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Abstract. Between (classical) reversible computation and quantum computation there
exists an intermediate computational world, represented by unitary matrices that have all
line sums equal to 1. All of these quantum circuits can be synthesized with the help of
merely two building blocks: the NEGATOR and the singly controlled square root of NOT.

1. Introduction

Quantum computing [1, 2] has become a well-established branch of computer
science. A remarkable feature of quantum circuits is that they are reversible,
i.e. it is possible to trace back any final state of a quantum computation to the
initial state without any loss of information. This is important from an infor-
mation theoretic point of view, because heat dissipation into the system due
to the Landauer principle [1, 3, 4] is avoided during the process. Reversibility
is a fundamental property of group theory; so it is natural to express quantum
circuits, as well as classical reversible circuits, in group-theoretic language.
Whereas a quantum circuit acting on w qubits is represented by an n x n
unitary matrix, a classical reversible circuit acting on w bits is represented
by an n X n permutation matrix, where n is a short-hand notation for 2.
The n x n unitary matrices form a continuous group, i.e. the n?-dimensional
Lie group U(n), called the unitary group.

The n x n permutation matrices form the finite group P(n), isomorphic
with the symmetric group S, of order n!. It is clear that P(n) is a triv-
ial subgroup of U(n), and moreover there is a vast world between P(n) and
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U(n), which has largely been left unexplored up to present. The motivation
of this work is to investigate the properties of a potential quantum computer,
living in a smaller and less powerful space as the full-fledged U(n) quantum
computer, but with the salient features of quantum mechanics, lacking in clas-
sical reversible computers in P(n). In other words, we search for those groups
that are both subgroups of U(n) and supergroups of P(n), while retaining
a meaningful interpretation as computation group on a w-qubit system. In
the quest for such a group, inspiration can be found in decomposition ap-
proaches for quantum circuits [5] or classical circuits [4]. These approaches
start with a limited set of elementary (quantum) gates and generate a larger
group by concatenation of these elementary building blocks. In this paper,
the NEGATOR [6, 7] and its controlled version, is selected as elementary quan-
tum gate. On the one hand, from a subgroup point of view, the NEGATOR is
a l-dimensional subgroup of the unitary U(2) group acting on 1-qubit sys-
tems. On the other hand, from a supergroup point of view, the NEGATOR
connects the IDENTITY gate (or follower or unity) and the classical NOT gate
by means of a 1-parameter group. It is found that a concatenation of (con-
trolled) NEGATORs generates a group V(n) which is isomorphic to the unitary
group with line sum equal to 1, which in its turn is isomorphic to U(n—1).

In the next section, we introduce the NEGATOR and its relation to U(2) and
P(2) with respect to 1-(qu)bit systems. In the subsequent section, we change
gears by constructing the generated group V(n) of w-qubit systems. In
Sect. 4, we prove that the NEGATOR gate, extended with the singly-controlled
square root of NOT is universal for V(n), and we present our conclusions in
Sect. 5.

2. Single-Qubit Circuits

For w = 1, we have n = 2. There exist only two matrices in the group P(2):

o ][0 ]

representing the IDENTITY gate and the NOT gate, respectively. In contrast,
the group U(2) has co* members:

exp(i61 + 163) cos(02) exp(if; — i63) sin(62)
—exp(—iby + i03) sin(fy) exp(—iby — i63) cos(f2)

)

i |

where 6y, 01, 02, and 03 are four real parameters.
In between the 0O-dimensional group P(2) and the 4-dimensional group
U(2), we introduce a 1-dimensional group by interpolating between IDENTITY
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N A
ol i)

The resulting matrix is unitary iff

and NOT:

t= gl exp(if)],

leading to the 1-dimensional group of matrices
1+ exp(if) 1 —exp(if)
1 —exp(i6) 1+ exp(if)

cos(#/2) —isin(6/2)
= exp(if/2
p(i0/2) [ —isin(0/2) cos(6/2) ]

NO) = 5

representing the quantum operation called the NEGATOR [6, 7], with symbol

This quantum gate should not be confused with any of the three well-known
unitary transformations called the ROTATORs [2]:

R.0) = cos(f) —isin(0) ] |

—isin(f)  cos(6)
i cos(f) sin(6
By(6) = —sin(f) cos(6 ]
i exp(z&)
R0 = |0 exp(—i&) ]

The 2 x 2 matrices N () form a group V(2), simultaneously a supergroup of
P(2) and a subgroup of U(2):

P(2) c V(2) C U(2).

Whereas the matrices of U(2) are merely unitary, each matrix of V(2) satisfies
an extra restriction: all its line sums (i.e. its two row sums and its two column
sums) are equal to 1. Conversely, each 2 x 2 unitary matrix with all line sums
equal to 1 is in V(2). Whereas U(2) fills a 4-dimensional space, V(2) is only
a 1-dimensional subspace. The group V(2) is isomorphic to U(1). Whereas
U(1) is generated by the single 1 x 1 matrix [1], V(2) is generated by the

2 X 2 matrix
BN
TT 91 o1 |7
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generating all members exp(if7) of V(2). We have trace(7) = 1 and therefore
det(N) = exp(i0).

