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ABSTRACT: The complete active space second order perturba-
tion theory (CASPT2) can be extended to larger active spaces by
using the density matrix renormalization group (DMRG) as solver.
Two variants are commonly used: the costly DMRG-CASPT2
with exact 4-particle reduced density matrix (4-RDM) and the
cheaper DMRG-cu(4)-CASPT2 in which the 4-cumulant is
discarded. To assess the accuracy and limitations of the latter
variant DMRG-cu(4)-CASPT2 we study the spin state energetics
of iron porphyrin Fe(P) and its model compound FeL2, a model
for the active center of NiFe hydrogenase, and manganese-oxo
porphyrin MnO(P)+; a series of excited states of chromium
hexacarbonyl Cr(CO)6; and the interconversion of two Cu2O2

2+

isomers. Our results clearly show that PT2 on top of DMRG is
essential in order to obtain quantitative results for transition metal
complexes. Good results were obtained with DMRG-cu(4)-CASPT2 as compared to full CASPT2 and DMRG-CASPT2 in
calculations with small- and medium-sized active spaces. In calculations with large-sized active spaces (∼30 active orbitals), the
performance of DMRG-cu(4)-CASPT2 is less impressive due to the errors originating from both the finite number of
renormalized states m and the 4-RDM approximation.

1. INTRODUCTION

The density matrix renormalization group (DMRG), first
introduced by White in 1992,1,2 is considered one of the most
promising methods to study strongly correlated molecular
systems.3 Among different novel computational techniques,
DMRG has several unique features. Because of its compact
parametrization of the wave function, known as the matrix
product state MPS,4 DMRG is an efficient alternative for full
configuration interaction (FCI) and multiconfigurational
methods such as the complete active space self-consistent
field (CASSCF). Its accuracy depends on a single tunable
parameter, the number of renormalized states m. In some
applications such as water,5 N2,

6 or Be2,
7 it was shown that

DMRG can converge to the exact FCI limit at a large m value.
Because the MPS wave function in DMRG is not based on an
excitation expansion from a single-reference, DMRG is also
extremely useful to study strongly correlated systems, including
transition metal (TM) complexes. With a polynomial scaling,
DMRG can handle much larger active spaces as compared to
conventional CASSCF, allowing one to study large TM systems
with 30−50 active orbitals.3 DMRG has already been
successfully applied to study various problems in TM
chemistry,8−22 starting from the energetic properties of small
TM complexes and clusters such as CoH and Cu2O2 by Marti

et al.,10 to electronic properties of large mononuclear TM
complexes such as the manganese-salen complex20 and an iron-
oxo porphyrin system,22 and also for multinuclear TM
complexes such as the Mn4Ca cluster in photosystem II,15 or
for [4Fe-4S] biological iron−sulfur complexes.17 Last but not
least, by measuring quantum entanglement based on the von
Neumann entropy (a well-known concept in quantum
information theory), DMRG can provide valuable insights
into the correlation picture of a wave function. By analyzing the
single-orbital entropy23 and the mutual information Ii, j,

14,24 it is
possible to quantify the amount of static and dynamic
correlation in a wave function,14 to study a bond-breaking
reaction,24,25 or to systematically select orbitals for the active
space.26

Despite many successful applications, there are two main
problems with DMRG: (a) it is (even) less “black-box” than the
traditional CAS method and (b) it only includes static
correlation and inefficiently treats dynamic correlation. In
DMRG, an additional set of technical parameters was
introduced affecting convergence and accuracy. These param-
eters include the number of renormalized states m, the choice
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and ordering of the orbitals in the active space, and the
initialization procedure of the matrix product state MPS (the
so-called warm-up sweep). First, the number of renormalized
states m determines the DMRG accuracy, together with its
computational cost: DMRG CPU time and memory scale as
O(m3a3 + m2a4) and O(m2a2),3 respectively, a being the
number of active orbitals. Thus, m must be properly chosen so
that converged results are obtained at a reasonable computa-
tional cost. Second, the MPS is not invariant to orbital rotations
within the active space. A good orbital ordering should have
low quantum entanglement (e.g., by minimizing the entangle-
ment distance Idist ∼ ∑i,jIi, j|i − j|2). This can be done by putting
highly entangled orbitals close to each other, which can
significantly enhance the DMRG accuracy. Some heuristic
algorithms of orbital ordering are available: Fiedler vector
order27 or genetic algorithm order.28 Finally, because of its
compact parametrization, a DMRG solution can be easily
trapped in a “local minimum”. This can be avoided by using a
suitable guess in the warm-up sweep, such as a configuration
interaction based extended active space (CI-DEAS) proce-
dure,23 or by adding a small amount of perturbative noise into
the wave function.29

