to apply operator to the bra (the Slater determinant test
functions).

5. Summary

This paper presents a new wavefunction form, an antisymmet-
ric product of nonorthogonal geminals (Section 2), and discusses
its extensions to open shells (Section 3) and molecular property
calculations (Section 4). The key insight is that the evaluation of
a (generally computationally intractable) antisymmetric product
of nonorthogonal geminals is greatly simplified if the geminal
expansion coefficients take the form of an element-wise inverse
of a rank-two matrix (cf. Eq. (12)). This reduces the number of un-
known parameters to (a) a choice of unitary transformation that
defines the orbitals and the orbital-pairing scheme and (b)
1
2 Nelectrons þ Nbasis complex numbers, where Nbasis is the number of
spin–orbitals. We call this the antisymmetric product of rank-
two geminals wavefunction, APr2G. The unknown parameters in
APr2G can be determined by solving the projected Schrödinger
equation with computational scaling of OðN5

basisÞ and perhaps even
OðN4

basisÞ.
This paper is focused on the mathematical principles behind the
theory; numerical tests are underway, and preliminary results are
promising. However, it is apparent that the proposed method must
give good results for problems like bond dissociation because it
contains other methods like the antisymmetrized product of
strongly orthogonal geminals, which are known to be useful for
such problems. (See Section 2.2 and Fig. 1.)

We have elected to present this development here, recognizing
the pioneering contributions of A. John Coleman to the antisym-
metrized geminal power wavefunction (which is the special case
APr1G). John was a friend and mentor to one of us (PWA), and he
was entranced by the AGP wavefunction until the end, and persis-
tently encouraged PWA to pursue it. He will be happy to know that
PWA has finally embraced geminal-based wavefunctions.
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