For the particular values § = 0, 6 = 7, § = w/2, and 6 = 37/2, the
NEGATOR becomes the IDENTITY, the NOT, the square root of NOT, and the
‘other’ square root of NOT, respectively:

10 0 1 Il 1+d 1—1 Li1—di 144
0o 1}’ 1 0" 2|1—¢ 144 | 2| 147 1—4 |’
with respective symbols

The former two transformations are classical logic gates; the latter two are
quantum gates. For an arbitrary value of 6, we may write

NEGATOR(A) = NOT®/™.

In particular, the v/NOT is an interesting addition to classical reversible cir-
cuits, as it allows for the decomposition of any classical computer using only
a library of 2-qubit building blocks [8]. This is in contrast to purely classical
libraries, where building blocks only become universal at the 3-bit level, such
as e.g. the Toffoli gate [4,9].

3. Multiple-Qubit Circuits

For w = 2, we have n = 4. The one-qubit gate N(#) naturally leads to four
different 2-qubit building blocks:

N©) — 1 _@_ (1)
o e W

The former two are NEGATORs; the latter two are ‘controlled NEGATORs’. They
are represented by the four 4 x 4 unitary matrices

14+4e 1—e¢€ 0 0 ] [ 1+4e 0 1—e 0
1| 1—e 1+e 0 0 1 0 1+e 0 1—e
21 0 0 14+e l—e |’ 2|1—e 0 14e 0 |’
0 0 1-e 1+e | | 0 1—-e 0 1+e
2 0 0 0 ] [ 2 0 0 0
110 2 0 0 110 14e 0 1—¢
2100 14e 1—e|” 2l0 0 2 0 |’
0 0 I1—-e 1+4e | |0 1—e 0 1+e
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where e is a short-hand notation for exp(i6). Each of these four 4 x 4 matrices
represents a 1-dimensional subspace of the 16-dimensional Lie group U(4).

We note that each of these four matrices has all eight line sums equal
to 1. The reader will easily realize that a similar property holds for w > 2.
Any NEGATOR and any controlled NEGATOR, either controlled by a single line
or by multiple lines (up to w — 1 lines), either with positive-polarity controls
or with negative-polarity controls, give rise to unitary 2% x 2% matrices with
all 2@t line sums equal to 1. It is therefore very useful to investigate in
detail the n x n unitary matrices with all 2n line sums equal to 1. They
form a group, as the product of two such matrices again yields such matrix.
They thus form a subgroup of the n2-dimensional Lie group U(n). We denote
the group by V(n). Below, we prove that V(n) is an (n — 1)?-dimensional
subgroup of U(n), isomorphic to U(n — 1). For this purpose, we note that
any generator of V(n) has to be an n x n Hermitian matrix with all 2n line
sums equal to zero®. E.g. the four above subgroups of V(4) are generated by
the 4 x 4 Hermitian matrices

1 -1 0 0 1 0 -1 0
-1 1 0 O o 1 0 -1
o o 1 -1}’ -1 0 1 0 |’
0 0 -1 1 | | 0 -1 0 1
00 0 0] [0 0 0 O
0 0 0 0 1 0 -1
00 1 —-1/|" 0 0 0 0 [’
00 -1 1 | |0 -1 0 1
respectively.
Let ay, as,...,aq be Hermitian matrices forming an algebra with structure
constants Cp:
laj,ar] = chklal-
l
Then,
0 of 0 of 0 of
bl_[O al]’ bz_[O az]’ o bq_[O ag |’

where 0 is the zero column vector, also form an algebra, with the same
structure constants, because

0o o ][0 o] TJo of
0 aj 0 ar | |0 ajay |’
AIf a unitary matrix M is the exponential map of a Hermitian matrix pu, i.e. if
M = exp(ifp), then a constant line sum Sum(p) for 1 automatically implies a constant line
sum Sum(M) for M and vice versa, with the relation Sum(M) = exp(if Sum(u)), an ex-

pression reminiscent of the well-known relation Det(M) = exp(if Trace(u)). In particular,
Sum(M) = 1 leads to Sum(u) = 0 and vice versa.
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One can easily check the following property: if Y is a Hermitian matrix,
then also TYT~! is Hermitian, iff T is a unitary matrix (of the same size).
Therefore, if T' is a unitary matrix of the same size as the matrices b;, then
the conjugate matrices Tb;T~! also form an algebra with the same structure
constants, because

[T, T~ Th T = Tbj,bp] T

As a result, the (n — 1) x (n — 1)-dimensional generators ay,as, ..., a(,_1)2
of U(n — 1) lead to n x n generators

T
cj—T[O 0 ]Tl,
0 aj

where 0 stands for the (n—1) x 1 zero matrix. It now suffices to find an n xn
unitary matrix 7', such that all (n — 1)? new generators c; have constant line
sum equal to 0, i.e. such that

D (lm =0 and > (¢j)gm = 0. (2)
m k
E.g. the latter condition leads to
ZTk‘p (05)pq (T_l)qm =0

k,p,q

Z (bj)pq (T_l)quTkp = 0.
k

P,g7#1

As this condition must be fulfilled for each matrix a;, we need (for all p # 1
and g # 1) that

and thus to

(T gm Y _Tip = 0.
k
For this purpose, it is sufficient that
ZTkP =0 forall p#1. (3)
k
The former condition in (2) leads to a similar sufficient condition:
(T Ny =0 forall k#£1. (4)
P

