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ABSTRACT: When one defines the energy of a molecule with a noninteger number of
electrons by interpolation of the energy values for integer-charged states, the interpolated
electron density, Fukui function, and higher-order derivatives of the density are generally
not normalized correctly. The necessary and sufficient condition for consistent energy
interpolation models is that the corresponding interpolated electron density is correctly
normalized to the number of electrons. A necessary, but not sufficient, condition for
correct normalization is that the energy interpolant be a linear function of the reference
energies. Consistent with this general rule, polynomial interpolation models and, in
particular, the quadratic E vs N model popularized by Parr and Pearson, do give
normalized densities and density derivatives. Interestingly, an interpolation model based
on the square root of the electron number also satisfies the normalization constraints. We
also derive consistent least-norm interpolation models. In contrast to these models, the
popular rational and exponential forms for E vs N do not give normalized electron
densities and density derivatives.

I. NORMALIZATION FAILURES INDUCED BY ENERGY
INTERPOLATION MODELS

When atoms and functional groups join together in molecules,
electrons flow from the less electronegative component(s) to
the more electronegative component(s). Although this picture
pervades chemical reasoning,1−3 it also contradicts the fact that
electrons are indivisible elementary particles, and that therefore
the number of electrons should be an integer: there is no way
for a “piece” of an electron to flow from electropositive to
electronegative regions of a molecule. To rectify this contra-
diction, it is common to def ine the energy (and other
observables) for a system with a fractional number of
electrons.4 This is most commonly done by using ensembles
(viewing a system with noninteger electron number as an open
system)5−8 or by interpolating the energy of the system at its
integer values,9−13 although there are also other strategies.14−19

The question of how to define the energy as a continuous
function of the number of electrons is one of the core research
goals of conceptual density-functional theory.20−24 The goal of
this paper is to characterize the types of smooth energy
interpolation models that are mathematically consistent and
chemically sensible.
The simplest, and most common, approach to defining the

energy as a function of the number of electrons is to interpolate

the energy values for the (physically well-defined) system with
an integer number of electrons.9−13 Many interpolation
formulas have been considered, most prevalent among them
are the models based on quadratic,
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functions. In the quadratic, exponential, and rational cases, the
parameters in the models are defined so that the models have
the correct energies for three sequential integer-charged states,
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The linear model (4) interpolates the energies between two
consecutive integer-charged states.
To go further, it is convenient to define the ionization

potential and electron affinity of the N0-electron reference
system as
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Then we have explicit expressions for the energy of the
quadratic model (eq 1)
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the exponential model (eq 2)
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the rational model (eq 3)
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and the (piecewise) linear model (eq 4)
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For the exponential model we have found it convenient to
define the auxiliary quantity

γ = = −⎜ ⎟
⎛
⎝

⎞
⎠

I
A

I Aln ln( ) ln( )
(11)

Figure 1 shows the form of these interpolation models for
the hydrogen atom (I = 0.5 au; A = 0.0277 au). The piecewise
linear energy model is distinctive because it is not differentiable;
its derivative discontinuity is a well-known feature that is
physically appropriate for isolated systems, but inconvenient
when one wishes to model electron transfer between
systems.4,5,16,17 The biggest difference between the other
interpolation models is that the exponential and rational
models do not have a minimum in energy between the neutral
hydrogen atom and the hydride anion. Though there is no
formal reason to believe that models with (or without) this
minimum are superior,25 the presence of an energy minimum is
convenient when defining the electrophilicity,26−29 nucleofu-
gality, and electrofugality.21,30,31 In addition, it is a general
feature of the exponential and rational models that when I≫ A,
the chemical potential/electronegativity is smaller than one
might expect. For example, for the hydrogen atom, we have
μquad = −0.2638 au, μexp = −0.0848 au, and μrational = −0.0525
au.
It is straightforward to extend these interpolation models to

