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The G-condition for the N-representability of the two-electron reduced density matrix is tightened by
replacing the semidefiniteness constraint with the true upper and lower bounds of the G-type Hamilto-
nian operator. The lower bound is not easily computed (in contrast to the sharp P- and Q-conditions), but
maps onto a well-known integer programming problem. The sharp-G, sharp-P, and sharp-Q conditions
are just three members of a much broader class of conditions based on exactly solvable model
Hamiltonians.
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1. Motivation

Directly solving the N-electron Schrödinger equation is imprac-
tical for all but the smallest systems because the cost of solving a
partial differential equation in 3N spatial coordinates to a specified
accuracy e typically grows exponentially, as eN. This scaling can be
avoided, in principle, by recognizing that the N-electron wavefunc-
tion contains more information than is necessary for computing
the energy: the 2-electron reduced density matrix (2DM) suffices
[1–6]. (One can simplify even further and target the 1-electron re-
duced density matrix [7–9], the electron pair density [10–13], or
the electron density [9,14,15]. However, these descriptors do not
explicitly determine the energy, and functionals for remaining en-
ergy components must be approximated.) Our goal is to use the
2DM as the fundamental descriptor of molecules [16–18].

In principle, the 2DM is determined quite simply using the var-
iational principle,

Eg:s: ¼ min|ffl{zffl}
N�representableC

Tr½KðNÞ2 C� ð1Þ

Here KðNÞ2 is the 2-electron reduced Hamiltonian of the N-electron
system. This problem is more difficult than it looks for two reasons.
First of all, the variational search must be restricted to 2DM that
correspond to some ensemble,
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on).
Cijkl ¼
p
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y
kayl ajaijWðNÞp
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X

p

wp

ð2Þ

Such states are said to be N-representable. Here fWðNÞp g is an
arbitrary set of N-electron wavefunctions. Unfortunately, the
N-representability constraints are not known in any practical form.
In principle, the necessary and sufficient conditions are known: C
is N-representable if and only if, for every possible N-electron
Hamiltonian, Tr½KðNÞ2 C� is greater than the true ground-state energy
[19]. I.e., we can rewrite Eq. (1) as

Eg:s: ¼ min|ffl{zffl}
C

for every eK ðNÞ2 ;

Tr½eK ðNÞ2 C�P Eg:s:½eK ðNÞ2 ;N�

�����
)( Tr½KðNÞ2 C�

ð3Þ

In practice, one considers only a small subset of Hamiltonians
[1,19], and so one has a lower bound,

Eg:s: P min|ffl{zffl}
C

for a few specific eK ðNÞ2 ;

Tr½eK ðNÞ2 C�P Eg:s:½eK ðNÞ2 ;N�

�����
)( Tr½KðNÞ2 C�

ð4Þ

There has been progress towards deriving better N-represent-
ability constraints in recent years [13,20–33]; this paper is a con-
tribution in that direction.

The other problem is that the optimization in Eq. (4) is a semi-
definite programming problem. There has been progress towards
better semidefinite programming algorithms [31,32,34–39], but
rights reserved.
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the woeful inefficiency of those methods is still the primary stum-
bling block in this field.

2. The sharp-G condition

In practice, the variational determination of the 2DM uses con-
straints even weaker than those in Eq. (4). Typically one chooses a
manifestly positive semidefinite Hamiltonian of the form [1,19,40],

PðNÞ2 ¼
X

p

wp
bBypbBp ð5Þ

and then replaces the ground-state energy with its lower bound,
zero, even though this lower bound is rarely achieved. I.e., almost
all variational 2DM algorithms use

Eg:s P min|ffl{zffl}
C

for a few specific PðNÞ2 � 0;