Because T is unitary, it fulfils (4) as soon as it fulfils (3). The question
remains whether, for an arbitrary integer n, an n X n unitary matrix with
property (3) exists®. The fact that

PSuch existence is not obvious, as e.g. unitary matrices with all column sums (i.e. p =1
included) equal 0 do not exist. Indeed, if a unitary matrix has constant column sum, then
this sum is on the unit circle of the complex plane [10].
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e the second and all following columns of 7' are perpendicular to each
other,

e the vector (1,1,1,...,1)7 is perpendicular to all these (n — 1) vectors
(because their column sums equal 0), and

e the first column has to be perpendicular to all these (n — 1) vectors,

leads to the conclusion that the first column of T is necessarily equal to
(1,1,1,...,1)T, up to a constant (1/y/n) exp(ia). The question remains
whether there exists such an n x n unitary matrix, with constant-entry first
column and subsequent zero-sum columns. The answer is yes, as all dephased
complex n xn Hadamard matrices [11] have all column sums equal to 0 except
the first column sum equal to /n .

For arbitrary n, we can choose (among the complex Hadamards) the nxn
Fourier transform. E.g. for n = 3, the Fourier transform

1 1 1 1
F=—|1 w ]|,
\/§1w2w

where w is the cubic root of unity, i.e. w = —1/2 + iy/3/2, transforms the
four Pauli matrices

10 BUE 0 - T1 0
oo = 0 1 ; g1 = 1 0 ’ 02 = i 0 ) 03 = 0 —1 )

generators of U(2), into the four matrices 7; generating V(3):

0 of

-1 .
0 Uj}F for j€{0,1,2,3}.

T, = F [
Appendix A gives more details about the resulting group V(3).
For n = 4, we can choose for T a real Hadamard matrix, e.g.

1 1 1 1
11 -1 -1 1
211 -1 1 -1

1 1 -1 -1

T:

An example is the transformation of the nine Gell-Mann matrices [12]

100 010 0 —i 0
wo =010, mi=1]100]|, po=1,4i 0 0},
00 1 000 0 0 0
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1 0 0 00 1 00 —i
ug{o 10|, ma=]000]|, =100 0|,
0 0 0 100 i 0 0
000 00 0 L1 oo
e =100 1|, wr=100 —i|, us=-—1|01 0 |,
010 o@'o] V31l o —2

generators of U(3), into the nine generators of V(4), presented in [7].
We obtain e.g.

T
T{o 0 ]T‘l

0 pe
11 1 1 0 0 0 0 1 1 1 1
I U I T B 00 —i 0 1 -1 -1 1
T2l 1 -1 1 -1 0 ¢ 0 0121 -1 1 -1
11 -1 -1 00 0 0 1 1 -1 -1
0 0 —i i
_1001—1_
T2l i —i o0 o | T
| -+ ¢+ 0 0

Appendix B gives more details about the resulting group V(4).

For arbitrary n, we choose an appropriate set of generators of U(n—1), e.g.
the generalized Pauli matrices, the generalized Gell-Mann matrices, or the
generalized Dirac matrices, and construct with them the (n—1)? generators 7;
(with j € {0,1,2,...,(n—1)2—1}) of V(n). Among these matrices, (n—1)2—1
have trace 0. They generate the ((n—1)?—1)-dimensional subgroup SV(n) of
V(n), consisting of the V(n)-elements with unit determinant. The full group
V(n) has one additional generator, i.e. the idempotent circulant matrix

n—1 -1 -1 ... -1
1l -1 n-1 -1 ... -1
O = — 5
n : :
-1 —1 -1 ... n—1

with trace n — 1, generating the 1-dimensional matrix group

1+ (n—1e 1—e l—e ... 1—e
1 l1—e 1+(n—1e 1—e ... 1—e
Vo(0) = o : :
l1—e 1—e l—e ... 14+ (n—1)e
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This corresponds to the well-known group decomposition
Un—-1) = SURn-1)®U(1),
which translates here into
V(n) = SV(n) @ U(1).

n—1

The matrix V() has determinant "' = exp((n — 1)if). The particular
matrix with determinant equal to —1 is thus Vo(-"5). If n is even, then also

2-n 2 2 ... 2
1 2 2-n 2 ... 2

Vo(m) = n _
2 2 2 ... 2-n

has determinant equal to —1. This matrix is called almost Hadamard [13].
One easily verifies that it can be written as the Hadamard-conjugate of a
diagonal matrix:

1 0 0 0
-1 0 ... 0
|0 0 -1 ... 0 |1
0 0 0 -1 |

where T is allowed to be any dephased complex Hadamard matrix. We note
that, for n = 2%, the matrix V() is nothing else but the Grover diffusion
operator, which plays a pivotal role in Grover’s quantum search algorithm
(2, 14].

