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tion is directed to the full exploitation of the available symmetries, more specifically the combination
of translational invariance and space-inversion parity, which allows for the study of large lattice sizes.
We compare the computational scaling of three different semidefinite programming algorithms with
increasing lattice size, and find the boundary point method to be the most suited for this type of problem.
Several physical properties, such as the two-particle correlation functions, are extracted to check the
physical content of the variationally determined density matrix. It is found that the three-index condi-
tions are needed to correctly describe the full phase diagram of the Hubbard model. We also show that
even in the case of half filling, where the ground-state energy is close to the exact value, other properties
such as the spin-correlation function can be flawed.
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i 1 . <
1. Introduction Hézp);y(; =N_-1 (Buptps — Suotpy — Opytas + Opstuy) + Vapgs. (4)

The reduced density matrix makes its first appearance in the The idea to use the 2DM as a variable in a variational scheme
work of Dirac, in which the single-particle density matrix (IDM) ;s first published in literature by Léwdin in his groundbreaking
is used in the description of Hartree-Fock theory [1]. Husimi [2]  jrticle [5], but even earlier, in 1951, John Coleman tried a practical

was the first to note that, for a system of identical particles inter- variational calculation on Lithium. To his surprise, the energy he
acting only in a pairwise manner, the energy can be expressed ex-  gptained was far too low, after which he realized the variation
actly asa functlpn of the 2DM. This becomes very cle_ar in second- was performed over too large a class of 2DM’s [6]. Independently
quantized notation (see e.g. [3,4]), where a system of identical par-  3pd unaware of the work by Léwdin and Coleman, Mayer [7] used
ticles interacting pairwise is described by a general Hamiltonian: the 2DM in a study of the electron gas. In a reply to Mayer’s paper,
N 1 A Tredgold [8] pointed out the unphysical nature of the results, and
H=Y tyda;+ sziﬁ:“f‘éa&ahaéav- (1) suggested that additional conditions on the density matrix are
o wbyo needed to improve on them.

The expectation value for the energy of any ensemble of N-par- These results led Coleman, in his seminal review paper [9], to for-
ticle wave functions |y with positive weights w;, can then be ex- mulate the N-representability problem. This is the problem of find-
pressed as a function of the 2DM alone: ing the necessary and sufficient conditions which a reduced density

R 1 matrix has to fulfill to be derivable from a statistical ensemble of
Zwi<W§V\H|‘I/§V> =TrrH? = 72Faﬂ:},éH;2/}:yo.7 2) physical wave functions, i.e. expressible as in Eq. (3). In this paper
i 4 apys ' he also derived the necessary and sufficient conditions for ensemble

N-representability of the 1DM, and some bounds on the eigenvalues
of the 2DM. A big step forward was the derivation of the © and G ma-
Topys = Zwi<'{/§" |a}ala;a,|P}),  with ZW" =1, (3) trix non-negativity conditions by Garrod and Percus [10]. These

i i were practical constraints, which allowed for a computational treat-
ment of the problem. The first numerical calculation using these
conditions on the Beryllium atom [11,12] was very encouraging,
as the results were highly accurate. It turned out, however, that
Beryllium, due to its simple electronic structure, is a special case

in which we have introduced the 2DM:

and the reduced two-particle Hamiltonian,
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where these conditions perform very well. A subsequent study
showed that these conditions do not work well at all for nuclei
[13,14]. This disappointing result, together with the computational
complexity of the problem, caused activity in the field to diminish
for the next 25 years. The change came with the development of a
new numerical technique, called semidefinite programming, which
turned out to be very suited for the determination of the 2DM under
matrix non-negativity constraints. Nakata et al. [15] were the first to
use a standard semidefinite programming package to calculate the
ground-state energies of some atoms and molecules, and obtained
quite accurate results. He was quickly followed by the extensive
work of Mazziotti [16]. These results reinvigorated interest in the
method, and sparked of a lot of developments. New N-represent-
ability conditions were introduced, e.g. the three-index 7 condi-
tions, set forth by Zhao et al. [17], which led to mHartree accuracy
[18-23] for molecules near equilibrium geometries.

