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1. UNIT CELL ZSM-5 

As discussed in the manuscript, a unit cell of H-ZSM-5 consisting of 96 T atoms is used, as 

shown in Figure S 1. In this unit cell, one silicon atom is replaced by an aluminum atom to 

create the Brønsted acid site (BAS). As there is no simple rule for the occupation of Al atoms 

on the 24 distinguishable framework T sites because it depends on the conditions of the 

zeolite synthesis [1], the substitutions are made based on earlier work. For this, a substitution 

is performed at the T12 position. [2, 3] The unit cell parameters used during the simulations 

depends on the used methods, as the unit cell used in the static calculations is equilibrated 

at 0 K, while the unit cell parameters for the dynamic simulations are obtained at 623 K. Both 

methods are discussed in the subsequent sections. 

 

Figure S 1: H-ZSM-5 unit cell used during this study, indicating the 8T cell used during the partial Hessian 

vibrational analysis (PHVA). 

1.1. STATIC METHOD 

During all static VASP simulations, the unit cell parameters are kept constant as was done in 

earlier work. 4,5 Therefore, the optimal volume of the empty unit cell of H-ZSM-5 is calculated 

by a least square fit to the Birch Murnaghan equation of state curve of the data points 
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depicted in Figure S 2. This led to an optimal unit cell volume of 5467.56 Å³. The used unit 

cell parameters are summarized in Table S 1. 

. 

 

Figure S 2: Data points used for the least square fit to the Birch Murnaghan equation of state curve.[4, 5]  

1.2. DYNAMIC METHOD 

During dynamics simulations, the system is sampled at more realistic conditions than during 

the 0 K static calculations. Therefore, the unit cell parameters are averaged over a 50 ps ab 

initio molecular dynamics simulations in the NPT ensemble at 1 atm and 623 K, which 

constitutes the standard procedure employed by the authors in earlier work. [6-9] Essential is 

that the unit cell comprises adsorbed ethene and methanol, allowing the simulation to take 

fully into account the framework flexibility and the interaction with the guest molecules. The 

average unit cell parameters of these preliminary simulations are used for the MD production 

runs in the NVT ensemble.   

The resulting unit cell parameters, which are used during the enhanced sampling 

simulations, are summarized in Table S 1. 

. 
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Table S 1: Unit cell parameters used in the static calculations and dynamic simulations. 

 a [Å] b [Å] c [Å] α [°] β [°] γ [°] 

Static 20.02 20.25 13.49 89.87 89.69 90.10 

Dynamic (623 K) 20.38 20.19 13.58 90 90 90 
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2. CHARACTERISTIC VALUES FOR THE COLLECTIVE 

VARIABLES 

Collective variables are expected to cover the whole transition or to be capable of identifying 

the transitions between metastable states in full phase space. A good set of CVs should 

represent a dimensionality reduction from the full space Ω to a small set of numbers. CVs 

should be able to describe all the relevant slow events as well as distinguish start, end and 

intermediate states. It is good reaction coordinate when it quantifies the dynamical progress 

from reactant to product. 

To be a good reaction coordinate, a collective variable needs to predict distinct values for 

reactant, transition, product state and intermediary states, and in a good order. Throughout 

this paper we regard the reaction coordinate as a one-dimensional coordinate which 

represents progress along a reaction path. It is usually a geometric parameter that changes 

during the conversion of one or more molecular entities. 

For each value of the reaction coordinate, there corresponds a unique configuration of all 

atoms giving unambiguously a snapshot of the reaction on the real reaction path.  The 

collective variables used in this work are defined in Figure 1 of the main text. For clarity the 

scheme is also given in Figure S 3. Their characteristic values at the three states (reactant, 

transition state and product) are summarized in Table S 2. [10, 11] 

Table S 2: Characteristic values of the proposed collective variables at the reactant, transition and product state. 