We now focus on the cases n = 2%, where the positive integer w is the
width of the quantum circuit. Also for n = 2% with arbitrary w, we can
choose T' from the real Hadamard matrices. This has the great advantage
that one of them can be written as the tensor product of w small (i.e. 2 x 2)
Hadamard matrices:

1

1
H = —
V21

| —
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and thus can be implemented by w single-qubit gates. E.g., for w = 2, we
have

111
11 -1 11 1 1 (1 1
Ch o mal Aleslh A
-1 -1 1

—_
—_ = =

The w-qubit Fourier circuit lacks this useful property.

In the above, we have demonstrated that with each generator of U(n —1)
corresponds one generator of V(n), by adding a zero row and a zero column
and conjugating under an appropriate Hadamard matrix 1. Conversely, by
conjugating a generator of V(n) under T~! (resulting automatically in a
matrix with a zero row in top and a zero column to the left) and subsequently
deleting the zero row and the zero column, we demonstrate that with each
generator of V(n) corresponds one generator of U(n—1). By thus establishing
a 1-to-1 mapping between the algebras u(n — 1) and v(n), the isomorphism
is proved.

Because of the well-known theorem

exp(i0 XY X 1) = X exp(ifY) X!

o (o[5 1) = (6 o)

not only the generators of V(n) and U(n — 1) can be converted into one
another, but also the group members. Hadamard conjugation thus allows to
relate a group member V' of V(2¥) to a group member U of U(2¥ — 1):

T
Al

and because

0 U
and vice versa:
[ 1 of

0 U] — HVH, (5)

where we have taken into account that H—! = H.

4. A Universality Theorem

In this section, we prove the following theorem:

THEOREM 1 The entire group V(2*), isomorphic to U(2* —1), can be gen-
erated by merely NEGATORs and controlled /NOT s.
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For w = 1, the theorem is trivial.

For w = 2, the theorem is illustrated and proved in Appendix B.

For w > 2, we consider an arbitrary member V' of the Lie group V(2%).
We construct the corresponding (2% — 1) x (2% — 1) matrix U of U(2¥ — 1),
by applying the 1-to-1 mapping of (5). According to PoZniak et al. [15],
the matrix U can be decomposed into a product UyU,Us ... U,, of matrices,
all belonging to one of the following four categories: the matrix Uy equals
exp(if) times the (2 — 1) x (2% — 1) unit matrix (Category # 0), whereas
all the other matrices (Categories # 1, # 2, and # 3) equal

e cither a (2% — 1) x (2% — 1) permutation matrix,
e ora (2% —1) x (2% — 1) matrix, consisting of

— a 2 X 2 matrix
cos(f) sin(0)
—sin(f) cos(0)
in the lower-right corner,
— ones on the 2% — 3 remaining diagonal places, and

— zeroes in all (2¥ — 1)? — 2% — 1 remaining places,
e ora (2% —1) x (2 — 1) matrix, consisting of

— a 2 X 2 matrix
exp(i 0) 0
0 exp(—i0)
in the lower-right corner,
— ones on the remaining diagonal places, and
— zeroes in all remaining places.

We subsequently apply the reverse 1-to-1 mapping, in order to obtain a de-
composition of the original 2% x 2* matrix V:

(1 of
VvV = H_O U}H
r T T T
_ 1 0 1 0 1 0 %
| 0 Uy 0o U, 0 U,
1 of 1 of 1 of
= H_O UO}HH[O Ul]H"'H[O Um]H.
If we have a synthesis for each factor
1 of
H[O UJ]H
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separately, then we are done. Therefore, we investigate each of the above
four categories successively.

4.1. CATEGORY # 1

If Ujis a (2% — 1) x (2% — 1) permutation matrix, then

o %)
0 U

is a 2% x 2" permutation matrix and thus represents a classical reversible
circuit. Such circuit can, in turn, be decomposed into NOT gates and singly
controlled kth roots of NOT [8]. We first investigate the latter gates, then the
former ones.

4.1.1.  Subcategory # 1a

A controlled root of NOT, under Hadamard conjugation, yields just another
controlled root of NOT:

11 1 1 2 0 0 0 11 1 1
N’ 1 -1 1 -1 0 2 0 0 1 -1 1 -1
5 1 1 -1 -1 0 0 1+e l—e 1 1 -1 -1

1 -1 -1 1 0 0 l—e l+e 1 -1 -1 1

2 0 0 0
110 14e 0 1-e
=3l0 0o 2 0 ’

0 1—e 0 1+e

where e stands for exp(in/2¥) with integer k. This result is, by the way,
merely a special case of the remarkable identity

-
—| H HN(H)H H l— —_———

where 6 is allowed to have any real value. We thus end up with singly
controlled roots of NOT, which are singly controlled NEGATORs. As singly
controlled NEGATORs can be reduced to uncontrolled NEGATORs and singly
controlled square roots of NOT (see decomposition (9) in Appendix B), we
thus end up with a circuit containing merely NEGATORs and singly controlled
square roots of NOT.
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4.1.2.  Subcategory # 1b

The uncontrolled NOT gives rise to problems when conjugated under a Hada-

mard:
\}5“ —11] [(1) 01} \}5“ _11] - [é _01]’

i.e. a gate that cannot be synthesized with (controlled) NEGATORs, because
not all its line sums are equal to 1. Fortunately, however, the circuit

0 Uj
is a 2% x 2% permutation matrix of a special type. The 1 at the upper-
left corner guarantees that decomposition of the reversible circuit according

to the Miller-Maslov—Dueck algorithm [16] gives rise to a cascade without
uncontrolled NOTs.