In recent years interest in the method has been growing, as the
variational determination of the 2DM results in a lower bound,
which is highly complementary to the upper bound obtained in
variational approaches based on a wave-function ansatz. In addi-
tion, the method is essentially non-perturbative in nature, and
has a completely different structure quite unrelated to other
many-body techniques. A lot of activity has been devoted to the
search for new N-representability conditions, which improve the
result in a computationally cheap way [24,25]. There have also
been efforts to improve the semidefinite programming algorithms
by adapting them to the specific problem of density matrix optimi-
zation [26-28], allowing the study larger systems.

The one-dimensional Hubbard model [29] is the simplest model
possessing non-trivial correlations present in a solid. The Hamilto-
nian reads:

- _tz (amam o+ 0,40 a) + UZa”a,Taua,l (5)

It pertains to a one-dimensional lattice, with sites labeled by
i=1,...,L Periodic boundary conditions (PBCs) are assumed.

The complexity of this seemingly simple schematic Hamiltonian
lies in the competition between the first term, called the hopping
term, which delocalizes the electrons, and the second on-site
repulsion term which is diagonal in the site basis. In Fig. 1 a graphic

+U  On-site repulsion

Nearest neighbour hopping

Fig. 1. Illustration of the two terms present in the Hubbard Hamiltonian, electrons
can jump to nearest-neighbor sites with amplitude t;. When two electrons are on
the same site, there is an energy penalty of U.

representation of the two terms in the Hubbard Hamiltonian is
shown.

In this article the one-dimensional Hubbard is studied using the
standard ZQG two-index and 7, three-index non-negativity con-
ditions. In the next section we discuss how the huge amount of
symmetry which is present in the model can be exploited to get
a significant speedup of the programs. More specifically, it is
shown how translational invariance and space-inversion parity
can be combined. In the subsequent section this symmetry is used
to compare the computational scaling of different semidefinite
programming algorithms with increasing lattice sites. In the final
section we show the v2DM results using two- and three-index
constraints for the one-dimensional Hubbard model on a 20- and
50-site lattice with different filling factors. We have not only com-
puted the ground-state energy, but also compared the spin and
charge two-particle correlations functions with Quantum Monte
Carlo [30] and Bethe ansatz [31] results, to check the validity of
the variationally obtained 2DM.

2. Exploiting symmetry in the Hubbard model

As there is no preferred direction in spin space in Eq. (5), spin
symmetry can be exploited and all the results from Ref. [32] are ta-
ken over. However, far more symmetries are present in the model,
which allow for a huge reduction of the matrix dimensions involved.

2.1. Translational invariance

When periodic boundary conditions are assumed (as in Fig. 1)
the Hamiltonian is invariant under translations along the lattice.
This is an abelian symmetry for which it is easy to block diagonalize
the 2DM and its matrix maps, as the correct basis transformation in
single-particle space automatically block diagonalizes all matrices
on higher-order particle space. Translational invariance is exploited
by Fourier transforming the site basis to quasi-momentum space:

ko) = \/%Ze”‘f lio), (6)
j

where L is the lattice size, and k takes on the values 2Z for
n=0,...,L — 1. The kinetic or hopping part of the Hamiltonian be-
comes diagonal in this basis:

Hpop = —2t>" cos ka},,a,, (7)
ko

from which it follows that in the non-interacting (U =0) ground
state, the electrons occupy the states with momenta lower than
the Fermi level.

The eigenstates of the Hubbard Hamiltonian have a good total
quasi-momentum K. The 2DM for these states, expressed in the
quasi-momentum single-particle basis:

NK S S NK
= umwi 22 ¥oniilBlok, Blck,| ¥Snei) (8)

S
I okyikeky

where
s 1

T —

S
B =——|d @d
kaky m[ ka kJ
0' a SMVal al 9

is automatically block diagonal, because the only non-zero matrix
elements in Eq. (8) are those which conserve momentum: (k,+
kp)%27 = (ke + kq)%2m."! This means we have L blocks '€ for every

1 Here % signifies the modulo operator.
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S, with two-particle states that satisfy K= (k, + k;)%27, and a block
dimension that scales linearly with lattice size L.