With a sufficiently large active space, DMRG can easily
describe static electron correlation. However, dynamic
correlation is insufficiently treated by DMRG. The lack of
dynamic correlation is currently the biggest problem of DMRG.
Inspired by conventional ab initio methods, perturbative
approaches on top of the MPS wave function such as
CASPT230−33 or NEVPT234−40 might be used to account for
dynamic correlation. The key components to obtain the PT2
energy are the n-particle reduced density matrices (n-RDMs),
with n = 1−4. In a naiv̈e implementation, the cost of an n-RDM
calculation scales as a2n, thus 4-RDM (and even 3-RDM)
calculations become the bottleneck in DMRG-PT2. Three
solutions have been proposed and (very) recently imple-
mented. The first one is to avoid calculations of the 4-RDM by
using a cumulant reconstruction based on the 3-RDM, in which
the 4-cumulant is neglected. This approximation, denoted as
DMRG-cu(4)-CASPT2,32 has so far only been used in some
studies of Yanai et al.22,32,41 The authors showed that in some
systems DMRG-cu(4)-CASPT2 gives reasonable results, while
a further approximation which additionally neglects the 3-
cumulant (cu(3,4)) fails dramatically. The main problem with

this method is that the energy denominators in the CASPT2
expression are not exactly evaluated, which might give too small
denominators (so-called “false” intruder states32,42) and an
instability of the CASPT2 energy. Thus, more investigations
should be done in order to assess the accuracy of this method.
The second solution avoids the computation of the full 4-RDM
by working in the pseudocanonical basis.31 Because a
nonoptimal choice of active space orbitals is used for DMRG,
very large m values can be required to achieve acceptable
convergence. The third solution, the so-called MPS-NEVPT2,37

is promising, as it bypasses the need to calculate the 3- and 4-
RDM, with the trade-off that it requires many parallel DMRG
calculations to solve for parts of the first-order wave function.
Thus, with the third option one could perform large active
space calculations without the problem of calculating the 3- and
4-RDM.
In this work, we study the accuracy and limitations of the

DMRG-cu(4)-CASPT2 method (hereafter called cu(4)-
CASPT2[m]) for a series of important chemical properties in
transition metal complexes, shown in Figure 1: spin state
energetics of iron porphyrin Fe(P) and its model compound
FeL2, a model for the active center of NiFe hydrogenase, and
manganese-oxo porphyrin MnO(P)+; a series of excited states
of chromium hexacarbonyl Cr(CO)6; and the interconversion
of two Cu2O2

2+ isomers. These problems have already been
studied before by us43−46 with conventional CASSCF/CASPT2
and its extension RASSCF/RASPT2. The results obtained here
will be compared with our previous works wherever possible.47

With active spaces containing more than 18 orbitals, CASSCF/
CASPT2 calculations are computationally prohibited. Thus, we
used DMRG-CASPT2 (with an efficient contraction of the
generalized Fock matrix with the 4-RDM) implemented in
CHEMPS2.20,33,48,49 Since there is no approximation in the 4-
RDM, DMRG-CASPT2 (hereafter called CASPT2[m]) should
converge to regular CASPT2 at large enough m values. The
results in this benchmark work allow us to estimate the
reliability of cu(4)-CASPT2 as compared to CASPT2, for
future practical purposes i.e. to study large transition metal
complexes with large active space using a low-cost cu(4)-
CASPT2[m] with moderate m.

Figure 1. Graphical abstract of problems investigated in this work: spin state energetics of iron porphyrin Fe(P) (P = C20N4H12
2−) and its model

FeL2 (L = C3N2H5
−), NiFe hydrogenase model [(SH)2Ni(SH)2Fe(CO) (CN)2]

2−, and manganese-oxo porphyrin MnO(P)+; excited states of
chromium hexacarbonyl Cr(CO)6; and the interconversion of two Cu2O2

2+ isomers.
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2. COMPUTATIONAL DETAILS

All calculations with multiconfigurational perturbation theory
CASSCF/CASPT230 were performed with the MOLCAS-8
program,50 while the cu(4)-CASPT2[m] calculations were
done with the BLOCK program3,12,29,51−53 interfaced with
MOLCAS. The cu(4)-CASPT2 calculations were done in two
steps. In the first step, n-RDMs with n = 2,3 were calculated
with the BLOCK code. In the subsequent step, approximations of
the 4-RDM were estimated, followed by a CASPT2 calculation
with MOLCAS. The cu(4)-CASPT2 results are compared with
the full CASPT2 (or CASPT2[m] done by CHEMPS220,33,48,49)
results, allowing us to assess the accuracy of the 4-RDM
cumulant approximation.
In all calculations, extensive relativistic atomic natural orbital

(ANO-RCC) type basis sets were employed. The contractions
are [7s6p5d3f2g1h] for the metal atom,54 [5s4p2d1f] on S,
[4s3p2d1f] on C,47 N, O,55 and [3s1p] on H.56 Scalar
relativistic effects were included using a standard second-order
Douglas-Kroll-Hess (DKH) Hamiltonian.57−59 In all PT2
calculations, all valence electrons were correlated, including
also the 3s and 3p electrons of the metal atoms. All PT2
calculations were performed with the standard ionization
potential electron affinity (IPEA) Hamiltonian60 of 0.25 au.
In all CASPT2 and cu(4)-CASPT2 calculations, an imaginary
level shift of 0.1 au61 was used to avoid weak intruder states and
improve convergence of the perturbational treatment. In the
cu(4)-CASPT2 calculations with small active spaces (FeL2 and
Fe(P)), “false” intruder states emerge preventing convergence
of the PT2 calculations, hence the imaginary shift was increased
to 0.2 au. Cholesky decomposition of the electron repulsion
integral with a threshold of 10−6 au62 was used to reduce
computational times and disk storage needs.
The active spaces are different for each molecule and will