Tr½PðNÞ2 C�P 0

�����
)( Tr½KðNÞ2 C�

ð6Þ

which gives an even weaker lower bound than Eq. (4).
This is not mandatory. There are two examples in the literature

where operators were chosen for which sharp lower bounds could
be computed analytically; in these cases Eq. (3) is in fact the appro-
priate variational procedure [20,29]. This paper can be considered
an extension to Ref. [29]. That paper considers two of the most
popular N-representability conditions, which are obtained by
insertingbB ¼X

i;j

pijajai pij ¼ �pji ð7Þ

orbB ¼X
i;j

qija
y
j a
y
i qij ¼ �qji ð8Þ

into Eq. (5). These are called the P (or D) and Q conditions, respec-
tively [1]. The upper and lower bounds to the resulting Hamiltonian
can be determined analytically in these cases, by solving a set of
nonlinear equations [29,41–44]. Unfortunately, these conditions
do not seem to be very forceful for molecular systems [45]. For
example, from full-configuration interaction calculations of the
2DM of atomic and molecular systems we learn that the true lower
bound of the P-condition and Q-condition Hamiltonians is typically
10�8, which is so close to zero that imposing the ‘‘sharp P’’ and
‘‘sharp Q’’ conditions is unhelpful. The universal upper bound on
the P matrix (i.e., not dependent on the specific pij) was first derived
by Sasaki [46].

The only other N-representability constraint whose simplicity is
comparable to the P and Q conditions is the so-called G-condition,
which is obtained by insertingbB ¼X

i;j

gija
y
j ai ð9Þ

into Eq. (5). The upper and lower bounds of the resulting G-
HamiltonianbG ¼X

i;j;i0 ;j0
gijg

�
j0 i0a

y
i0
aj0a

y
j ai ð10Þ

were addressed by Garrod and Rosina [47], but explicit results for
the upper and lower bounds have not be derived. The practical
importance of the G condition is clear when gij is Hermitian: the
G-condition implies that any 2-electron Hamiltonian that is the
square of a 1-electron Hamiltonian is positive semidefinite. The
G-type Hamiltonian has been analyzed previously by Garrod and
Rosina, Erdahl and Grudzinski, and Nakata et al. [47–49]. The
universal (independent of the specific gij) upper bound on the
G-Hamiltonian was first derived by Garrod and Rosina [47]. They
also noted that the lowest eigenvalue of the G-Hamiltonian is zero
when there is an appropriate symmetry in the Hamiltonian [47].
The goal of this paper is to derive the sharp-G conditions in the most
general case; our main assumption (which does not seem to be
essential) is that the (possibly asymmetric) matrix of gij’s is
diagonalizable.

To derive the spectral bounds for the G-Hamiltonian, consider a
basis set containing K spin orbitals and decompose the gij matrix
using its eigenvalues fkkgK

k¼1 and the matrices containing its left
(Vmn) and right ðV�1

mnÞ eigenvectors,

XK

i;j¼1

gija
y
j ai ¼

XK

i;j;k;l¼1

VjkðkkdklÞV�1
li ayj ai ð11Þ

In the special case where gij ¼ g�ji, this can be rewritten as,

XK

i;j¼1

gija
y
j ai ¼

XK

k¼1

kk~ayk~ak ð12Þ

where ~ak ¼
PK

i¼1Uykiai denotes annihilation operators in the eigen-
vector basis of gij.

Because Eq. (11) (similarly, Eq. (12)) is a one-body operator, its
N-electron eigenvectors are Slater determinants, and its N-electron
eigenvalues are

KðNÞ ¼
XK

k¼1

nkkk; ð13Þ

where nk e {0,1} are the occupation numbers in the Slater determi-
nant. The left-eigenvectors of

PK
i;j¼1g�jia

y
i aj ¼ ð

PK
i;j¼1gija

y
j aiÞy are the

complex conjugates of the right-eigenvectors of
PK

i;j¼1gija
y
j ai; they

are also Slater determinants. The N-electron eigenvectors of the G
Hamiltonian are therefore Slater determinants that are eigenvectors
of Eq. (11) and the eigenvalues are the squared magnitudes of the
sum of occupied orbital energy eigenvalues,

bGjUi ¼ XK

k¼1

nkkk

�����
�����
2

jUi: ð14Þ

The spectral bounds, GðNÞmin � bG � GðNÞmax are obtained as solutions
to the integer programming problems,