cases where additional reference energies are available. Just as in

the three-state case, the parameters in the models are functions
(and usually extremely nonlinear functions) of the reference
energies. Recognizing this, it is convenient to hide the
dependence on the parameters that are specific to the form
of the interpolating function and instead explicitly express the
dependence of the interpolation model on the reference
energies, Emodel(N,{Ek}). Here Ek = Egs(Nk) is the ground-state
energy of the reference system with Nk electrons. Similarly, we
will denote the ground-state density of the Nk-electron
reference system as ρk(r) = ρgs(Nk,r). Henceforth, whenever
we wish to consider a result that holds for generic energy
interpolation models, we will use the subscript “model”,
reserving the more explicit notation for formulas that are
specific to a chosen interpolation method.
Given an energy model, and assuming that the ground state

does not have spatial degeneracy,32−34 the electron density can
be defined as its response to an infinitesimal perturbation in the
external potential, i.e.35

ρ
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which can be evaluated in terms of the reference energies using
the chain rule36
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For the interpolation model to be sensible, the electron
density defined by eq 12 must also be sensible.37,38 In
particular, for any interpolation model, the electron density
should be nonnegative,

Figure 1. Energy (in au) as a function of the number of electrons for
the hydrogen atom using the quadratic, exponential, rational, and
piecewise linear interpolation models. The grey diamonds represent
reference ground states used for interpolating various energy models.
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ρ ≥N Er( , ;{ }) 0kmodel (14)

and normalized to the number of electrons,

∫ ρ=N N Er r( , ;{ }) dkmodel (15)

Otherwise, the interpolation model is internally inconsistent.
Surprisingly, eq 15 is not true in general. In particular, it is

not true for either the popular exponential model
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or the rational model
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The normalization requirement is satisfied by quadratic model
and, more generally, any higher-order polynomial interpolation
formula. It is also satisfied by the linear model.
Figure 2 shows the catastrophic violation of the normal-

ization condition for the exponential and the rational models. It

is especially severe near the hydrogen cation, predicting that a
hydrogen atom with a 0.9 charge has a largely negative density.
Specifically, the normalization of the density for H+0.9 is −0.82
for the exponential model and −3.52 for the rational model.
When the electron density associated with an interpolation
model is not normalized correctly, the Fukui function, f(r) =
(∂ρ(r)/∂N)ν(r),

4,39,40 and the higher density derivatives, f(n)(r)

= (∂nρ(r)/∂Nn)ν(r),
41−46 are also not normalized correctly,

because the mathematical derivation of these higher-order
normalization conditions uses the normalization of the electron
density:
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We have analytically and numerically confirmed that these
identities, widely used and reported throughout conceptual
density functional theory, are not true for the exponential and
rational models, because the normalization condition for the
electron density that is used in the second line of this derivation
is not true for those interpolation models (cf. eqs 16 and (17)).
For example, the Fukui function of an internally consistent
interpolation model should be normalized to one,
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and this normalization condition is satisfied by the quadratic
model, and any higher-order polynomial interpolation energy
formula. It is also satisfied by the linear model. However, this
consistency check is violated by the exponential model
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In Figure 3, the normalization of the Fukui function is
compared to the correct result in eq 19. The exponential and
rational models give catastrophic failures. For example, the
exponential and rational models predict that the Fukui function
of the hydrogen cation is normalized to −11.92 and −144.36,
respectively.
Based on our mathematical derivations and numerical tests,

among the smooth energy interpolation models that are
prevalent in the literature, it is only the venerable quadratic
model that satisfies the consistency-check impelled by the
normalization of the electron density. This suffices to establish
that the quadratic model also gives normalized Fukui functions
and higher-order density derivatives, as is well-known.
The linear model, which is typically derived as the zero-

temperature limit of the grand canonical ensemble, also satisfies
all the normalization conditions.5,15 This is clear from the