therefore be presented in the appropriate section of the results.
We describe here the notation to label the CASSCF and
DMRG active spaces. For the CASSCF calculations, we used
the traditional notation CAS(n,a), where n is the number of
electrons included in the active space and a is the number of
active orbitals. In the DMRG calculations, we used a similar
notation DMRG(n,a)[m] where m is the number of
renormalized states. In all DMRG calculations, we start with
a small m and increase m until cu(4)-CASPT2[m] relative
energies converge within 0.5−1 kcal/mol. This convergence
threshold is smaller than the typical CASPT2 error of TM
complexes of around 0.1−0.3 eV (2.3−7 kcal/mol).
All DMRG calculations were done with the spin-adapted

DMRG algorithm.12,20 In order to fully investigate different
electromers, molecular symmetry was maintained, and
consequently delocalized natural orbitals were used in all
DMRG calculations. In order to avoid poor convergence during
the warm-up sweep, the orbital ordering was automated by
minimizing the quantum entanglement using either Fiedler27 or
a genetic algorithm (GA).28 The quantum entanglement
between the two orbitals i and j is simply estimated by the
exchange integral Kij = ∫ ∫ dr1dr2r12−1ϕi*(r1)ϕj(r2)ϕj*(r1)ϕi(r2),
which indicates proximity and spatial overlap of i and j. We
used the default sweep schedule implemented in BLOCK, i.e.
initial DMRG sweeps were done with small m values to
approximately converge the DMRG wave function while later
sweeps were carried out with a larger m. Moreover, a small
amount of perturbative noise ϵ = 1 × 10−4 (in BLOCK) was
added into the wave function in the warm-up sweep to prevent

the DMRG algorithm from being trapped at a local minimum.
The calculations performed in this work are single-point
calculations using DFT structures taken from previous
studies.43,45,46,63 For Cr(CO)6, the calculations were performed
using the experimental octahedral structure.64

3. RESULTS AND DISCUSSION
3.1. Spin State Energetics of FeL2 and Fe(P): Small-

Sized Active Space. Because of its diverse biological
functions, Fe(II) porphyrin Fe(P) has already for many years
been the subject of experimental65−72 and theoretical
studies.44,63,73−80 The electronic structure of Fe(P) is well-
defined. Experimental data of tetraphenylporphinatoiron(II)
FeTPP65 and octaethylporphinatoiron(II) FeOEP67,68 from
different techniques pointed to a triplet ground state. High-
quality theoretical results from CASPT2(16,15)44 and CCSD-
(T)63 indicate that the ground state is 3A2g (D4h symmetry).
In this section, we present the spin state energetics of Fe(P)

and its mimic model FeL2. As illustrated in Figure 2, four

electromeric states of Fe(P) were studied: 1A1g,
3Eg,

3A2g, and
5A1g. In FeL2 (D2h symmetry) we studied four corresponding
electromeric states with the same electron configuration, i.e.
1Ag,

3B1g,
3B3g, and

5Ag. In both FeL2 and Fe(P), the active
spaces consist of 11 orbitals including the Fe 3d orbitals, a set
of five 3d′ orbitals to describe the 3d double shell effect, and
one Fe−N σ bonding orbital. Different m values were used,
starting from a tiny m = 10, to a relatively large m = 1000.
The DMRG-SCF and cu(4)-CASPT2 results of FeL2 and

Fe(P) are shown in Tables 1 and 2. The errors of cu(4)-
CASPT2 as compared to CASPT2 are summarized in Figure 3.
It can be seen that at a large m value, cu(4)-CASPT2 can well-
reproduce the CASPT2 relative energies. At m = 1000, the
errors of cu(4)-CASPT2 as compared to CASPT2 in FeL2 are
negligible, less than 0.3 kcal/mol. For Fe(P), the errors are even
smaller, less than 0.1 kcal/mol for all states. The errors are still
negligible even at a much smaller m = 50. This shows that the
4-RDM reconstruction introduces minor errors to the PT2
solution and indicates that cu(4)-CASPT2 is a very good
approximation of CASPT2. Moreover, the similarity between
the FeL2 and Fe(P) results shows that the cu(4)-CASPT2 error
is independent from the molecular size (when the same active
space is used).
Comparing between the results at different m, we can

conclude that a converged cu(4)-CASPT2 result (within 0.1
kcal/mol) can be obtained when the corresponding reference
DMRG-SCF energy converges within 0.1 kcal/mol (by using a
large enough m value). At a too small m value, e.g. m = 10, the
DMRG-SCF errors can be as large as 1.5 kcal/mol,

Figure 2. Four states of Fe(P) investigated in this work. The point
group symmetry is D4h (D2h for 3Eg), and the N ligands are placed
between the x and y axes.
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consequently, the cu(4)-CASPT2 errors are 1.7 kcal/mol in
FeL2 and 2.3 kcal/mol in Fe(P).
Because cu(4)-CASPT2 is just an approximation to

CASPT2, it inherits all of the weaknesses of CASPT2,
including a typical error for spin state energetics of around
2−5 kcal/mol.63,73,81 Thus, both cu(4)-CASPT2 and CASPT2
falsely predict that 5A1g is the ground state, in contradiction
with the experimental result (3A2g). This error could be traced
back to an inaccurate description of the Fe semicore (3s,3p)
correlation by PT2, which will be addressed in a future work.82

We also note here that there are differences of ∼2.7 kcal/mol
between the CASPT2 results and our previous CASPT244

employing the same active space. The reason for this difference
is that a different (and faulty) C basis set was used in the
previous work. The best computational results available were
obtained in a recent CCSD(T) study: 29.9, − 0.6, and −2.3
kcal/mol for 1A1g,

3Eg, and
3A2g, respectively.