GðNÞmin ¼ min|ffl{zffl}
nk2f0;1g N¼

PK

k¼1
nk

��� � X
K

k¼1

nkkk

�����
�����
2

ð15Þ

GðNÞmax ¼ max|ffl{zffl}
nk2f0;1g N¼

PK

k¼1
nk

��� � X
K

k¼1

nkkk

�����
�����
2

ð16Þ

or as the optimization of a quadratic objective function subject to
linear and quadratic constraints,

GðNÞmin ¼ min|ffl{zffl}
nk2R

N ¼
PK

k¼1nk

n2
k ¼ nk

�����
( )nT Ln

ð17Þ

GðNÞmax ¼ max|ffl{zffl}
nk2R

N ¼
PK

k¼1nk

n2
k ¼ nk

�����
( )nT Ln

ð18Þ

where n is the vector of occupation numbers and L is the positive
semidefinite matrix (with K-1 zero eigenvalues),



34 P.A. Johnson et al. / Computational and Theoretical Chemistry 1003 (2013) 32–36
L ¼

jk1j2 k�1k2 � � � k�1kK

k�2k1 jk2j2 � � � k�2kK

..

. . .
. ..

.

k�Kk1 k�Kk2 � � � jkK j2

2666664

3777775 ð19Þ

Notice that the spectral bounds are strongly dependent on the
number of electrons; this distinguishes them from conventional
N-representability conditions.

Determining GðNÞmax is not difficult. For example, if we assume that
the eigenvalues are real and listed in increasing order,
k1 6 k2 6 � � � 6 kK , the upper bound will be caused by either the
sum of the smallest (most-negative) or largest eigenvalues,

GðNÞmax ¼max
XK

k¼N�Kþ1

kk

 !2

;
XN

k¼1

kk

 !2
24 35 ð20Þ

More generally, one needs to find the vector sum of complex
numbers with the largest magnitude. Like the upper bounds to
the P- and Q-Hamiltonians, in our tests the upper bound to the
G-Hamiltonian was ineffective.

Determining the lower bounds is NP hard. The problem is clo-
sely related to the minimum sum-of-squares clustering problem
[50], maximizing the expectation value of a positive-definite qua-
dratic form using 0–1 vectors (PosDef-0-1-Max) [51], and the p-
dispersion problem [52–55] which is known to be NP-hard [54].
The connection to the p-dispersion problem is especially direct.
Assuming real eigenvalues, one can compute the lower bound by
solving the problem,

�GðNÞmin ¼ max|ffl{zffl}
nk2f0;1g N¼

PK

k¼1
nk

��� �nTð�LÞn ð21Þ

which is equivalent to the N-dispersion problem

�GðNÞmin þ Njkj2max ¼ max|ffl{zffl}
nk2f0;1g N¼

PK

k¼1
nk

��� �nTðjkj2max1� LÞn ð22Þ

where 1 is a matrix whose entries are all ones and
jkjmax ¼maxk¼1;2...K jkkj is the magnitude of whichever eigenvalue of
gij has highest magnitude. The matrix in Eq. (22) has only positive
entries, so this is a N-dispersion problem.