4.2. CATEGORIES # 2 AND # 3

The two matrix categories # 2 and # 3 give rise to the circuits HRH,
where H is the 2% x 2% real Hadamard and R is either the w — 1 times
controlled R, ROTATOR or the w — 1 times controlled R, ROTATOR. Now, it
is well-known that multiply controlled ROTATORs can be replaced by singly-
controlled ROTATORs. E.g. the doubly controlled ROTATOR is reduced to three
singly controlled ROTATORs, by straightforward application of the notorious
Lemma 6.1 of [5]:

—_——————

FaY Fan

— —

RO} — R(6/2) - R-6/2) - R(0/2) |— -

where R stands either for R, or for R.. Hence, we only have to demonstrate
that the singly controlled ROTATORs (between two Hadamards) can be built
from NEGATORs. Straightforward calculations lead to

1 0 0 O l1+¢ —-s 1-—c s

01 0 O 1 s l1+¢ —-s 1-c¢
H 00 ¢ s H = 21 1—¢ s 14+¢ —s

0 0 —s c | | —s 1l—-c¢c s 1+4c |

1 00 0 ] 14+c¢ is 1—c —is |

010 O 1 18 l1+¢ —-is 1-—c
Hlog o e o | B 7 2] 12c —is 14c¢ s |

0 0 0 1/e | | —is 1—c is 1l+c |
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where ¢ and s are short-hand notations for cos(f) and sin(), respectively.
The former result equals, up to a row and column permutation, the matrices
V2(0) and V5(0) of Appendix B; the latter result equals, up to a row and
column permutation, the matrix V3(6) of Appendix B. We may thus write
these two results schematically:

[ HEOH T

and

3/
o
3/

@} {0

I_,\/_| a
LY [°

A =4

Fany
Ay 74

N I_,\/_| a
4 \J

—o{Nco 4 {No} 4o
- H HR-0OH H

4.3. CATEGORY # 0

Fan
L/

Fany
WV

The matrix Uy, equal to e times the (2% — 1) x (2% — 1) unit matrix, yields
the 2% x 2% matrix
1 of
o W)

consisting of a diagonal with one 1 and 2% — 1 numbers e. Its Hadamard
conjugate is

1+ (2¥—1)e l—e l—e
1 1—e 1+2¥—=1)e ... 1—e
Vo(0) = ouw : :
1—e l1—e o 14 (2% —1)e

To implement such matrix with the help of NEGATORs is demonstrated in Ap-
pendix B for the case w = 2. For w = 3, we have the following decomposition:

{ N©/49) }-I—{ N(©/4) | o o N(©/4)
{No) o S| NO/4) & &
{NweM) & & N©O/4) & &

For arbitrary w, a similar synthesis with 2* —1 NEGATORs can be constructed.

1350004-14



Open Syst. Inf. Dyn. 2013.20. Downloaded from www.worldscientific.com
by UNIVERSITY OF GENT TOEGEPASTE WISKUNDE & INFORMATICA (ATTN: PROF DR G. CROMBEZ) on 03/19/13. For persona use only.

The NEGATOR as a Basic Building Block for Quantum Circuits

In order to convince ourselves that indeed a construction is possible, what-
ever the value of w, we may decompose Uy into permutation matrices and
diagonal matrices with only one non-unit entry, i.e. the number e in the most
lower-right position. The former matrices are treated like in Sect. 4.1. The
latter matrices are treated like in Sect. 4.2:

1 0 00 3+e 1—e l1—e —1+4e
Hlo oo = 3| 1ce a%e aae 1
0 0 0 e —14+e 1-—e 1—e 3+e
l1+e 1—e 0 0
- iv?,(e) 166 136 1—?-6 126 ’

0 0 l—-e 1+e

i.e. a NEGATOR followed by a V3 circuit. As demonstrated in Appendix B,
the latter can be constructed from two NEGATORs and two controlled NOTs.
Finally, a controlled NOT can be decomposed into two controlled /NOTs.

This completes the proof: the NEGATOR (together with the controlled
square root of NOT) indeed is a building block, sufficient to synthesize any
member of the group V(n).

5. Conclusion

In a ‘natural’ way, we have constructed a group intermediate to the 0-
dimensional permutation group P(n) and the n?-dimensional unitary group
U(n), i.e. the (n — 1)2-dimensional group V(n) of all n x n unitary matrices
that have all line sums (i.e. its n row sums and its n column sums) equal to 1.
We have demonstrated that V(n) is isomorphic to U(n —1). For n = 2%, the
group P(n) represents all (classical) reversible computers acting on w bits
and the group U(n) represents all quantum computers acting on w qubits.
Any w-qubit circuit built from controlled square roots of NOT and NEGATORs,
is a member of the new group V(n), for the simple reason that the product
of two matrices with unit line sums is a new matrix with unit line sums.
We have demonstrated that, conversely, all members of V(n) can be built
with the help of controlled square roots of NOT and NEGATORs. In this way,
the NEGATOR gate, a ‘natural’ generalization of the NOT gate, bridges the gap
between the finite group P(2*) and the infinite group V(2%).