Figure 2. Normalization of the electron density, eq 15, as a function of
the number of electrons for the hydrogen atom using the quadratic,
exponential, rational, and linear energy interpolation models depicted
in Figure 1. Notice that the interpolated densities of the rational and
exponential model are sometimes so strongly negative that their
integral, Nmodel, is also negative! The quadratic model and the linear
model give exactly normalized density by construction, so they
appropriately recovers the correct 45° line behavior. The grey
diamonds represent reference ground states used for interpolating
various energy models.
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numerical data in Figures 2 and 3 and from the definition of the
linear model interpolation,

= ⌈ ⌉ − ⌊ ⌋ + − ⌊ ⌋ ⌈ ⌉E N N N E N N N E N( ) ( ) ( ) ( ) ( )linear gs gs
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where ⌊N⌋ and ⌈N⌉ denote the floor (round-down-to-integer)
and ceiling (round-up-to-integer) functions, respectively.
The linear model has derivative discontinuities when the

number of electrons is an integer, and therefore, although it is
consistent with the normalization conditions and physically
correct for isolated molecules, it is not differentiable, which
limits its utility for describing interacting molecules. The lack of
differentiability is a general feature of every ensemble model for
the energy: there are no differentiable and interpolatory energy
models that arise as ensemble averages of the system’s
energies.47 We wish to consider models where the energy is a
smooth function of the number of electrons, because otherwise
many of the fundamental reactivity indicators in conceptual
DFT are ill-defined, making it difficult to describe electron
transfer between interacting molecules. Therefore, we shall not
consider ensemble approaches any further in this work.
Why does the quadratic model work whereas the seemingly

more sophisticated models fail? Are there other smooth
interpolations of E vs N that satisfy the consistency condition?
In the next section we will discuss these conditions, culminating
in the proposition of new interpolation models that are
consistent with the normalization requirement. These new
models induce new definitions for the fundamental chemical
reactivity indicators in conceptual DFT. Because some of the
new energy models have nonvanishing higher-order derivatives,
they can be used to compute third-order and higher reactivity
indicators,41−43,48,49 which are identically zero for the quadratic
model.

II. NORMALIZATION-CONSISTENT INTERPOLATION
MODELS

A. Conditions Satisfied by Normalization-Consistent
Interpolation Models. To generalize the treatment in the
introduction, assume that one knows the exact ground-state
energy of a system at certain (presumably integer) reference
values for the number of electrons, N0, N1, ..., Nn. Denoting
these reference energies as {Ek}k=0

n , an interpolation model for
the energy as a function of the number of electrons is
parametrized using the reference energies in such a way that the
exact ground-state energy is recovered for these reference
values,

= ==E E N E j n( ;{ } ) 0, 1, ...,j j k k
n
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The electron density for an arbitrary number of electrons is a
linear combination of the ground-state densities for the
reference systems, {ρk(r)}k=0

n , specifically
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Integrating both sides of this equation and using the fact that
the reference systems have appropriately normalized densities
give a convenient expression for the internal consistency
condition imposed by density normalization, namely,
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This normalization-consistency condition is not implied by the
interpolation condition, eq (23). The interpolation requirement
(23) gives an enormous amount of freedom in how we choose
the model energy to depend on the reference energy values. It
is only in very special cases that the interpolation models satisfy
eq 25. In fact, many interpolation models will give absurd
negative values for the electron density. For example, it is
mathematically permissible to choose an interpolation model
for which, at some noninteger N, raising the reference energies
lowers the model energy. Such a model has (∂Emodel(N;
{Ek}k=0

n )/∂Ej) < 0 and therefore has an absurd, strictly negative,
N-electron electron density.
Equation 25 is a first-order partial differential equation in the

model energies, which allows one to characterize the family of
solutions using the method of chacteristics.50,51 We did not find
this approach especially helpful, probably because the family of
solutions is too broad, including many choices that seem
undesirably intricate. As an alternative approach, consider that
the normalization consistency condition in eq 25 should be true
for all possible systems and therefore cannot depend on the
specific value of the reference energies. Accordingly,