This problem is NP-hard because, in general, the sum of positive
and negative eigenvalues with very different magnitude can be
close to zero. In cases where there are too few positive or negative
eigenvalues for this sort of pernicious cancelation to occur, the Gmin

is easily computed. In particular: (1) if
PN

k¼1kk > 0, then the lowest

eigenvalue of the G Hamiltonian is ð
PN

k¼1kkÞ2 and (2) ifPK�Nþ1
k¼K kk < 0 then the lowest eigenvalues of the G Hamiltonian

is ð
PK�Nþ1

k¼K kkÞ2. Bounds for the p-dispersion problem could be
adapted to form lower bounds on Gmin [52]. For smaller basis sets,
explicit enumeration of the possible solutions is feasible; this is
what we did in our computational tests. In general, this type of
0–1 integer programming problem is usually solved by relaxing
the restriction to integer solutions (this conventional optimization
problem provides a lower bound to the desired solution) and then
adding constraints until the optimal integer solution is obtained.
Near-optimal solutions to the p-dispersion problem can be found
in O(K3) time, and rigorously optimal solutions to the p-dispersion
problems with up to K = 100 are routinely accessible [52]. The ac-
tual computational cost depends strongly on the structure of the
problem; much larger problems can be solved when the estimate
of a greedy algorithm is accurate.

The preceding analysis assumes that gij are the elements of a
diagonalizable matrix. If this is not true, then, instead of Eq. (11),
one would need to analyze the corresponding Jordan canonical
form,

XK

i;j¼1

gija
y
j ai ¼

XK

k;l¼1

TjkJklT
�1
li ayj ai ð23Þ

where J is a Jordan matrix [56]. Our results appear to extend to non-
diagonalizable matrices, but we have not meticulously confirmed
this.

3. Summary

The goal of this paper is to present sharp upper and lower
bounds for the G-Hamiltonian. This allows one to replace the con-
dition that the G-matrix be positive semidefinite with the condi-
tion that the spectrum of G be contained within the correct
spectral bounds. When combined with the results in Ref. [29], this
allows one to reformulate the variational optimization of the 2DM
subject to the sharp-2-positivity conditions as

Eg:s P min|ffl{zffl}
C

PðNÞmin � Tr½PC� � PðNÞmax

Q ðNÞmin � Tr½QC� � Q ðNÞmax

GðNÞmin � Tr½GC� � PðNÞmax

��������
8>><>>:

9>>=>>;

Tr½KðnÞ2 C�:

ð24Þ

While the P, Q, and G-type Hamiltonians are the most conventional
constraints for the variational 2DM method, any readily solvable
Hamiltonian can be used. In addition to the cases previously consid-
ered in the literature on N-representability [20,29], other possibili-
ties are the (one-dimensional) Heisenberg model [57,58], the t–J
model [59] and the supersymmetric U-model [60,61]. The Hubbard
model [62–69] (known in chemistry as the Pariser–Parr–Pople
model Hamiltonian [70–72]) in one dimension is exactly solvable
by a coordinate Bethe ansatz [73]. Exact solutions for the model
Hamiltonians of Richardson [42,43,74], Gaudin [44], and many of
their generalizations are also available [41,75–77].

We have not found any cases where the sharp-P or sharp-Q con-
ditions significantly improved the results beyond a conventional
calculation subject to the 2-positivity conditions,

Eg:s: P min|ffl{zffl}
C

0 6 Tr½PC�
0 6 Tr½QC�
0 6 Tr½GC�

�������
8><>:

9>=>;
Tr½KðNÞ2 C�

ð25Þ

GðNÞmin is exactly zero for any singlet state (zero spin-angular momen-
tum) and any spherically-symmetric pure state (zero orbital-angu-
lar momentum). Our preliminary investigations indicate that the

violations of the sharp-G condition (specifically, GðNÞmin) in other

atoms and molecules is very small (GðNÞmin � 10�8). However, we
found significant violations for a 3-electron 4-site Hubbard model

with a strong on-site repulsion ðGðNÞmin 	 :07Þ, which suggests that
the sharp-G conditions may be important for strongly-correlated
electronic materials. The sharp-G condition is strongly violated in
the systems considered by Nakata et al. because optimizing a
G-type Hamiltonian subject to the sharp-G conditions will always
give the exact ground state energy [49].
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