We end by illustrating the obtained results by giving the application to
the Grover diffusion operators for w = 1, w = 2, and w = 3, i.e. to the
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matrices
-1 1 1 1
0 1 1| 1 -1 1 1
[1 0}’ 211 1 -1 1 |°
1 1 1 -1
and
r-3 11 1 1 1 1 117
1 -3 1 1 1 1 1 1
1 1 -3 1 1 1 1 1
1l1 1 1 -3 1 1 1 1
411 1 1 1 -3 1 1 1
1 1 1 1 1 -3 1 1
1 1 1 1 1 1 -3 1
1 1 1 1 1 1 1 =3

3]

o
YV
o
YV
o
YV

Fany
YV
Fany
YV

© D IV
where W stands for the NEGATOR N (7/4), i.e. the quartic root of NOT, a.k.a.

the W gate [8]:
1 [v§+1+i %2—1—i]

2v2 | V2—1—i V2+1+i

Appendix A: The Group V(3)

V(3) is the group of unitary 3 x 3 matrices with all six line sums equal to 1.
The 3 x 3 Hermitian generators thus have all six line sums equal to 0:

(2 -1 (2 -1 -l
RS A T L A
1 0 1 -1 1 0 —i 1
C S IR R E ] I

‘We have the commutation relations
[10,71] = [10,72] = [10,73] = 0
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and
[7-177—2] = 2iT37 [7_2>T3] = 2i71> [7-317—1] = 2i72-

Thus within V(3), the set {79, 71, 72,73} plays the role the Pauli matrices
{00,01, 02,03} play in U(2).
If we compute the exponentials V; = exp(if7;), then we find (taking
2

advantage of the properties 77 = 79 and T;’ =Tj):

1 [ 142 1—e 1—e
Vo(0) = 3 l—e 142 1-e |,
| 1—e¢ 1-e 1+2e
1 1+ 2e 1—e 1—e
Vi(0) = 3 l1—-e 1—e+3c 1+2—3c |,
| 1—e 1+2e—-3¢c 1—-e+3c
1 1+ 2¢ l—c+ivV3s 1—c—iV3s
Va(9) = 3 l—c+ivV3s 14+2c—iV3s l1—c ,
| 1—c—iV3s l—c 1+ 2c+iV3s
1 1+ 2¢ 1—c—|—\/§s 1—0—\/33
V3(0) = 3 1—c—+/3s 1+ 2c l—c++V3s |,
_1—c+\/§s 1—c—+/3s 1+ 2¢

with determinant equal to e, 1, 1, and 1, respectively. Here, e, ¢, and s are
the short-hand notations for exp(if), cos(#), and sin(#), respectively.
The well-known decomposition of an arbitrary element U of U(2), i.e.

U(6o,01,02,05) = Uo(0o) Us(61) Ua(62) Us(63) , (6)
leads us to the decomposition of an arbitrary element V of V(3):
V(6o,01,02,63) = Vo(bo) V3(61) Va(62) V3(63) .

For an arbitrary member V' of V(3), for finding the appropriate values of
6o, 01, 02, and 63, we may construct the appropriate member U of U(2) by
means of (5) and subsequently consider the equality (6) as a matrix equation.
Solving it is equivalent to solving a set of 4 scalar equations with 4 unknowns.
As an example, we apply the procedure to some permutation matrices. Even
permutation matrices have determinant equal to 1. It is therefore no surprise
we find 6y = 0. The three even permutations (which form a 3-cycle) of S
turn out to be located in the 1-dimensional subgroup V3(6):

S O =

0
1| = Va(2r1/3),
0

O O =
O = O

0 0
0| = Vi(0), 0
1 1
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and

O = O
= O O

1
0| = Vs(4n/3).
0

The odd permutations have determinant equal to —1. It is therefore no
surprise we find 6y = 7/2, leading to the decomposition factor

1+20 1—¢ 1—1

Vo(m/2) = 5| 1—i 1420 1-i
1—i 1—i 142

We find

(1.0 0]

00 1| = Voln/2)Vi(-7/2),

(0 1 0|

[0 1 0]

10 0| = Vo(m/2)Vi(—m/2)V3(27/3),
0 0 1|

[0 0 1]

0 1 0| = WVolr/2)Vi(—7/2)V3(4m/3).
(1.0 0|

The three odd permutation matrices thus lay on a same 1-dimensional sub-
space (not subgroup!) Vo(mw/2)Vi(—7/2)V53(0). The three 2-cycles of S5 are
located on three different 1-dimensional subgroups, respectively

2 o0 0
Vo@Vi(=6) = 5|0 1+E 1-E |,
|0 1-E 1+FE |
oo o2 0]
VoOVi(—0)Va(2n/3) = S| 1-E 0 1+E |,
| 1+E 0 1-F |
oo 0 2
VoOVi(~0)Va(dn/3) = S| 1+E 1-E 0|,
| 1-E 1+E 0

where E stands for e? = exp(2i6).

Appendix B: The Group V(4)

The four building blocks in (1) generate the group V(4), a subgroup of U(4),
which is larger than merely 4-dimensional [7]. Indeed, V(4) is a 9-dimensional
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subgroup of U(4). In order to put this fact into perspective, we first recall
some properties of U(2), U(3), and U(4).

