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1 Mean-field approximation

1.1 Exact

Consider the system of a metal-organic framework with adsorbed guest molecules at a temperature 7.

The total classical partition function of this system can be written as:

Z:/ —BU(qhﬁ_’fv)dqhdqQ (1.1)

qn represents the degrees of freedom of the host framework (i.e. the MOF), while ?]’f]v represents the
degrees of freedom of N guest molecules. These degrees of freedom include both all particle nuclear

N

coordinates as well as the conjugate momenta. U (T]’h, qg) represents the total internal energy, i.e.

kinetic and potential energy, of the combined system. This energy is now split into three parts: a host

internal energy, a guest internal energy and an interaction internal energy.
U (7117 ?jé\f) = Uhost (?])h) + Uguest (a)f]\/) + Mnt (7117 ?ji}\f) (12)

At this point, no approximation has been made, this last equation just defines the interaction energy.

The partition function becomes:

7 — %h@éVe*ﬁUhost(3h)€—ﬁUguest(ﬁ’f,v) e—BUint(?h,?é\[) (1.3)

f CTq)hd—q)éve—BUhost(a)h)e_BUguest(75]\/)6_[3Uil1t(§)h7§)(]1\f)
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(1.4)
We give each contribution to the partition function the appropriate name:
Zhost = /Jéhe'BUhost(?h) (1.5)
= el N
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Zins can be interpreted as the average of e Uit in the ensemble generated by the non-interacting system

with potential Uposi + Ugest:
Zhost = <€ ﬁUmt(q}“qg )’Uhost + Uguest> (18)

At this point, all equations are still exact. We now proceed with the mean-field approximation. The

three components of this approximation are:
1. The intermolecular interaction energy can be calculated with a rigid host framework.

2. The interaction free energy of N guest molecules is equal to N times the interaction free energy

of one particle.

3. The interaction entropy of one particle is negligible.

1.2 Rigid host framework

We assume that the framework can be kept fixed for the calculation of the interaction part of the
partition function. This would be a valid approximation whenever the potential energy of the total
system increases much faster upon perturbing the framework atoms compared to perturbing the guest
molecules. This is indeed the case, the framework atoms are bonded by means of strong covalent
interactions, while the guest molecules only interact through weaker non-bonding interactions. As a
consequence of this approximation, the framework nuclear coordinates in the interaction energy are
replaced by a fixed set of coordinates, usually the equilibrium configuration 5. Hence, the interaction
energy no longer depends on the framework coordinates which implies that the integration over the

framework atoms in the numerator and denominator of Eq. 1.7 cancel out:

quN BUguest( )6_5Uint(‘_])(})z7(_fév)
quNe BUguest(a)g;V)

Zint = (1.9)

_ <e—,6’Uim(qh7 )|Uguest> (1.10)

Hence, the interaction contribution can now be computed as an average of e #Uint within a rigid frame-

work in which the guest molecules are sampled according to their non-interacting potential Upyest-



1.3 Linearity in number of guest molecules

Next, we assume that the particles can be assumed to not interact with each other when computing the

interaction internal energy, in other words:

Zint(N) = [Zine (1)) (1.11)
Fu(N) = —kpT I Zin(N) (1.12)
= N F(1) (1.13)

The expression for Zi,;(1) can be obtained from Eq. (1.9) by using the fact that for one particle, the

guest energy vanishes Ugyest(1) = 0
Zin(1) = [ dagge 0 (T T2) (1.14)

Using standard formulas from statistical physics, we find:

Fii(1) = —kpTIn Ziny (1) = Eie(1) — T - Sing (1) (1.15)
aln Zint(l)
Bin(1) = ———7—— 1.16
f qu)gUint (6’2’ ‘é’g) e—ﬁUint(‘_f(})u‘_fg>
— = —— (1.17)
qugef/BUint(qthIg)
= <Uint (727 ?])g) ‘[]int> (118)
= AU(V) (1.19)

This last line defines the interaction energy AU(V') used in the main article, it is dependent on the host
unit cell volume through the interaction internal energy Ui, as well as the fixed framework coordinates

-0

qhp-

1.4 No interaction entropy

The final approximation implies that a single particle has no interaction entropy, in other words Siy (1) =

0.



