
Optimization algorithm
Our strategy is to find the 2-RDM that minimizes the square norm of the difference between the response 2-RDM and 
the targeted 2-RDM, under the constraints that this 2-RDM is symmetric, its trace is normalized and the 2-RDM, Q and G 
matrices are positive semi-definite matrices. 

We propose the following iterative procedure to determine the closest, positive semidefinite, symmetric 2-RDM with 
the correct trace7:

(1) Symmetrize the 2-RDM:
(2) Compute the eigenvector decomposition to find the eigenvalues:
(3)Shift all eigenvalues by a constant σ0 which is the root of the equation 

with   the Heaviside step function and set any negative shifted eigenvalues to zero.

(4) Find an updated 2-RDM from the resulting shifted set of eigenvalues and the original eigenvectors:
In order for the 2-RDM to also satisfy the Q- and G-condition, a similar procedure can be used for making the Q- and G-
matrix positive semidefinite. An overview of the regular N-representability optimization algorithm is given in Fig. 1.  We 
sequentially optimize the 2-RDM, Q-matrix and G-matrix and when convergence is reached we have determined the 2-
RDM which is close to the initial response 2-RDM, but which is N-representable in the sense that it fulfills the P-, Q- 
and G-conditions. The seniority-zero optimization procedure works with the pair and exchange 2-RDM and uses the 
reformulated P-, Q- and G-conditions. Just as in the regular procedure, these conditions are enforced in a sequential 
manner.

N-representability problem
The 2-RDM is a more compact object than the wave function, however, it still contains 
most of the relevant information about a system. 
The 2-RDM is defined as the expectation value of the 2-electron reduced density operator: 

For non-variational methods, direct computation of the 2-RDM as the expectation value 
can become computationally very expensive. Therefore, it may be better to compute the 
response 2-RDM,

In general, this response 2-RDM is not N-representable3.  
A few necessary (but not sufficient) N-representability conditions:
●  Symmetry properties:

●  Trace condition:

●  2-positivity conditions4: necessary conditions which impose positive semidefiniteness 
on the P, Q and G matrices i.e. their eigenvalues are non-negative.
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Introduction
In methods that are solved using the projected Schrödinger equation, such as geminal-based approaches1 or coupled-cluster2, direct computation of the 2-electron reduced density matrix 
(2-RDM) is impractical and one falls back to a 2-RDM based on response theory. However, the 2-RDMs obtained from response theory are not necessarily N-representable. That is, the response 2-RDM does not 
correspond to an actual physical N-electron system. We present a new algorithm for making these non-N-representable 2-RDMs approximately N-representable, i.e. it has the right symmetry and normalization and it 
fulfills the P-, Q- and G-conditions. Next to an algorithm which can be applied to any 2-RDM, we have also developed a 2-RDM optimization procedure specifically for seniority-zero 2-RDMs.  
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Figure 1. General scheme for the N-representability optimization procedure.

Table 1.  Energy difference w.r.t. DOCI for AP1roG and the fixed 2-RDM, using a 6-31g* basis set. The equilibrium bond lengths are 
taken from the NIST CCCBDB database for CCSD(T) geometries. All energy differences are given in atomic units. The cost function 
is defined as     .  

In seniority-zero space5, the spatial orbitals are either empty or doubly occupied. The 
structure of the 2-RDM greatly simplifies and non-zero elements are arranged in two 
matrices, the pair 2-RDM, Π, and the exchange 2-RDM, D. Both are symmetric and their 
normalization:

The P-, Q- and G-conditions can be reformulated6:

Figure 4. Cost functions of the AP1roG response 2-RDM and the 
fixed 2-RDM w.r.t. the exact 2-RDM and of the response 2-RDM 
w.r.t. fixed 2-RDM as a function of the interaction strength g.
→ cost functions increase with increasing interaction strength, 
i.e. deviations from N-representability increase.
→ cost functions of response 2-RDM and fixed 2-RDM w.r.t. 
exact 2-RDM nearly overlap indicating that although we bring 
the 2-RDM closer to N-representability, the distance to the 
exact 2-RDM does not change much.
→ the optimization procedure brings the 2-RDM closer to the 
set of N-representable 2-RDMs but it does not necessarily 
bring the fixed 2-RDMs closer to the exact solution.
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Results: linear hydrogen chain

Figure 2. Symmetric dissociation of a linear H8 chain with interatomic distance R using an 
ANO-2s basis set. Total energies predicted by full CI, Hartree-Fock, AP1roG9 (with optimized 
orbitals), DOCI (with optimized orbitals) and fixed 2-RDM energy.
→ AP1roG and DOCI nearly indistinguishable; deviation from full CI due to lack of 
dynamical correlation in seniority-zero methods9.
→ fixed 2-RDM energy difference with DOCI increases with increasing bond length which 
is a result of constraining the 2-RDM during the optimization procedure.
→ structure of response 2-RDM deviates more and more from N-representability with 
increasing bond length. 

Results: attractive Richardson pairing Hamiltonian
Push the 2-RDM optimization algorithm into a regime where AP1roG is known to fail, i.e. the attractive pairing 
Hamiltonian9 

with g the interaction strength, g < 0 for the attractive region. The set are the single particle energies. Specifically, 
we investigate the half-filled pairing Hamiltonian with twelve equally spaced levels, the so-called picket-fence model10.

Figure 3. Total energies predicted by the AP1roG and BCS 
methods, the fixed 2-RDM energy and the exact solution 
according to Richardson as a function of g.
→ AP1roG breaks down near a critical pairing interaction 
strength of gc = 0.35 which is the transition point to a 
superconducting system, i.e. the HF to BCS transition point. 
→ AP1roG goes below the exact solution which is possible since 
it is not a variational method but solved through the projected 
Schrödinger equation.
→ N-representability fixing of the 2-RDM results in energies 
that are above the exact energy
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