We remind the reader that the Lie group U(2) is generated by the four
2 x 2 Pauli matrices. These give rise to the four 1-dimensional subgroups

Uo(6) = exp(if o) — [8 3} U1(0) = exp(ifo) — [; iy }
Us(0) = exp(i6s) = [_CS (f] Us(0) = exp(if o) — {g 10/6 }

An arbitrary element U of U(2) has the well-known decomposition
U = Uy(bo) Us(61) Ua(62) Us(05) ,

called a KAK decomposition by Hermann [17].

For U(3) and U(4), a similar approach exists [18, 19, 20, 21]. In particular,
U(3) is generated by the nine 3 x 3 Gell-Mann matrices p;. An arbitrary
element of U(3) can be decomposed as

U = Up(00)Us(61)Ua(02)Us(03)Us (04) Us (05) Ua(06) Us (07) Us (0s) ,  (7)

where the matrix U;(f) is the matrix exponential exp(ifu;) of p;. This
constitutes a nested KAK decomposition [17].

The group V(4) is isomorphic to U(3). Each generator 7; of V(4) plays the
same role as the corresponding generator p; of U(3), i.e. each commutator
[7j, 7] has the same structure constants as the corresponding commutator
(145, g). Therefore, an arbitrary element of V(4) can be decomposed as

V= Vo(60)Va(01)Va(62)Va(03)V5(04) V3(65) V2 (06)V5(07) Vs(6s) ,  (8)

where V;(0) equals exp(ift;). Thus, if we can synthesize each of the five
elements Vp(0), Va2(0), V3(0), V5(0), and Vg(0), then we can synthesize an
arbitrary element V' (0o, 01, 02,603,604, 05,06,07,0g) of V(4).

The generators of V(4) are given explicitly by [7]:

3 -1 -1 -1 1 -1 0 0

— 1y -1 3 -1 -1 o= 1 -1 1 0 0
41 -1 -1 3 -—-1|’ 2 0 0o -1 1 ’

-1 -1 -1 3 0 o0 1 -1

0O 0 —i =1 0 0o -1 1

— } 0O 0 i —1 S 1 0 0 1 -1
2 i —1 0 0 |’ 21 -1 1 0 0 ’

- 1 0 0 1 -1 0 0
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1 0 -1 0 0 —i 0 i
L L Lli0 i
21 -1 0 1 o0 |’ 21 0 i 0 —il’
0 1 0 -1 i 0 |
1 0 0 -1 [0 —i i 0]
L -1 1 0 L 0 —i
21 0 1 -1 0 |” 2| =i 0 0 i |’
-1 0 1 | 0 i —i 0 |
0 -2 1 1
1 =2 0 1 1
TTLAl L 1 0 =2
1 1 -2 0

We have 78 = 79, such that V = € + [exp(if) — 1|79, where € is the 4 x 4 unit
matrix. This yields

1+3¢ 1—e 1—e 1-—e
1 l1—-e 143 1—e 1-—e¢
VD(Q)_Z l—e 1—e 143 1—e¢

l—-e 1—e 1—e 1+3¢

We have trace(my) = 3, such that det(Vp) = exp(3if). In contrast, for j in
{1,2,...,8}, we have trace(r;) = 0 and therefore det(V;) = 1. For j restricted
to{1,2,...,7}, we have Tj3 = 7, such that V; = e+isin(0) 7+ [cos(6)—1 | 7'32,
yielding

[14+c¢ 1—c¢ s —s ]
1l 1—-¢ 14+c¢ —s S
Va(0) = 2 -5 S 14+4¢c 1—c |’
| s -s 1l—c 1+4c
14¢c 1—c¢c —is s
1] 1—-¢ 1+4c¢ 18 —18
Vs(0) = 2| —is is l14c¢ 1—c |’
| s —is 1—c¢c 1+e¢
14+¢ s 1l—c —s ]
1 —s 1l+¢ s 1—c
Vs(0) = 21 1—¢ —-s 1+4¢ s
| s l1l—-c¢c —-s 1+4c |

Finally, the computation of V3 is somewhat more laborious. First, one checks
that (for £ > 0) we have

k k
NS R LN e
8 9 \/g 8 4 \/g 8
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where
1 -1
, 1 1
L )
0 0

Next, one applies Vg = e—l—%[exp(% i0)—1] 7 —

14+24+e” 1—2+¢€"

1 1—-2e"+e” 142 +¢€"
VS(H) - Z 1— ¢ 1—¢" 1
1—¢€" 1—¢" 1

-1
-1
1 1
1 1

0

0 "o

S T T8 =
-1 1

2

].—6”
1—¢"
+2¢ + ¢
— % + ¢

where €’ and e’ stand for exp(% i0) and exp(—% i0),

By application of (5), the 4 x 4 matrices Vy, Vo, V3, V5, and V3 yield the
following (surprisingly simple) 3 x 3 matrices:

Uy =

S O ®
o o O
o O O

—_

Us =

o O

c 0 —s
U, = 01 0
| s 0 ¢
0
—s |, Ug =
c -

) U3 =
e 0
0 6”
0 O

-1 1 1
-1 1 1

-1
—1

-1
-1

+lexp(— 7 i0)—1] 7Y, yielding

1—6”