1.5 Summary

Applying all three approximations, we end up with the following expression for the interaction free

energy:

Fint(N) =N- Fint(l) =N- Eint(l) (1-20)

= N-AU(V) (1.21)

Furthermore, the interaction internal energy contains only potential energy, no kinetic energy. Hence,
the integration in AU also only runs over nuclear coordinates. This implies that in Eq. (1.17), ¢, can
be replaced by r (the Cartesian coordinates of a single guest molecule) and ¢ can be replaced by R
(the fixed coordinates of the rigid framework).

_ f drUing (R, ’l") e BUint(R7)
a fd’f’e_ﬁUint(R,r)

AU(V) (1.22)

(1.23)



2 Thermodynamic limit of infinite number of unit cells

Let us investigate the dependence of the free energy on the number of unit cells n. Consider a framework
supercell containing n unit cells. The supercell volume is nV/, the supercell pore volume is nV,(V') and
the total number of particles adsorbed in this supercell is n/N. The free energy of the empty host
framework is linearly proportional to the amount of material, in other words to the number of unit

cells.
Frost(n, V,T) =n - Fiog (1, V,T) (2.1)

The interaction energy AU(V') represents the interaction energy of one adsorbed particle in one unit

cell. Hence, the interaction free energy can actually be rewritten as:
Fut(n, N,V.T)=n- NAU (V,T) (2.2)

The free energy of the guest molecules can be rewritten as:

a(nN)?

P
Frvest (. N.V.T) = kpTIn (nN)! — nNkpT1 — )| — N 2.
wuest (0, N, V,T) = kgT'In (nN)! — nNkp n{kBT(nV;,(V) bn )} n‘/;,(V)+n Lo (2.3)
_ In (nN)! Pyb V,(V) a(nN)?
_n{k:BT - NkgT In {/{BT n ( 2 N HQVED(V)—'—N'MO (2.4)
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n kBT
V,(V) aN?
— NkgT'l P —N)——+N 2.
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n
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J/
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In(nN)! —nNlnn V,(V) alN?
=n |kgT — NkgThn | 22—~ - N | — Ny 2.

(nN)! can be approximated using Stirling’s formula, however, this is only valid for large values of nN.

In the thermodynamic limit of very large number of unit cells n, but keeping a constant number of



particles N per unit cell and a constant volume V' per unit cell, the Stirling approximation is valid:

[ . nNInnN —nN —nNlnn Vo(V) > aN? ]

Fruest(n, NV, T) =n- |kgT — NkgTln [ -2 -~ N | — + Ny
R " o (5 v, e
(2.10)

[ nN Vo (V) aN?

=n-|kg'\ NIn— — N | — NkgT'l b —N| - Ny 2.11
e[ (oS ) - (52 ) - gy o] e
=n - [Fyuest(1, N, V, T)] (2.12)
(2.13)

In this expression, Fyuest(1, NV, V,T) is the single particle free energy of the Lennard-Jones gas assuming
the Stirling approximation is valid. We now combine all contributions, and we drop the 1’ from the

argument list of the single particle free energies:

F(n,N,V.T) =n" [Fhost(V, T) + Fguest (N, V, T) + Fine (N, V, T')] (2.14)

—n-F(N,V,T) (2.15)



3 Function A(f)

The solution of the chemical potential equation is found by solving:

B —po —AU(V)) = A(f) (3.1)

in which a function A was introduced:

nlff—I—lif—cf (3.2)

A(f) =1

2a

oTp Was used for the dimensionless ratio of the van der Waals parameters.

where the short notation ¢ =

An important feature of this function was whether or not it is a monotonous function of f, because that
will influence the solution greatly as was discussed in the main text. In this section, it is proven that
the function A(f) will be monotonous for f € [0,1] if and only if ¢ < 7. A function is monotonic in
an interval if its first order derivative does not change sign in that interval. This in turn means, that if
the derivative is continuous in that interval, the derivative should not possess any zero in that interval.

The first order derivative of A is:

dA 1 3.3
@ " ga—pp " (3:3)
The zeroes of this derivative are given by:
dA 1
a “fa-ge 70 34
fa- - =0 (3.5
P2t f =0 (3.6)

This is a third degree polynomial equation. There are two ways to proceed. One can use the general
formula for the roots of a third-degree polynomial or one can reformulate the monotonous condition

using the shape of the curve of A(f).