Figure 3. Normalization of the Fukui function, eq 19, as a function of
the number of electrons for the hydrogen atom using the quadratic,
exponential, rational, and linear interpolation models depicted in
Figure 1. The quadratic model and the linear model satisfy the
normalization condition, whereas the exponential and rational models
give extremely large violations. The grey diamonds represent reference
ground states used for interpolating various energy models.
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must hold for all positive real numbers N. We do not wish to
use different energy model functions for different numbers of
electrons, and we would prefer for the interpolation models to
have a smooth and differentiable dependence on the reference
energies. These conditions are satisfied for any model that has a
linear dependence on the reference energies,
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(To show this, consider that eq 27 implies that all second-order
and higher derivatives in the multivariate Taylor series
expansion of Emodel(N;{Ek}k=0

n ) with respect to {Ek}k=0
n must

vanish.)
B. (Generalized) Lagrange Interpolation and the √N

Model. Equation 27 is reminiscent of the form of the Lagrange
interpolating polynomial,
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its nonlinear generalization
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Equation 27, and therefore eqs 29 and 30 with a proper choice
of function g, are necessary, but not sufficient, for the
normalization consistency condition. Polynomial interpolation,
eq 28, does recover the normalization condition. That is, for n
> 0,
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because the number of electrons can be exactly expressed as a
polynomial in the number of electrons,

= + + + ··· +N b b N b N b Nn
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By contrast, nonlinear interpolation models like eq 29 or eq
30 satisfy the normalization condition only if there exist
constants, {bk}k=0

n , such that
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respectively. This is only true for very special choices of the
functions g(N). The only cases we could find were special cases
of eq 29, specifically
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(35)

For the most popular case, where there are only three
reference energies available (n = 2), the only models of this
form are the venerable quadratic interpolation model (eq 1;
g(N) = N; m = 2) and a new model, based on interpolation of
√N (m = 1),
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This √N model leads to the following definitions for the
chemical potential
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and the hardness,
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The formula for the hardness is extended to the hyperhardness
by the following the expression (for m ≥ 1),
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The Fukui function, dual descriptor (m = 1), and hyperFukui
functions (m > 1) are obtained by functional differentiation of
these equations with respect to v(r); this merely entails
replacement of the ground-state energies in these expressions
with the corresponding ground-state densities. For example, the
dual descriptor and the other hyperFukui functions have the
expression
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It is easy to verify that the Fukui function of the √N-model
is normalized to one and that its derivatives, eq 40, are
normalized to zero. Further key expressions for the reactivity
indicators associated with the √N-model are catalogued in the
Supporting Information.
C. Consistent Interpolation Models That Do Not

Depend Explicitly on the Reference N0. One undesirable
feature of the √N-model is the explicit dependence of the
reactivity indicators not only on the reference energies but also
on the number of electrons in the reference systems. For
example, in the traditional quadratic model, reactivity indicators
like the chemical potential, hardness, and hyperhardnesses do
not explicitly depend on the number of electrons in the system,
N0, but only implicitly depend on N0 through the values of the
reference energies:3,9,13,41
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That is, two systems with the same ionization potential and the
same electron affinity will have the same chemical potential and
hardness, independent of their particular value of N0. It seems
chemically reasonable to prefer interpolation models that have
this property. For example, adding a helium atom far away from
a molecule rarely affects its reactivity unless it affects its
ionization potential and electron affinity. However, adding a
helium atom will affect N0. That is, in the terminology of
molecular electronic structure theory, the√N-model is not size
consistent because the reactivity indicators of the system
change in response to the addition/removal of an inert
noninteracting subsystem (like a distant Helium atom).
We therefore explore energy interpolation models that are

smooth, that satisfy the normalization conditions in eqs 18, and
that give reactivity indicators that do not depend explicitly on
the number of electrons in the reference state, N0. Because the
model is assumed to be smooth, we can expand the energy in a
Taylor series,

μ

η

η

+Δ = + Δ

+ Δ

+
!