The spin-symmetric matrix constraints simplify considerably
by including translational invariance, because the 1DM is automat-
ically diagonal in the quasi-momentum basis:

1
pe= s Dl il ¥ ) (10)
i M

The translationally invariant 1DM can be derived from the 2DM
as:

1 2
Pr = ﬁ;%Z(l + (Skk/)rﬁ:/;kk" (11)
K

As an example the translationally invariant form of the G condi-
tion is shown. There is a slight complication because the correct

annihilation or hole operator is given by:
ke = (—1)7°a,_,, with k = —k%2. (12)

Using this operator the translationally invariant ¢ map
becomes:

l ~ SK
g(F)iI;kb:kckd = Zwi@Z<q/§ﬁ,i|A£ﬂkbAifkd|g’sw z> (13)
i M

where K= (k,+ky)%2m =
operator defined by:

(ke +kg)%2m and with the particle-hole

15K SK
Ak Ky = [ak ®akb] . (14)

The G map can be expressed as a function of the 2DM:

G ks = Ok Ok Py — \/ (1 + S, ) (1 + Spr.)
35 S| sx
LD IR TR T (15)
s 2 2

from which one can see that the blocks in the G matrix with
= (kg + kp)%2m = (ko + kg)%2m, correspond to the blocks with
= (kq + kg)%27 = (k. + ky)%27 in the 2DM, as expected for a par-
ticle-hole transformed quantity.

2.2. Parity

The Hubbard model with periodic boundary conditions (PBCs)
has more symmetries than spin and translational invariance, one
of them being parity. Parity follows from the symmetry under
the inversion of space, i.e. r — —r. One can readily appreciate from
Fig. 1 that this symmetry is present here, i.e. the Hamiltonian is
invariant for the inversion of the site index i — —i%L. From the
Fourier transform in Eq. (6) it can be seen that the effect of this
operator on a momentum state is to transform k into k = —k%27.
However, this operation does not commute with translation, which
means that the eigenstates of the Hamiltonian cannot have good
momentum and parity at the same time. From now on we assume
that the number of lattice sites L is even.

As a consequence, if the ground state has momentum |K) # O or
7 then it is doubly degenerate, forming a doublet with |K). In what
follows we will use this degeneracy to exploit both translational
invariance and parity to reduce the dimensions of the matrices in-
volved in the program. The following considerations are valid for
every K. We start with the simplest case, the 1DM.

Single-particle space is built out of L different momentum states
having up or down spin, |ko), for 0 < k<27 and o =+1. If we
transform to a basis with good parity, momentum is no longer a
good quantum number:
k") = *N(lko) + m|ka)),

with 0 < k< . (16)

Two states, k = 0 and k = ? are mapped on themselves, and only
positive parity states can be formed with these momenta. They have
norms Ny = % For the other states, 0 < k < 7, both positive and neg-
ative parity combinations can be constructed, with norm ?N, = L
To take advantage of both symmetries at the same time, we define
the 1DM using an ensemble of the |K) and |K) states:

222 SMl knoak”f'(7|qlb‘\/ll> (17)

Picier = i l M pet
, e
= %p; [&aa (Pﬁ'c + nn/p§K> + O (n’pi’c + npj{“)] ., (18)

in which p}j’“ is a regular translationally invariant 1DM as defined in
Eq. (10). Because of parity symmetry we have,

ok = of. (19)

from which it follows that Eq. (18) is diagonal in 7. If we now
define:

1 -
pe=7 (0% + ), (20)
the translationally invariant 1DM with good parity reduces to:

1
Pie =5 (Pic+ PR, (21)

which can be seen to be independent of parity. The 1DM is still
diagonal in k, but less elements have to be stored, since for
0 < k < m there is a degeneracy in parity.