3.1 Approach 1: point of inflection

Let us first proceed using the latter approach. The curve of A(f) is plotted in Fig. S1. The figure

10 ‘ ‘ ‘ , ‘
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— ¢=11.00
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Figure S1: The function A(f) for several values of c.

clearly illustrates that the curve has a point of inflection in the interval [0, 1]. Furthermore, the function
is a monotonous rising function when the slope at this inflection point is positive, while the function
looses it monotonicity when the slope becomes negative at the inflection point. Hence, the condition
of monotonicity can be reformulated as follows: the derivative at the inflection point should be non-

negative. This point of inflection is characterized with a zero in the second-order derivative:

PA 3f—1

i = P fp (3.7)

10



The inflection point is located at f = % The slope of A at this inflection point is then easily calculated

as:

dA (1) 1
— |z ) =7 —c¢ (3.8)
df \3 %(1 — %)2
2
zf—c (3.9)
Finally we find:
dA (1
—(Z)>0 3.10
df <3> B (&10)
27
< a1
c< (3.11)
3.2 Approach 2: roots of third degree polynomial
The second approach consists of investigating the roots of the third-order polynomial:
3 2 1
fo=2f +f_E:0 (3.12)

The number and nature (real-valued vs complex, single vs multiple) is determined by the determinant!:

4 2
- (3.13)

c 2

When the determinant is positive, the polynomial has 3 single and real roots. When the determinant
is zero, the polynomial has one double real root and one single real root. When the determinant is
negative, the polynomial has one single real root and two single complex roots. Fig. 1 illustrates that
the function A has two extrema in the interval [0, 1] when it is no longer monotonous. Hence, for A to
be not monotonous, the polynomial in Eq. (3.12) should have at least 2 single and real valued roots. In

other words, A is not monotonous if the determinant is positive. Or reverse, for A to be monotonous,

IThe determinant of the polynomial ax® + bax? + cx + d is A = 18abed — 4b3d + b*c? — 4ac® — 27a?d?

11



the determined should be negative:

4 27
A=-——<0 3.14
c ( )
27

3.3 Solution of the chemical potential equation

Figure 1 clearly illustrates that the behavior of the function A(f) is dependent on the value of ¢: A(f) is
a monotonous function of the fill factor. This is only true if ¢ < % = 6.75, as is shown in the supporting
information. This condition can always be achieved by increasing the temperature to a high enough
value. In this case there is only one solution, which is stable. The systems in this work satisfy the
condition ¢ < %. If this condition is not satisfied, the inflection point of A(f) has a negative slope,
which means it is unstable. This inflection point is situated at a filling of one third (f = %), which

corresponds to the condition of condensation for a van der Waals gas. Furthermore, A(f) then also

1

has two extrema: a maximum fy in ]0, 5[ and a minimum f,, in ]3,1[. This means that for certain

values of A, Eq. (3.1) has 3 solutions: f; in [0, far], fo in [far, fin] and f3 in [f,, 1[. However only f

92X,p

and f3 are stable (=5~

) and can hence be treated as thermodynamical valid solutions. They represent

coexistency between the gas phase (f1) and the condensed phase (f3) of the guest molecules in the pores.

3.4 Relation with critical temperature of a van der Waals gas

The condition for monotonicity can be rewriten as follows:

= < 1
T kpTh = 4 (3.16)
8a
T>T. = 3.17
- 27kgb ( )

Hence, the condition for monotonicity is equal to a temperature that is higher than the critical tem-

perature T,.. Furthermore, the cricital point of a van der Waals gas also corresponds to a density of

% = %, or in other words a fill factor of f = % = % Using Maxwell’s area rule at a temperature below

the critical temperature, we know that a van der Waals gas with a density within certain bounds of

12



the critical density % will split up in two phases, a liquid and a vapor, in equilibrium with each other.
Due to the mean field approximation, our model predicts the same phase-splitting behavior of the guest

molecules inside the pores below the critical temperature.