Δ + ···

E N N E N N N

N N

N N

( ) ( ) ( )
1
2

( )( )

1
3

( )( )

model 0 gs 0 model 0

model 0
2

(2)
model 0

3

(44)

where the coefficients in the Taylor series do not explicitly
depend on N0 and, because of the conditions in (26), must also
be linear functions of the reference energies. In the special case
where only three reference states are used, this means that the
Taylor series coefficients can only depend on the ionization
potential and the electron affinity. Specifically, the form of the
Taylor series must be
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where ω is any real number, though the reasonable “physical”
values are between zero and one, partly because outside this
range the electron density is likely to be negative in some
regions of space. (Usually ω = 1/2, but models with ω ≠ 1/2
are a recent topic of interest.52−59) The reactivity indicators are
given by the expressions
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The energy model only interpolates between the reference
energies if the free parameters satisfy the equations
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These equations can be simplified to the equations
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The simplest model of this sort is a cubic model, with
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If ω = 1/2, this reduces to the quadratic model. Perhaps it is

more interesting, however, to regard eqs 51 as an infinite

system of linear equations with two unknowns. The “best”

solution to such a system is the minimum-norm solution. If we

choose the norm
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then coefficients in the energy imodel are given in terms of

Bessel functions
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Equation 53 can be generalized by using the a (weighted) norm
like
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giving an energy model with coefficients
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where

Figure 4. E vs N curves for least-norm interpolation models (45), for the hydrogen atom (I = 0.5 au and A = 0.0277 au) for different values of x in eq
55 and different choices of ω. (a) The cubic model from eq 52 (x→ − ∞) and (b−d) the plots for different values of x for ω = 0.35, ω = 0.5, and ω
= 0.65, respectively. The grey diamonds represent reference ground states used for interpolating various energy models.
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A special case of this model occurs when x = 1, in which case
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The limiting case x → − ∞ corresponds to the cubic model

in eq 52. Notice that when x = 1, all the even-order

hyperhardnesses and odd-order hyperhardnesses are the same.
From the form of the coefficients (56), it is clear that ω = 1/

2, corresponding to the Mulliken−Parr chemical potential

μω=1/2,x(N0) = −1/2(I + A),60,61 gives coefficients with a smaller

norm than other values of ω. The choice ω = 1/2 is also special

because, as shown in the Supporting Information, the resulting

energy interpolation models are always convex. As derived in

the Supporting Information and depicted in Figure 4, the

energy interpolant is convex on the interval N0 − 1 ≤ N ≤ N0 +

1 for 1/3 < ω < 2/3. Amazingly, the critical values of ω after

which the energy is no longer convex is nearly independent of x

for x ≤ 0. For 0 < x < 2, the interval of convexity is somewhat

larger, though other features of these models (notably the

divergence in the sequence of higher-order derivatives for x >

1) indicate that only models with −∞ < x ≤ 1 should be

considered. This recommendation is reinforced by the

somewhat strange behavior that occurs when x is larger than

about 1.5; in those cases the energy is nearly linear in the

vicinity of N0, before swerving suddenly to pass through the

points at N0 ± 1 and diverging rapidly outside the interval. By

contrast, for x ≤ 1, all of the models give results that are nearly

indistinguishable from the cubic model (x → −∞).
All of the least-norm models with x > −∞ have the desirable

feature of having nonvanishing higher-order derivatives. On the

contrary, the higher-order derivatives do not have much

chemical content, because they are built from the same

ingredients as the lower-order derivatives. The Supporting

Information also explains the straightforward, but tedious,

extension of the minimum-norm model to additional reference

states.
D. Responses to Changes in External Potential.