In contrast to parity in atomic systems (see e.g. [32]), the parity
of a two-particle state for translationally invariant systems is not
the product of the parities of the single-particle states building
up the two-particle state. Instead, the parity is inherently a two-
particle property, and the single-particle states building up the
two-particle states have no good parity:

|ab; SK™) = "'NX, (|ab; SK) + m|ab; SK)), (22)
with
0<K<m and 0<ab<2m (23)

In general the 2DM is defined using a pX ensemble:

- Y Ly (vl sy ). e
M pe+
where
BTSK rNgb <BTSbK i nBT;R), (25)

and with B defined as in Eq. (9). Because of this pX-ensemble def-
inition and the fact that parity symmetry implies that,

Klelgcd - 7KF§ll§cd (26)

one sees that the 2DM becomes diagonal in two-particle parity. As
was the case for the 1DM, the K = 0 and = are mapped on them-
selves, but because the single-particle momenta a, b change, both
positive and negative parity combinations can now be formed. Let
us take a look at the different possibilities:

K = 0: for K = 0 the single-particle indices in Eq. (22) have to
satisfy:

(a+b)%2x=0 or a=h. (27)

2 Note that we use m for both the parity quantum number, 7 =+1 as for the
transcendent number; in what follows it is always clear from the context what
interpretation should be given to 7.
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This means that K = 0 states can be written as:

|aa; SO™) = FNO a(laa; S0) + m|aa; SO)), (28)
in which the second term is equal to the first but with exchanged
single-particle indices. From previous discussions we know that
the symmetry of the two-particle state under the exchange of the
single-particle indices depends on the two-particle spin, i.e.
|a@; SO) = (—1)°|da; SO). (29)
One can see from Eq. (28) that for S =0 only the positive parity
states, and for S = 1 only negative parity states remain. The norm is
given "N, = 1. In the K = 0 case, the definition of the parity-sym-
metric 2DM as a function of the regular translationally invariant
2DM then reduces to:

SO™ N SO
Fab:cd = on(—l)srab;cd' (30)

0 < K < m: for 0 < K <  the first and second term in Eq. (22) con-
sist of different single-particle indices a # b, implying that both po-
sitive and negative parity combinations can be constructed, with
norm "N = 75 As shown for the 1DM, the pK ensemble makes
the 2DM diagonal in, and independent of, parity. Hence every block
is twofold degenerate. Since K = K there are only two terms
remaining in the definition of the parity-symmetric 2DM:

Nn 1 Nd
le’f:cd =3 (Fsb T Fglg;za) (31)

K = m: Finally, for this block K again equals K. In this case there is
always one state that is mapped on itself, and for which only a po-
sitive parity combination can be formed, i.e. |07; S7*), with norm
TNg. = 1. For all the other states in this block both positive and neg-
ative parlty combinations can be formed, with norm "Ng, = . Be-
cause of the pK ensemble, the 2DM falls apart in a positive and
negative parity block, and since K = K, four terms remain in the def-
inition of the 2DM:

Tobed = rNZbrN?d( obed + Tonea + n[rsbcd + Fabcd]) (32)

We observe from Eq. (32) that the original K =  block reduces
to a positive and negative parity block, for both the S=0 and
S =1 part. Also note that there is no degeneracy between the posi-
tive and negative parity block!

Similar considerations hold for the matrix constraints, as an
example the explicit case of the G condition is given.

The parity-symmetric form of a particle-hole state is defined as:

a[,f“)\ox (33)

in which the hole operator a,, is defined as in Eq. (12). Using this
parity-symmetric particle-hole operator the G map is defined in a
pK ensemble, which once again renders the matrix diagonal in par-
ticle-hole parity. The particle-hole states can be divided into two
classes, on the one hand K = 0 or 7, and on the other hand those
states which are mapped on a different momentum. For simplicity
we first consider this last class.