63

3.2. Electronic Absorption Spectrum of Cr(CO)6:
Medium-Sized Active Space. The UV gas phase absorption
spectra of Cr(CO)6 and other metal carbonyl complexes have
been intensively used in benchmarking studies of different
theoretical methods, such as time-dependent DFT,83,84

CASPT2,85 RASPT2,44 and coupled-cluster methods.86

Cr(CO)6 has an octahedral structure with a closed-shell 1A1g
ground state corresponding to the configuration 2t2g

6 6eg
0. In the

spectrum of Cr(CO)6,
87 two intense bands at 4.44 and 5.48 eV

were assigned as charge-transfer excitations from 2t2g into the
9t1u and 2t2u CO π* shells (1A1g →

1T1u). In order to describe
these transitions, a minimum active space should contain the Cr
3d orbitals (2t2g

6 and 6eg
0) and their bonding 5eg and

antibonding 3t2g ligand counterparts, as well as six π* orbitals
9t1u and 2t2u of CO. This leads to an active space of 10
electrons in 16 orbitals. With this active space, we study here six
excited states in the vertical spectrum of Cr(CO)6, aiming at
assessing the accuracy of cu(4)-CASPT2 as compared to
CASPT2 for the calculation of excited states. The six excited
states include four metal-to-ligand charge transfer (MLCT)
states a,b1T1u and a,b1T2u, corresponding to excitations from
2t2g into 9t1u and 2t2u, and two ligand field (LF) states 1T1g and
1T2g, corresponding to excitations from 2t2g into 6eg. State-
average calculations were performed in the same way as
described in ref 44.

Table 1. Relative Energies (kcal/mol) of the Low-Lying
Electronic States of FeL2 Calculated with DMRG-
SCF(8,11)[m] and cu(4)-CASPT2(8,11)[m], in Comparison
with CASSCF and CASPT2 Resultsb

1Ag
3B1g

3B3g

m SCF PT2a SCF PT2a SCF PT2a

10 56.0 41.1 20.5 0.7 22.8 −1.0
20 54.8 39.8 19.5 −0.4 21.6 −2.3
30 54.8 39.7 19.2 −0.9 21.4 −2.5
40 54.8 39.7 19.0 −0.6 21.3 −2.7
50 54.8 39.7 19.0 −0.7 21.3 −2.8
100 54.8 39.7 18.9 −0.8 21.3 −2.9
400 54.8 39.8 18.9 −0.7 21.3 −2.7
800 54.8 39.7 18.9 −0.7 21.3 −2.8
1000 54.8 39.7 18.9 −0.7 21.3 −2.8
CAS 54.8 39.9 18.9 −1.0 21.3 −3.0

acu(4)-CASPT2 calculations were done with an imaginary shift of 0.2
au. bThe 5Ag state is the reference.

Table 2. Relative Energies (kcal/mol) of the Low-Lying
Electronic States of Fe(P) Calculated with DMRG-
SCF(8,11)[m] and cu(4)-CASPT2(8,11)[m], in Comparison
with CASSCF and CASPT2 Resultsc

1A1g
3Eg

3A2g

m SCF PT2a SCF PT2a SCF PT2a

10 48.8 42.1 20.1 8.7 18.3 6.3
20 48.0 41.2 18.8 7.4 16.9 5.2
30 47.3 40.0 18.7 7.1 16.7 5.1
40 47.3 39.8 18.6 6.9 16.5 5.1
50 47.3 39.8 18.6 6.9 16.5 5.0
100 47.2 39.8 18.5 6.9 16.4 5.0
400 47.2 39.8 18.5 6.9 16.4 4.9
800 47.2 39.9 18.5 7.0 16.4 5.0
1000 47.2 39.8 18.5 6.9 16.4 4.9
CAS 47.2 39.8 18.5 6.9 16.4 4.8
CASb 37.1 4.2 2.1

acu(4)-CASPT2 calculations were done with an imaginary shift of 0.2
au. bCASSCF/CASPT2 results from ref 44. cThe 5A1g state is the
reference.