13



4 Stability condition

As was mentioned in the main text, the double Legendre transform can either be done simultaneously

or sequentially. Doing it simultaneously implies minimizing the 2D function XMP(N, V):

85(#1’_
oN =0 (4.1)
0X,p

= 4.2
57 0 (4.2)

together with the stability condition, which says that the matrix of second-order derivatives evaluated
in the solution should be positive definite. A matrix is positive definite if all eigenvalues are positive
or, equivalently, if all leading principle minors? are positive. In case of a 2 x 2 matrix this becomes:
X,
ON?

?X,p  9?X,p
ON? ONOV

>0 (4.3)

NS 0 (4.4)
82Xup 62Xﬂp
ONOV ov?2

Doing the Legendre transform sequentially on the other hand, implies finding the minimum with respect
to N as a function of V first, substituting the solution in X wp and finding the minimum with respect

to V. In both minimization steps the stability condition needs to be verified:

0X
Step 1: 8;[” —0— N=N,(V) (4.5)
X, p
N2 0 (4.6)
Step 2: % (X’up(NH(V), V)) ~0 (4.7)
&2
5 (B (1), 1)) > 0 (48)

2A leading principle minor is the determinant of an upper-left submatrix of the original matrix, i.e. the submatrix
formed by the first k£ rows and columns

14



Both approaches are equivalent. In particular, both stability conditions are equivalent, which will now

be proven. Eq. (4.8) can be rewriten as:

d2

5 (Kur(Nu(V), 1)) > 0 (49)
d (0X,pdN, 8X,p
v ( ON AV oV > >0 (4.10)
d [9X,p
@ 4.11
v < av ) =0 (4.11)

PX,pdN, 0?*X,p
ONOV dV ' 9V?

>0 (4.12)

The first term in Eq. (4.10) is zero because of the solution of the first step (Eq. 4.5), which means that

the following identity holds:

X 1p
ON

(N.(V),V) =0 (4.13)

This is an identity®, which means it holds for all unit cell volumes and we can drop it from Eq. (4.10).

Furthermore, we can take the derivative of this identity towards V:

d (0X,p
Evr<jgﬁr<Aua/»vﬁ> = (4.14)
#X,pdN, O*X,p
= 4.1
ON?2 dV ~ ONOV 0 (4.15)
*X
dNH _ aNau‘f 4.16
AV~ Xup (4.16)
aNZ
Substituting this back in Eq. (4.12) gives:
825(#13 % 82XMP
aNov \ "% | T vz Y (4.17)
aNZ
?X,p  ?Xup <a25<up>2
vz~ TON2 NIV
. (4.18)
aNZ

3The fact that it is an identity is important. It needs to hold for all unit cell volumes, otherwise the outer derivative
towards V' could not be considered.

15



Due to the stability condition of the first step, i.e. Eq. (4.6), the denominator is positive. This means

we can finally write:

-~ ~ ~ 2
PXp X [0PKup
: _ 41

vz oN? ovov | =Y (4.19)

Which is equivalent with the second stability condition of the simultanous Legendre approach (Eq. 4.4).

5 Parameterization of MIL-53(Al) input data

All the required input data, i.e. the empty host free energy, the pore volume and the interaction energy,
are calculated on a discrete volume grid. However, for the thermodynamical analysis, we require all the
free energy contributions as analytical functions of volume. Therefore, the discrete grid data are fit to
high-order Taylor expansions in terms of the unit cell volume. The host framework pressures obtained
from the MD simulations were used to fit an 11" order expansion in the volume. This pressure profile
is then converted to a free energy profile using thermodynamic integration. The analytical expression
for the pore volume profile was obtained by means of a 7" order expansion in the volume using the
results from the Widom insertion simulations. Finally, an expansion in % with exponents ranging from

6 to 16 in steps of 2 was used for the interaction energy. This particular choice was inspired by the

functional form of the higher-order two-body dispersion series (Ugisp(r) = >0 fgﬁ:).

16



6 Input parameters for CH, and CO, adsorption in MIL-53(Cr)

Fig. S2 summarizes the input required for the thermodynamic analysis of methane and carbon dioxide
adsorption in MIL-53(Cr): the pore volume and interaction energy for methane and carbon dioxide in
MIL-53(Cr) and the free energy of the empty framework of MIL-53(Cr). The numerical values of the

van der Waals parameters and the Taylor expansion coefficients can be found in Ref. 1.