0 < K < m: in this case one can construct both positive and neg-
ative parity combinations, with norm 9NX = % The resulting G
matrix contains only two terms, because of momentum conserva-
tion, and is independent of particle-hole parity, so every block is
twofold degenerate:

% [g(r)abcd + g( )ab cd] (34)

This implies the following expression of the G map as a function
of the parity-symmetric 2DM:

|ab; SK™)=INK, ([ag ® )™ + [ ®

G(N)iea =

g(r)zL cd — aﬂf&bdpa

NAETRIETS) ZS, {%
3

CAPNKINK
4 Nad Ncb

(STERNIE

S e
S/} I ial:(d; :
I
(35)

K = 0 and K = 7: both the K = 0 and K = 7 blocks are mapped on
themselves. For K = 0 the action of the parity operator is again to
exchange the single-particle momenta, but in contrast with the
two-particle case, there is no symmetry between the particle and
the hole index. As a consequence positive and negative parity com-
binations for both K = 0 and K = 7 can be constructed, with norms
INK, = - There are a few exceptions however: for K = 0, the states
witha=b=0and a=b =7, and for K = & the states witha=0,b=7
and a=m, b=0, are mapped on themselves and only occur in the
positive parity block, with norm 9N¥ = 1. The general form of the
parity-symmetric ¢ map when K =K, as a function of the regular
translationally invariant G is:

Gy = NN [+ Gt + (G + G|
(36)

In this case the expression of G as a function of the 2DM is a bit
more complicated:
S
S/

] + 5ad 1+ ()cb Sk
ATNK'T NK” Zrﬂd ch |-
ad cb

[SIESIES
N|—= N|—

g(ﬂiziid—amébdpa—GNEbGNde[S'F{

1+4649)(1+0¢) Z Fs’w
4fN§difb —

37)

3. Computational performance

In v2DM we want to optimize the energy by varying a matrix,
the 2DM, under the constraints that it has the right particle num-
ber, and that some linear matrix maps of the 2DM are positive
semidefinite, i.e.

Ep(H,) = min Tr [FHE,Z)] : (38)
__ N(N-1)
wer =" (39)
() = 0.

Here the £; are a collection of matrix non-negativity constraints to
be applied. It is well known that this problem can be reformulated
as a semidefinite program. There is a vast literature on this subject
and many different algorithms exist to solve this type of problem.
Because of the large amount of symmetry present in the Hubbard
model, there is a huge block diagonalization of the 2DM and the
matrix constraints. This leads to a significant reduction of the com-
putational cost of a basic matrix computation. This feature has al-
lowed us to go up to large lattice sizes and compare the
computational scaling of different algorithms. We have imple-
mented three different semidefinite programming algorithms.
Two are so-called interior point methods (a dual-only potential
reduction algorithm [32], and a primal-dual interior point algo-
rithm [28]), where the 2DM is optimized from within the N-
representable region. In the third one (a boundary point method
[27]) the 2DM is not required to be N-representable during the opti-
mization. In this section we compare the computational scaling of
these methods for the one-dimensional Hubbard model with U=1
and using ZQg conditions. For details about the implementation
of the different algorithms, see the cited references.

All the methods have the same basic computational scaling
behavior, being O(M®) (with M the dimension of single-particle
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Fig. 2. The number of basic matrix operations needed to converge for different
lattice sizes of the one-dimensional Hubbard model, using ZQG conditions and
U=1.
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Fig. 3. Ground-state energy per particle as a function of on-site repulsion U of the
Hubbard model for a 20-site (top) and 50-site (bottom) lattice at half-, % and 2
filling. For the 20-site lattice a comparison is made between v2DM using the 7QG
and ZQGT conditions, and a quasi-exact result using MPS. For the 50-site lattice
only ZQG conditions are feasible, and these have been compared to the exact
(Bethe-ansatz) result for half filling.

-1 F T T T T T T T T 4
V2DM-IQG —e—
thermodynamic limit
-1.02 |- .
at (LA p :
AAA o
\/ \VARvE O e ~
z V
<
uw -1.06 - -
-1.08 |- -
11 -
1 1 1 1 1 1 1 1 1 1

5 10 15 20 25 30 35 40 45 50
L

Fig. 4. Ground-state energy per particle as a function of the lattice size L, indicating
how fast the finite size results converge to the thermodynamic limit for half filling.

Table 1
Energy per site of the v2DM calculations away from half filling at large values of U,
compared to the MPS and the Bethe-ansatz results where available.