Figure 3. cu(4)-CASPT2 errors (in kcal/mol) as compared to CASPT2 for spin state energetics of (a) FeL2 and (b) Fe(P).
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In Table 3, we present the excitation energies of the six
excited states of Cr(CO)6 calculated with DMRG-SCF(10,16)-
[m] and cu(4)-CASPT2(10,16)[m], in comparison with
CASSCF and CASPT2 results. The errors of cu(4)-CASPT2
(in eV) with respect to CASPT2 are plotted in Figure 4. With

medium-sized active spaces, a calculation with a too small m
can either be trapped at a local minimum or converge to a
wrong electronic state, leading to wrong DMRG-SCF and
cu(4)-CASPT2 results. Thus, only calculations with m larger
than 100 were done.
In contrast to the calculations of FeL2 and Fe(P), the

performance of cu(4)-CASPT2 is quite poor, i.e. cu(4)-
CASPT2 slowly converges with respect to m. At m = 100,
the DMRG reference is poorly produced, leading to diverged
cu(4)-CASPT2 results. The only result at m = 100 we can
obtain is for the 1T2g state, with an error of 0.54 eV as
compared to cu(4)-CASPT2[1500]. Even at a relatively high m
value (1000), giving well-converged DMRG-SCF results, there
are still non-negligible differences of 0.04−0.05 eV (up to 1
kcal/mol) with respect to cu(4)-CASPT2[2000]. Moreover,
the best cu(4)-CASPT2 results at m = 2000 are still too high by
0.1−0.2 eV (up to 5 kcal/mol) as compared to CASPT2. This
seems discouraging since in the previous test of FeL2 and Fe(P)
with smaller active spaces, remaining errors were less than 0.3
kcal/mol. However, considering that the energy differences
between the ground state and the excited states are large (4.0−

5.5 eV), errors of 0.1−0.2 eV might still be considered
acceptable. We also note that cu(4)-CASPT2[1500] still yields
good results as compared to experiment, with errors of ∼0.1
eV. As was shown in a previous RASPT2 study,44 the errors can
be further reduced by using a larger active space containing an
extra 3d′ shell as well as extra CO π* orbitals.

3.3. Singlet−Triplet Energy Difference for Active-Site
Models of [NiFe] Hydrogenase: Medium-Sized Active
Space. The hydrogenases are a group of enzymes catalyzing
the reversible conversion of H2 to protons and electrons.
[NiFe] hydrogenase, containing a Ni and an Fe ion, has
extensively been investigated both by experimental and
theoretical methods.45,89−94 It has been widely accepted that
at the catalytically active state (Ni-SIa), the Fe ion is low-spin
Fe2+, while the spin state of the Ni2+ ion has long been the
subject of debate. Recently, we provided a benchmark study45

of several models of the [NiFe] hydrogenases using different
density functionals and ab initio techniques such as CASPT2,
RASPT2, and CCSD(T). Our results suggest a singlet ground
state of Ni-SIa both in gas phase and in a protein environment.
In this section, we re-evaluate the singlet−triplet energy
difference using cu(4)-CASPT2, in order to investigate the
accuracy of this method. We only perform calculations using
vacuum-optimized structures with Cs symmetry: the singlet
state is 1A′, whereas the triplet state is 3A″, with their respective
structures shown in Figure 5.

The calculations were done with medium-sized active spaces,
CAS(20,21) for the singlet state and CAS(22,22) for the triplet
state. The active spaces (described in ref 45) contain all 3d
orbitals of both Ni and Fe and a set of five Ni 3d′ and three Fe
3d′ to account for the double-shell effect, as well as a set of
bonding orbitals between the metal atoms and the ligands
(three orbitals in the singlet state and four in the triplet state).
The energy difference between the singlet and triplet states

ΔEST = Etriplet − Esinglet calculated with cu(4)-CASPT2 is
presented in Table 4. Since CASSCF/CASPT2 calculations are

Table 3. Relative Energies of the Low-Lying Excited State in Cr(CO)6 Calculated with DMRG-SCF(10,16)[m] and cu(4)-
CASPT2(10,16)[m], in Comparison with CASSCF, CASPT2 Results, and Experimental Data

1T1g
1T2g a1T2u a1T1u b1T2u b1T1u

m SCF PT2a SCF PT2a SCF PT2a SCF PT2a SCF PT2a SCF PT2a

100 6.13 b 6.84 4.97 5.69 b 6.42 b 6.92 b 8.17 b
200 6.05 4.94 6.76 5.40 5.62 3.87 6.34 4.47 6.84 4.84 8.08 5.23
400 5.97 4.88 6.72 5.49 5.60 4.13 6.31 4.59 6.81 4.95 8.05 5.43
1000 5.96 5.15 6.71 5.55 5.59 4.18 6.30 4.59 6.80 4.95 8.04 5.37
1500 5.96 5.13 6.71 5.51 5.59 4.14 6.30 4.56 6.80 4.92 8.04 5.39
2000 5.96 5.11 6.71 5.50 5.59 4.13 6.30 4.55 6.80 4.91 8.04 5.41
CAS 5.96 4.94 6.71 5.37 5.59 4.00 6.30 4.44 6.80 4.82 8.04 5.29
CASc 4.92 5.35 3.88 4.31 4.68 5.16
exp.d 4.44 5.48

acu(4)-CASPT2. bcu(4)-CASPT2[100] calculations are not converged. cReference 44, using a different C basis set.47 dFrom ref 88.

Figure 4. cu(4)-CASPT2 errors (in eV) compared to CASPT2 for the
excited states of Cr(CO)6.