1—¢"
1_2el+e// Y
1+ 2¢ +¢€”

respectively.

o = O
o O O

0

e/

The five circuits Vp, Vo, V3, V5, and Vg can be synthesized with the help
of NEGATORs, controlled NOTs, and controlled +/NOTs. Indeed, one can check

the following identities:

0 (6)

V2(6)

= N(©/2) |

N©/2) €

— N©/2) )—I

Ay 74

-

N9

A\ 4

——

]
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- - N} N-6) )-I —-{ N0) F No)
Ko)| = =
50) | =

1 F — N(@)}-L NE0) ——

Thal - ——{ N-0A3) - NON3)

177 & ® N(26’/\/§)|—

We note that circuit V5 equals circuit V5 upside-down. This is no surprise,
as Vo and V5 are conjugate matrices:

Vs(0) = SVa(0) S

where S is the swap matrix:

o O o
o= OO
o o = O
o O O

This, in turn, is an immediate consequence of the fact that 7 and 75 are
conjugate:
T5 — STQ S

Concatenating the nine circuits of (8) and applying some simplifications leads
to the wanted synthesis of V(6y, 01,...,0g):

{l{
<;|{
=]

Fany
Ay 74
fany
Ay 74
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where
N; = N(-06s/V3), Nig = N(—b4),
Ny, = N(263/V3), Nii = N(63),
N3 = N(—63/V3+07), Niz = N(-06s),
Ny = N(-6), Niz = N(62),
N5 = N(bs), Niy = N(-b),
Ng = N(—QG), Nis = N(—Hl),
N; = N(—95), Nig = N(91—|—00/2),
Ng = N(05), Ni7 = N(6y/2),
N9 = N(04), Nis = N(6y/2)

‘We thus have

e eighteen NEGATORSs,
e six controlled square roots of NOT, and
e eleven controlled NOTs.

For an arbitrary member V of V(4), finding the appropriate values of 6, 01,
..., 03 needs the construction of the corresponding member U of U(3) and
subsequent solution of the matrix equation (7), i.e. a set of 9 scalar equa-
tions with 9 unknowns. This (computationally hard) task can be somewhat
simplified by first computing 6y. Indeed, (8) leads to det(V((0y)) = det(V)
and thus to exp(3ify) = det(V), yielding immediately the value of 6y. We
subsequently have to solve a set of 8 equations in 8 unknowns {61, 6o, ...,60g}.

It is remarkable that (except for controlled NOTs and controlled +/NOTs)
no controlled NEGATORs appear in the decomposition. This property leads to
the conclusion that a controlled NEGATOR can be synthesized by uncontrolled
NEGATORs. And indeed, the above procedure, followed by some simplifica-

N— -| N(x/4)

tions, leads to
- N(e/z)}-I—{N(—e/Z)}I{N@/4)TN(—;T/4)|— o)
9
X0 = — [ ——

a synthesis consisting of a NEGATOR followed by a V3(—m/4)V2(0/2)V3(m/4)
string. This identity constitutes the counterpart of the well-known identities
for controlled ROTATORs [5]:

|
RO R 026 R 02) |-

R.(0) —o—R-6/2) o R- 02} -
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The controlled NEGATOR, in turn, allows to implement the roots of the
SWAP gate:

2 0 0 0

_1 0 14+e 1—e O
5(0)_5 0 1—e 14+e 0
0 0 0 2

This gate is the SWAP gate if § equals m and is the square root of SWAP gate
[22,23, 24] if § equals /2. We indeed have the following identities:

LR,

N Va
4 \J

o

so | = -

I o

We close the present appendix by discussing a particular subset of the
9-dimensional group V(4), because it appears again and again, e.g. in the
above decompositions of Vs, V3, and V5. It is depicted by

ANO N |

Fany
A\ 4

d

Fan
WV

One easily constructs its transformation and finds

l14+4¢c 1—c —1is K]
1] 1—¢c 14c¢ is —1is
2 1S —is l—c 14c¢
—18 18 1+4¢ 1-c

We stress that we have here a one-dimensional set of matrices, not a one-
dimensional group of matrices. The set e.g. lacks the 4 x 4 unit matrix.
The particular parameter values 0, 7, 7/2, and —7/2 lead to the respective
circuits

T T O, O

D,
4

W

a a
\J \J

with respective matrices

1 0 00 0100
0100 1 000
000 1/ 0010’
0010 00 01
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1 1 — 1 1 1 ¢ —i

1 1 1 - 1 1 1 —i 3
2 T —1 1 1 ’ 2| —1 1 1 1
-1 1 1 1 7 —1 1 1

The first circuit is simply the controlled NOT gate (a.k.a. Feynman gate); the
second circuit is the negatively controlled NOT; the last two gates have recently
been introduced by Sasanian et al., as useful quantum building-blocks [25, 26].
Finally, we note that the particular case § = /4, i.e.

V241 V2-1 —i i
1 V2-1 V241 i —i
2,2 i —i V21 V241 |
—i i V241 vV2-1

appears twice in (9).
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