L N U 190G I9GT VMPS Exact
20 12 50 -1.2259 —1.0804 —1.0488 *
100 -1.2177 —1.0646 -1.03116 *
00 * * * —1.0008
16 50 —0.7972 —0.5458 —-0.5205 *
100 —0.7860 -0.5179 —0.49513 *
00 * * * —0.4639
L N U 790G Exact
50 30 50 -1.2272 *
100 -1.2191 *
) * —1.0008
40 50 -0.7974 *
100 —0.7862 *
) * —0.4671

Hilbert space) required for multiplying, inverting or diagonalizing
a matrix. In Fig. 2 the number of these operations needed to con-
verge to the optimum is plotted as a function of lattice size. The
interior point methods both have to solve a linear system of size
M?, so it is not surprising that the scaling, on top of the basic matrix
computations, of these methods is M*. More surprising is that there
seems to be no, or a very limited, scaling for the boundary point
method. The number of iterations required remains around 3000,
irrespective of the size of the system. It must be stressed that this
is a result limited to the one-dimensional hubbard model, and can-
not be extrapolated to other systems, like molecules, where the
convergence properties of the boundary point method can be com-
pletely different. One reason for the success of the boundary point
method applied to the Hubbard model is the amount of symmetry
present in the system. The boundary point method is designed for
problems with a huge amount of dual variables or primal con-
straints. For most physical systems the dimensions of the matrices
involved are already unfeasibly large before the boundary point
method would becomes advantageous. The Hubbard model,
however, contains many symmetries, implying that the matrix
dimensions are considerably reduced, and the number of dual vari-
ables can get very large before the matrix computations involved
become unfeasible. In this case, the domain where the boundary
point method is advantageous is actually reached.
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C (k)

C (k)

Fig. 5. Two-particle charge correlation function C(k), as a function of momentum,
for a 2 filled lattice and various values of on-site repulsion U, using QG (top) and
ZQGT (bottom) conditions.

4. Results

In this section we present and discuss the results of v2DM cal-
culations, taking advantage of all the symmetries, on a 50-site lat-
tice with the ZQgG conditions, and on a 20-site lattice with the
TOGT1T, (ZQGT) conditions. The Hubbard model has been studied
before using the v2DM method, see e.g. [33,34,19,35], but only the
energy was considered, and this for relatively small lattice sizes
(up to L=14). In this paper we study different filling factors, and
extract various properties like the ground-state energy and two-
particle correlation functions in order to assess the quality of the
variationally obtained 2DM. The v2DM results discussed in this
section were all obtained using the primal-dual predictor corrector
semidefinite programming algorithm [28]. Although the one-
dimensional Hubbard model can be solved exactly using the Bethe
ansatz [36-39], it is hard to extract information about the solution
for finite systems. For the calculations on a 20-site lattice, we com-
pare the data with the quasi-exact results obtained through a var-
iational Matrix Product State (MPS) algorithm [40-42], written by
co-worker Wouters et al. [43]. For the 50-site lattice, however, this
is no longer computationally feasible. At half filling a simplification
in the Bethe-ansatz equations occurs, which allows to calculate the
ground-state energy of finite systems by solving a set of non-linear
equations Lieb and Wu [44]. At other fillings no data is available for
comparison.
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Fig. 6. Two-particle charge correlation function C(k), as a function of momentum,
for a & filled lattice and various values of on-site repulsion U, using ZQg (top) and
ZQGT (bottom) conditions.

4.1. Ground-state energy

In Fig. 3 the ground-state energy per particle of the one-dimen-
sional Hubbard model is plotted as a function of the on-site repul-
sion U (the hopping parameter t will always be taken equal to
unity). In the top figure the v2DM results for the 20-site lattice
are shown for three different fillings, 12 particles (3), 16 particles
(&) and half filling. These were calculated using both the 70g and
the ZOG7 conditions, and are compared to the quasi-exact varia-
tional MPS results. In the bottom figure the v2DM results for the
50-site lattice are shown for the same fillings (i.e. 30 particles
(F), 40 particles (75) and half filling). For the 50-site lattice it
was only possible to perform the calculations using the ZQg condi-
tions, and compare to the exact solution obtained by solving the
Lieb-Wu equations for the half-filled lattice [44].