Figure 5. Geometry of the singlet state with square-planar and triplet
state with tetrahedral Ni2+.
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computationally prohibited with this active space, cu(4)-
CASPT2 results are compared with CASPT2[m] calculated
with the CHEMPS2 code. As the 4-RDM is exactly calculated in
CHEMPS2, CASPT2[m] should be equal to CASSCF/CASPT2
when a sufficiently large m is used. Indeed, the ΔEST value at m
= 1000 is already converged. We expect that ΔEST at the
CASSCF/CASPT2 level is very close to 14.7 kcal/mol. cu(4)-
CASPT2 predicts a similar ΔEST result, 15.2 kcal/mol at m =
1000 and 15.4 kcal/mol at m = 1500. The small difference, less
than 1 kcal/mol, between cu(4)-CASPT2[1500] and
CASPT2[1500] indicates that the approximated 4-RDM is
sufficiently reliable. Additionally, both cu(4)-CASPT2[1500]
and CASPT2[1500] results are in good agreement with
CCSD(T), within 2 kcal/mol. We also note that the difference
between CASPT2[1500] and our previous RASPT2(SDTQ)
(up to quadruple excitation level in RASSCF) result45 (11.5
kcal/mol) using the same active space is rather large (3.2 kcal/
mol). This difference is slightly decreased to 2.7 kcal/mol when
the excitation level in the RASSCF was increased to five and
should be smaller using higher excitations or moving active
orbitals from RAS1 and RAS3 to RAS2. Nevertheless, all four
methods cu(4)-CASPT2, CASPT2, RASPT2, and CCSD(T)
predict a singlet ground state for the [NiFe] model.
3.4. The Interconversion of Two Isomers of Cu2O2

2+

Models: Medium-Sized Active Space. The interconversion
between the bis(μ-oxo) and peroxo forms of Cu2O2

2+ (see
Figure 1) has been extensively investigated by many theoretical
methods such as CR-CC(2,3),43 CASSCF/CASPT2,95 and
RASSCF/RASPT2,43 as well as numerous DMRG calcula-
tions.8,9,26,27 Since throughout this work we systematically
employed the ANO-RCC basis sets, with scalar relativistic
corrections from the Douglas-Kroll-Hess Hamiltonian, and
semicore (3s,3p) electron correlation correction, it is difficult to
compare our results with previous studies using different basis
sets and active spaces. Our goal in this section is primarily to
compare the performance of cu(4)-CASPT2 with CASPT2
employing a medium-sized active space, i.e. 24 electrons in 24
orbitals. We chose an active space including the most important
correlation effects related to the Cu−O bonds and the Cu 3d
double-shell effect, consisting of ten Cu orbitals (3d, 3d′) and
four O orbitals (2px, 2py). We mention here this active space is
still not capable of providing quantitative results. This was
pointed out in a previous RASPT2 study,43 showing that a
minimum active space containing 28−32 orbitals is needed for
that purpose.
In Table 5, we present the relative energies between the

bis(μ-oxo) and peroxo isomers of Cu2O2
2+ and [Cu-

(NH3)]2O2
2+ (ΔE = Ebis − Eper), calculated with DMRG-

SCF, cu(4)-CASPT2, and CASPT2[m]. It is expected that
CASPT2[m] with a sufficiently large m gives the most accurate
results, which are 23.2 and 22.6 kcal/mol for Cu2O2

2+ and

[Cu(NH3)]2O2
2+, respectively. These numbers are used as a

reference. The results with cu(4)-CASPT2 indicate that the
relative energies converge rather fast with respect to m. Even
cu(4)-CASPT2[100] can give satisfactory results, with an error
of only 0.5−0.6 kcal/mol compared to cu(4)-CASPT2[1500].
The difference between cu(4)-CASPT2[1500] and
CASPT2[1500] is negligible, less than 0.1 kcal/mol in
Cu2O2

2+ and about 0.4 kcal/mol in [Cu(NH3)]2O2
2+. As

compared to the previous sections, in which we presented the
spin state energetics of TM complexes, the cu(4)-CASPT2
performance is excellent, probably because the problem
considered here does not involve a spin change between the
isomers. The results again indicate that the 4-RDM
approximation in cu(4)-CASPT2 is independent from the
molecular size if similar active spaces are selected.

3.5. Manganese-Oxo Porphyrin MnO(P)+: Medium-
and Large-Sized Active Spaces. The high-valent Mn-oxo
complex MnO(P)+ has received ample attention96 because of
its ability to catalyze oxygen atom transfer (OAT) reactions. In
its low-spin (S = 0) ground state,97−99 this complex shows a
remarkable stability100 and a low oxyl character in the Mn−O
axial oxygen.101,102 This might be the reason for the inertness
toward OAT of the singlet state. Jin and Groves98 therefore
proposed that release of oxygen from MnO(P)+ should rather
proceed via (a) thermally accessible reactive high-spin (triplet
or quintet) state(s). In a recent paper,46 we confirmed this idea
by investigating the spin state energetics and oxyl character of
important low-lying states in Mn-oxo porphyrin MnO(P)+

using CASPT2 and RASPT2. In this section, we aim at
reproducing and improving the results of our previous study46

Table 4. 1A′-3A″ Energy Difference (in kcal/mol) in the [NiFe] Model Calculated with DMRG-SCF[m] and cu(4)-CASPT2[m],
in Comparison with CASPT2[m], RASPT2, and CCSD(T)

m DMRG-SCF cu(4)-CASPT2 CASPT2a CCSD(T)b RASPT2(SDTQ)b RASPT2(SDTQ5)b

100 −16.1 17.4
200 −15.9 16.9
400 −15.8 15.9
1000 −15.8 15.2 14.7
1500 −15.8 15.4 14.7

13.6 11.5 12.0
aCASPT2[m] (exact 4-RDM) results from CHEMPS2.33 bFrom ref 45 with slightly smaller basis sets of Ni and Fe [7s6p4d3f2g1h].