Though we have focused on the differentiation with respect

to the number of electrons, we also note that the response

functions to changes in external potential41,42,62−72 are also

incorrectly normalized for most interpolation models. Specif-

ically, for q ≥ 2, we have
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Notice that this identity, like the normalization of the density
derivatives in eq 18, assumes that the electron density is
correctly normalized. To show this requirement explicitly,
consider the traditional linear response function, p = 0, q = 2.
Then, using the chain rule, we have
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where we have used the fact that the response functions of the
reference calculations are appropriately normalized to zero. For
most energy interpolation models, the second term on the last
line of this expression is not equal to zero. This term is equal to
zero, in fact, precisely when eq 26 is satisfied. The only models
we know that satisfy this expression and therefore give rise to
normalized response functions, are the quadratic model and the
models in eqs 36 and 45.

E. Consequences for the Chemical Potential and
Hardness. We now consider the practical effect of these
models on the chemical potential and the hardness. The least-
norm models give flexibility in the choice of chemical potential
but if one chooses the “balanced” formula that has the smallest
norm, ω = 1/2, the least-norm models have the same chemical
potential as the traditional quadratic model

μ = − +
ω= N

I A
( )

2x1/2, 0 (61)

The hardness in the models is not only scaled but also very
close to the quadratic model. Specifically, for the Bessel-
function least-norm model (x = 0) in eq 54

η = · −ω= = N I A( ) 0.9931 ( )x1/2, 0 0 (62)

and for the exponential least-norm model (x = 1) in eq 58

η = · −ω= = N I A( ) 0.9207 ( )x1/2, 1 0 (63)

The chemical potential and hardness in the √N model (eq
36) are not simply proportional to the results from the
quadratic model; however, the two models become indis-
tinguishable when the integer reference state, N0, becomes
large. This result is demonstrated, mathematically, in the
Supporting Information and pictorially in Figure 5, where the
change in the energy interpolation curve when N0 changes, but
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the ionization potential and electron affinity are fixed, is shown.
For systems with more than about 10 electrons, the differences
between the √N model the quadratic model are virtually
indistinguishable.

III. RECAPITULATION
This research grew from an observation that we initially found
to be surprising: the Fukui functions associated with the
exponential and rational interpolation models are not
normalized to one. After we checked and double-checked this
result and verified it for other proposed energy interpolation
models, we recognized that the result is not only correct but
also has significant implications for interpolating the energy as a
function of the number of electrons, as is prevalent in density-
functional reactivity theory and ubiquitous in chemical
reasoning. Specifically, most energy interpolation models are
absurd: they are intrinsically inconsistent, because the number
of electrons one specifies as an argument of the interpolant
corresponds to an electron density with (in general) a dif ferent
number of electrons. This causes the electron density (eq 15)
and its derivatives with respect to the number of electrons (eq
18) and the external potential (eq 59) to be normalized
incorrectly. Even more disturbingly, the electron densities of
these models can be negative (and, as seen in Figure 2, even
normalized to a negative number of electrons!).
Among all the energy interpolation models we knew, only

the venerable quadratic model of Parr and Pearson (eq 1) gave
electron densities and density derivatives that were consistent
with the normalization conditions. This motivated us to explore
whether there might be other consistent interpolation models.
The key insight was that in internally consistent interpolation
models, the electron density is normalized correctly for every
possible number or electrons; the mathematical statement of
this normalization consistency condition is the first-order
partial differential eq 25. Analyzing the result with (generalized)
Lagrange interpolation (cf. section IIB) led to the √N model
in eq 36; this model possesses a dependence on the number of
electrons in the reference system that we find chemically
unrealistic. To obtain models without this dependence, we
returned to the quadratic model and tried to generalize it as far

as possible without violating the normalization constraints
(section IIC). This leads to a new family of “least-norm” energy
interpolation models (cf. eqs 45−58). We find these least-norm
models to be compelling, and in some ways preferable to the
venerable quadratic model, from which they differ little (section
IIE). We feel that the least-norm models are likely to have
significant advantages when one has more than just three
reference energies available, and is interested in high-order
reactivity indicators.
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