One interesting thing to notice is that the ZQG energy per par-
ticle for the 20-site lattice and the 50-site lattice, at the same fill-
ing, are very similar. This is due to the periodic boundary
conditions which make the results converge quite rapidly for
increasing lattice size L, implying that one can already extract rel-
evant results for the thermodynamic limit by studying relatively
small lattices. This fast convergence can be clearly seen in Fig. 4,
where we plotted the energy per particle of a Hubbard model with
U=1 at half filling, as a function of the lattice size L. This result
seems to indicate that the method is more or less size extensive
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c (k)

CK

Fig. 7. Two-particle charge correlation function C(k), as a function of momentum,
for a half-filled lattice and various values of on-site repulsion U, using ZQg (top) and
ZQGT (bottom) conditions.

for the Hubbard model, which is surprising since in general v2DM
is not size extensize [45,46].

Another thing to remark in Fig. 3 is that for the 20-site lattice,
the difference between ZQG and ZQG7 is rather small for the
half-filled lattice, but larger for the other fillings, and that the dif-
ference gets larger when U increases. For the 50-site lattice we see
that the 7Qg result agrees nicely with the solution of the Lieb-Wu
equations. For the other fillings no reference data are available.
There are, however, two limits of the model that are exactly solv-
able. The first limit is the rather trivial case of no interaction, i.e.
U=0, for which the solution has already been given in Eq. (7).
The Hamiltonian reduces to a single-particle operator, which
means this limit is already described correctly by including the 7
and Q conditions alone. The other exactly solvable limit is when
U — +oco. In this limit the physics of the model decouples into
two independent parts, one describing the spin of the system,
and the other the movement of the particles (this is called spin-
charge separation [31]). This decoupling shows up in the Bethe-an-
satz wave function: the charge degrees of freedom are described by
a Slater determinant of spinless fermions, whereas the spin degrees
of freedom become equivalent to a spin-] Heisenberg model. The
single-particle energy spectrum changes slightly compared to Eq.
(7) because the boundary conditions for spinless fermions are peri-
odic/antiperiodic if N is even/odd [31,47]:
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Fig. 8. Two-particle spin correlation function S(k), as a function of momentum, for a
3 filled lattice and various values of on-site repulsion U, using ZQgG (top) and ZQGT
(bottom) conditions.
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When the lattice is half-filled all the single-particle states are
occupied, and the total energy sums up to zero, which is correctly
described by the ZQgG results in Fig. 3. Away from half filling,
however, the energy has a finite limit which can be calculated
using Eq. (40). From the figure we can see that the ZQg condi-
tions do not suffice to correctly describe the large-U limit. Only
when the 7 conditions are added, the results converge to the
right limit. Calculations at very large values of U have been per-
formed that confirm this statement, and these results are shown
in Table 1.

4.2. Correlation functions

Two-particle correlation functions are important quantities in
the analysis of lattice systems, because they usually display the
physics (for instance the appearance of magnetism) present in
the system. In this section we show that in our approach, these cor-
relation functions are easily extracted from the 2DM, and compare
our results to those in [30,31].
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Charge correlation. The two-particle charge correlation function
is defined as:

C(r) = <flJflj+r> = Z((IT ajaa;”a,aﬁr;(,/), (41)
aa’

in which the notation (-) denotes the expectation value. The func-
tion is independent of the specific choice of the index j because of
the periodic boundary conditions. The expression in Eq. (41) can
be written in terms of the G(I") matrix:

r= Zg(r)jﬂjaa(i+r)m(i+r)o” (42)
aa’

and in fact only the singlet part of the G matrix appears:

( ) - 2g( )j] (+r)G+r)" (43)

In translationally invariant systems one usually takes the Fou-
rier transform of the correlation function,

k) =" eMC(r)=2>"% "6(I)

kakp kckq
In Figs. 5-7, C(k) has been plotted for 3, - and half filling
respectively, using both ZOG and ZQG7 conditions. Comparing
the ZOG with the ZQGT results the same trends can be noticed

(44)

ka kb kekg®

as for the energy and the momentum distributions. For half filling
(Fig. 7) the ZOG and ZQGT results are in nice agreement. Moving
away from half-filling (Figs. 5 and 6) there is only agreement for
small values of U. For larger values of U strange oscillations appear
in the ZQg results. So in this limit not only the energy, but the en-
tire physical content of the ZOG-2DM cannot be trusted. This is
once again an indication that the ZQG conditions fail to describe
the strong-correlation limit away from half-filling. The ZOGT re-
sults compare well, both in shape and magnitude, with the results
from Quantum Monte Carlo [30], and the Bethe-ansatz results in
the strong-correlation limit [31].