Table 5. Relative Energies (in kcal/mol) of the Bis(μ-oxo)
and Peroxo Structures of Cu2O2

2+ and [Cu(NH3)]2O2
2+ ΔE

= Ebis − Eper, Calculated with DMRG-SCF[m] and cu(4)-
CASPT2[m], in Comparison with CASPT2[m]

m DMRG-SCF cu(4)-CASPT2 CASPT2a

Cu2O2
2+

100 35.0 23.8
200 35.0 23.3
400 35.1 23.1
1000 35.1 23.0 23.0
1500 35.1 23.1 23.2
[Cu(NH3)]2O2

2+

100 19.8 22.7
200 19.6 22.4
400 19.6 21.8
1000 19.5 22.1 22.6
1500 19.5 22.2 22.6

aCASPT2[m] (exact 4-RDM) results from CHEMPS2.33
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using cu(4)-CASPT2. An overview of the considered states is
provided in Table 6.

The calculations of MnO(P)+ were done with two active
spaces used in our previous study.46 The smallest active space
consists of 16 to 18 orbitals containing 14 active electrons: four
pairs of bonding/antibonding MOs between Mn(3d) and the
ligand atoms, the nonbonding Mn(3dδ) orbital, four porphyrin
orbitals of the Gouterman set, O(3px) and O(3py) orbitals, and a
maximum of three Mn(3d′) MOs 3dδ′, 3dxz′ , and 3dyz′ . In the
larger active space, an extra set of 12 P(π) orbitals was added,
resulting in a global active space of 28−30 orbitals containing
28 electrons (see ref 46). With the smaller active space, we used
different m values from 100 to 1000, whereas with the larger
one, only calculations with m = 1000, 2000, and 4000 were
done.
In Table 7, we present the relative energies of the low-lying

states of MnO(P)+ calculated with DMRG-SCF(14,N)[m] and
cu(4)-CASPT2(14,N)[m] with N = 16−18. We find a similar
behavior in the cu(4)-CASPT2 results as compared to the other
medium-sized active space calculations (NiFe hydrogenase,
Cr(CO)6, Cu2O2

2+), i.e. the cu(4)-CASPT2 results converge
moderately. The differences between cu(4)-CASPT2[100] and
cu(4)-CASPT2[1000] are less than 0.7 kcal/mol. The differ-
ences between the converged cu(4)-CASPT2[1000] and
CASPT2 relative energies are modest, i.e. cu(4)-CASPT2
underestimates the 5MnIVO(P•a1u)−1MnVO(P) splitting by 1
kcal/mol while overestimating the 3MnVO(P)−1MnVO(P)
splitting by 1.6 kcal/mol. Comparing all the results obtained
so far with medium-sized active spaces, it seems that the 4-
RDM approximation errors do increase somewhat with the size
of the active space, leading to larger cu(4)-CASPT2 errors in
MnO(P)+, NiFe hydrogenase, and Cr(CO)6 as compared to
FeL2 and Fe(P).
With the larger active space of 28−30 orbitals, a much larger

m value is needed to get converged results. However, a cu(4)-
CASPT2 calculation with m > 2000 is computationally too
expensive as the memory requirement to calculate the 3-RDM

becomes too demanding. Thus, in Table 8, we only present the
DMRG-SCF results at m = 1000, 2000, and 4000 and the
cu(4)-CASPT2 results at m = 1000 and 2000. With this large
active space, both CASSCF/CASPT2 and CASPT2[m]
calculations are computationally prohibited. Hence, RASSCF/
RASPT2 results reported in our previous work46 are used for
comparison. The RASSCF results are not shown because the
number of orbitals in RAS2 is different between the states,
making the comparison between DMRG-SCF and RASSCF
irrelevant.
As compared to the calculations with the smaller active

spaces, we now find that the DMRG-SCF relative energies
converge much slower. At m = 1000 the relative energies still
differ by up to 1 kcal/mol with respect to the m = 4000 results,
while the errors at m = 2000 are still around 0.1−0.4 kcal/mol.
Thus, DMRG-SCF can only give results converged to within
0.1 kcal/mol at m larger than 2000.
The cu(4)-CASPT2 results are quite disappointing, i.e. the

relative energies change by up to 1.8 kcal/mol going from m =
1000 to 2000. This indicates that even at m = 2000, the cu(4)-
CASPT2 results have not yet converged, and it is expected that
the relative energies could be changed at a larger m. Two
strategies can be applied to solve this problem. The first
solution is to improve the convergence of DMRG-SCF (e.g., by
using a different orbital ordering), and (hope that this way)
cu(4)-CASPT2 will converge at a smaller m. The second but
not optimal solution is to further increase m to a higher value
until stable cu(4)-CASPT2 results are obtained.
There are also some large discrepancies, 1.5 vs 3.9 kcal/mol,