Pore volume for CH, in MIL-53(Cr) Host-guest interaction for CH, in MIL-53(Cr)
800 0
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— O 10
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Free energy of empty MIL-53(‘Cr)
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g
S 20
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unit cell volume V' [A%)]

Figure S2: Input for the thermodynamic analysis of methane and carbon dioxide adsorption in MIL-
53(Cr). (top left) Pore volume for methane and carbon dioxide in MIL-53(Cr) (top right) Interaction
energy for methane and carbon dioxide in MIL-53(Cr) (bottom left) Free energy of the empty MIL-
53(Cr) framework
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7 Input parameters for xenon adsorption in MIL-53(Al)

Fig. 3 summarizes the input required for the thermodynamical analysis of xenon adsorption in MIL-
53(Al): the pore volume and interaction energy for xenon in MIL-53(Al) and the free energy of the
empty framework of MIL-53(Al).

Pore volume for Xe in MIL-53(Al) Host-guest interaction for Xe in MIL-53(Al)
10 v ]
500
0 L
400+
S
& S
= 300 2 —10f
2 S
<
200
—20t
100+
. 30t : ,
800 1000 1200 1400 800 1000 1200 1400
unit cell volume V [A%)] unit cell volume V' [A%]
Free energy of empty MIL-53(Al)
35+
30
__25¢
g
2 20+
Z 15}
<3
10+
5 L
0 L

800 1000 1200 1400
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Figure S3: Input for the thermodynamic analysis of xenon adsorption in MIL-53(Al). (top left) Pore
volume for xenon in MIL-53(Al) (top right) Interaction energy for xenon in MIL-53(Al) (bottom left)
Free energy of the empty MIL-53(Al) framework.

The van der Waals parameters of xenon are determined as followed: b = 84.771 A3 is taken from
Ref. 2 and a is determine such that the critical temperature of xenon is 285 K, which results in a =

677.951 kJmol~! A®. The Buckingham parameters of xenon were taken from the MM3 force field?

18



and transformed to Lennard-Jones parameters*. These LJ values, which were used in the Monte Carlo

simulations, are o = 4.06 Aand e = 1.781 kJmol~!. The Taylor expansions and their coefficients are

given below.

Frost(V) = ki - Vb by V2 kg VP by - VA ks - VOt kg VS
ok Vi kg VB ko - VOt kig - VI kg - VI kg - V12
AUV) =koto VO b kogg VMt kigy VT2 kigg VIO kg Vo kg VO

Vo(V)=ko - VO ki - Vi kg VPd kg Vb by Vi ks VOt k- VOt by - V7

(7.1)
(7.2)
(7.3)

(7.4)

Table S1: Expansion coefficients of the Taylor expansion of the empty host free energy Fi s (V)

ki [kJmol " A=3  ky [kJmol 'A% ks [kJmol A k4 [kJmol ' A12
9.414 - 10° —4.193 - 10 1.049 - 107" —1.572-10~*

ks [kJmol ™' A= kg [kIJmol ' A='8]  k; [kImol P A=2']  Eg [kJmol ' A—%]
1.302- 1077 —2.052- 101 ~8.358 - 1071 1.072- 10716

ko [kJmol™" A=27] ko [kJmol ' A=39  kyy [kIJmol ' A33]  kyy [kJ mol~! A3
—6.813- 102 2.539 1072 —5.303 - 10~% 4.824 - 10731

Table S2: Expansion coefficients of the Taylor expansion of the interaction energy AU (V)

k-1 [kJmol " A*]  k_yy [kJmol 'A% k_y, [kJmol ' A%] k_jy [kJmol~t A%
6.637 - 10°! —2.705 - 10%0 4.454 - 10 —3.670 - 103

k_g [kJmol 'A% k_g [kJmol~t A8
1.532 - 10 —2.707 - 10!

Table S3: Expansion coefficients of the Taylor expansion of the pore volume V, (V)

]{70 [A3] ]{71 [AO] k’g [Aig] ]{?3 [Aie}]
—4.534 - 10* 2.759 - 102 —7.003-107Y  9.620-1074

k’4 [A_g] kg, [A—IZ] kG [A—15] k7 [A_IS]
—7.739-1077 3.654-1071° —9.388-10"'* 1.012-10"%

4imposing identical position and depth of the minimum
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