Spin correlation. The two-particle spin-correlation function de-
fined as:

S(r) = (88") = od'(d]

oo’

aJU s a’a]+T=0"> (45)

can be expressed as a function of the G matrix:
= ZO-O-Tg(r)jaja';(ﬂr)a?(ﬂr)o?‘ (46)
oot
Written in terms of the spin-coupled G matrix, only the triplet
S=1 part contributes:

1.

S(r)= ig(r)]j:(jﬂ)(jﬂ)' (47)
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Fig. 10. Two-particle spin correlation function S(k), as a function of momentum, for
a half-filled lattice and various values of on-site repulsion U, using ZQg (top) and
ZQGT (bottom) conditions.
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Fourier transforming S(r) yields the momentum dependent
spin-correlation function:

; 1
S(k) = ZEWS(r) = jzzgifkb;kckd' (48)

kakp kckg

We have plotted this object in Figs. 8-10 for 2, ;& and half filling
respectively, using both ZQG as ZOGT conditions. Unsurprisingly, a
good agreement is observed between the ZOQG and ZQGT results for
small values of U. At larger values of U, away from half filling, re-
sults are very poor with the ZOG conditions, especially in the ;4-
filled case, where the correlation function is wildly oscillating.
More surprising, is that the spin-correlation function for the half-
filled lattice in the large-U limit is also incorrect in the ZQG approx-
imation. In the strong-correlation limit, for half-filling, the spin
part of the Hubbard model is identical to the Heisenberg model
[31], for which the spin-correlation function has a singularity at
two times the Fermi momentum 2kr= 7, which is exactly what
we see in the T7QGT results. Below half-filling the singularity in
the large-U limit splits and shifts to smaller values of k, as observed
in the ZQGT Figs. 8 and 9. This is in agreement with the results in
[31,30]. In conclusion we can say that the 2DM obtained with the
ZQGT conditions, correctly describes the physics that governs the
spin-correlation function, whereas the ZQgG conditions do not. It
is also important to note, that even though the ZOg results for
the energy are good for the half-filled lattice, the 2DM is flawed,
because the spin-correlation function is not correctly described.

5. Conclusion

In this article we have studied the one-dimensional Hubbard
model at various fillings using the v2DM method with both two-
and three-index constraints. We have shown that it is possible to
obtain a huge reduction in the computational cost of a basic matrix
computation by exploiting all available symmetries, i.e. spin, trans-
lation invariance and space-inversion parity. Using this reduction it
was possible to compare the computational scaling of different
semidefinite programming algorithms with increasing lattice size.
We found that, for this particular type of problem, the boundary
point method outperforms interior point methods by several or-
ders of magnitude. To gauge the quality of the variationally ob-
tained 2DM we compared several ground-state properties to
reference results. We found that, for half filling, the ground-state
energy is well described by the two-index conditions. When mov-
ing away from half filling, however, we see that the three-index
conditions are needed to obtain decent results. An explanation of
why this happens has been the subject of a different article [35].
The need for three-index constraints was even more obvious when
we looked at the spin and charge correlation functions. It was also
seen that, even though the energy was relatively correct for the
half-filled lattice, the 2DM was flawed, because the spin correlation
function was incorrect. This study shows that the exploitation of
symmetry opens the possibility for a study of the two-dimensional
Hubbard model for relevant lattice sizes. To obtain a decent accu-
racy, however, it will be necessary to include the three-index con-
straints, which is computationally hard. One way around this was
set forward in [35] with the use of lifting conditions [16,18].
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