between best cu(4)-CASPT2[2000] and the RASPT2 results.
Because in the two methods different approximation levels are
employed, it is not trivial to conclude which of the two is more
accurate. In RASPT2, more accurate results should be obtained
by applying higher excitations between the subspaces (e.g.,
quadruple excitations) or by employing a larger RAS2. In
cu(4)-CASPT2, m = 2000 does not seem high enough to
obtain converged results. Moreover, cu(4)-CASPT2 contains
an intrinsic error originating from the 4-RDM approximation.
Because the number of 4-RDM elements scales as a8, where a is
the number of active orbitals, the number of approximated 4-
RDM elements drastically increases with the size of the active
space. Even if the error of each approximated 4-RDM element
is small, overall these small errors can accumulate to a large
total error.

4. CONCLUSION
In this work we have demonstrated how a (second-order)
perturbational approach combined with DMRG, i.e. DMRG-
cu(4)-CASPT2 and DMRG-CASPT2 can be used to study
different problems in several transition metal complexes. The

Table 6. Six States of MnO(P)+ Investigated in This Work

Mn(3dδ)
a P(πa1u) P(πa2u) πxz* πyz*

1MnVO(P) 1A1 ↑↓ ↑↓ ↑↓
3MnVO(P) 3B1 ↑ ↑↓ ↑↓ ↑
5MnIVO(P•a2u)

5A2 ↑ ↑↓ ↑ ↑ ↑
3MnIVO(P•a2u)

3B1 ↑↓ ↑↓ ↑ ↑
5MnIVO(P•a1u)

5A2 ↑ ↑ ↑↓ ↑ ↑
3MnIVO(P•a1u)

3B1 ↑↓ ↑ ↑↓ ↑
a3dδ denotes the nonbonding MO localized on Mn.

Table 7. Relative Energies (kcal/mol) of the Low-Lying Electronic States of MnO(P)+ Calculated with DMRG-SCF(14,N)[m]
and cu(4)-CASPT2(14,N)[m] with N = 16, 17, or 18, in Comparison with CASSCF and CASPT2 Resultsc

5MnIVO(P•a1u)
5MnIVO(P•a2u)

3MnIVO(P•a1u)
3MnIVO(P•a2u)

3MnVO(P)

m SCF PT2b SCF PT2b SCF PT2b SCF PT2b SCF PT2b

100 −21.3 20.2 −4.4 12.6 −17.4 22.7 0.0 16.2 −0.7 5.5
200 −21.4 20.5 −4.5 12.6 −17.6 23.8 −0.4 15.8 −0.7 5.9
400 −21.5 20.2 −4.6 12.6 −17.7 23.5 −0.5 15.9 −0.7 5.4
1000 −21.5 19.8 −4.6 12.5 −17.7 23.2 −0.5 16.9 −0.7 5.5
CASa −21.5 20.8 −4.6 13.0 −17.7 22.8 −0.5 15.8 −0.7 3.9

aCASSCF/CASPT2 from ref 46. bcu(4)-CASPT2. cThe 1MnVO(P) state is the reference.
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results in this work clearly point out that DMRG-SCF by itself
is incapable of providing quantitative results, because it lacks
dynamic correlation. In order to improve the results, we relied
on either DMRG-cu(4)-CASPT2 (denoted as cu(4)-CASPT2-
[m]), which has been recently developed and applied by Yanai
et al.22,32,41 or DMRG-CASPT2 (denoted as CASPT2[m]),
which was implemented by Wouters et al.33 in CHEMPS2.
These methods were employed to study the relative energies
between different states of FeL2, Fe(P), Cr(CO)6, NiFe
hydrogenase, and MnO(P)+. Encouraging results were
obtained, as cu(4)-CASPT2 can reproduce the CASPT2 results
to within 0.1−0.2 kcal/mol in calculations with small active
spaces and to within 2 kcal/mol for medium-sized active spaces.
In the calculations of the electronic absorption spectrum of
Cr(CO)6, the errors are larger, 0.1−0.2 eV, but still acceptable
for excited state calculations. In the calculations with the large
active space in MnO(P)+, the performance of cu(4)-CASPT2 is
less impressive. Remaining errors originate from two sources:
the finite m value and the 4-RDM approximation. The former
errors can be eliminated by increasing m, but this can drastically
increase the computational cost as the scaling of 3-RDM
calculations is O(a4m3 + a6m2).32 For the time being we can
only perform cu(4)-CASPT2(28,30)[m] calculations with m up
to 2000. The 4-RDM approximation also introduces intrinsic
errors into the cu(4)-CASPT2 solutions, and, unfortunately,
the errors seem to be more pronounced with larger active
spaces. Obviously, the solution is to explicitly calculate the 4-
RDM, but this again is computationally expensive for large-
sized active spaces. On the whole, our experience with the
cu(4)-CASPT2 method is quite positive, in particular for
calculations employing not too large active spaces (less than 24
orbitals).
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