 Reactant Transition Product 

 CV1 CV2 CV1 CV2 CV1 CV2 

Type CN 1.0 0.0 0.5 0.5 0.0 1.0 - 2.0 

Type DI 1.4 Å 5.0 Å 2.0 Å 2.4 Å 3.7 Å 1.7 Å 

Type 1D-DI 3.6 Å - 0.3 Å - -1.9 Å - 
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Figure S 3: Schematic representation of the collective variables used to describe the methylation reaction of 

ethene. Their expected values at the reactant, transition and product state are summarized in Table S 2.  
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3. ENHANCED SAMPLING METHODS 

In this work only a selection is made of all  enhanced sampling techniques available in 

literature. All selected methodologies are given in Figure S 4. 

 

Figure S 4: Schematic representation of the enhanced sampling methodologies considered in this work, namely 

metadynamics (MTD), variationally enhanced sampling (VES), umbrella sampling (US) and thermodynamic 

integration (TI). [10] 

3.1. METADYNAMICS 

In this method the bias potential is constructed on the fly by gradually adding Gaussian 

shaped hills. The bias potential 𝑉𝐺(𝑞, 𝑡) becomes then the sum of all Gaussians: [12]  

𝑉𝐺(𝑞, 𝑡) = ℎ ∑ exp⁡(−
(𝑞 − 𝑞(𝑡´))2

2⁡𝑤2
)

𝑡´=𝜏𝐺,2𝜏𝐺,.…
𝑡´<𝑡

 

The amplitude ℎ and width 𝑤 of the Gaussian contributions, which are added to the system 

after each time interval 𝜏𝐺, are systematically updated during the simulation, to allow for an 

accurate and fast convergence. This sampling technique has first been proposed by Laio et 

al. [13, 14]  After a sufficiently long simulation time, the bias potential is related to the free 

energy 𝐹(𝑞) via: 

lim
𝑡→∞

𝑉𝐺(𝑞, 𝑡) ~ − 𝐹(𝑞) 
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The FES of the system can be reconstructed based on an inversion of the time dependent 

bias potential as displayed in Figure S 4. 

Computational details of this metadynamics (MTD) technique as applied in this work are the 

following. We directly constructed a one-dimensional free energy surface, by selecting a 1D 

reaction coordinate (1D-DI in Figure S 3). The initial height of the Gaussian potentials is set 

to 5 kJ/mol and after each recrossing of the transition point, the height of the added 

Gaussian hills is adequately halved to enhance the FES convergence, until a value of 0.3125 

kJ/mol was obtained. A new hill was spawned every 100 time steps. The width of all 

Gaussians is set to 0.04. The integration time step is set to 0.5 fs for all MTD simulations. 

Furthermore, quadratic walls were used to restrict the simulations to an area of interest on 

the FES, by limiting the diffusion of ethene and the formed water. Therefore, a quadratic 

upper wall is added at a value of 3.0 Å and a quadratic lower wall at -0.25 Å both with a force 

constant equal to 2000 kJ/(mol*Å²). A total of 10 MTD simulations were performed, each with 

a sampling time between 250 and 300 ps. 

 

3.2  VARIATIONALLY ENHANCED SAMPLING 

Variationally enhanced sampling (VES) is a relatively new enhanced sampling technique 

introduced by Valsson and Parrinello [15] and recently applied in the construction of free 

energy profiles in structural transformations taking place in flexible MOFs. [10] The 

variational principle embedded in VES allows to introduce an arbitrary target distribution 𝑝(𝑞) 

that specifically targets the region we are interested in. The bias potential 𝑉(𝑞) is constructed 

variationally by minimizing a functional of the bias potential: 

Ω[𝑉] =
1

𝛽
ln(

∫ exp(−𝛽[𝐹(𝑞) + 𝑉(𝑞)]) 𝑑𝑞

∫ exp(−𝛽𝐹(𝑞)) 𝑑𝑞
) + ∫𝑝(𝑞)𝑉(𝑞)𝑑𝑞 

It can be shown that this functional is convex with a minimum at: 
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𝑉(𝑞) = −𝐹(𝑞) −
1

𝛽
ln⁡(𝑝(𝑞)) 

The free energy 𝐹(𝑞) can thus be calculated from the target distribution and the bias. An 

additional aspect of VES is that the minimization of the functional Ω[𝑉]  is equivalent to 

minimizing the Kullback-Leibler divergence between the sampled distribution 𝑝𝑏  and the 

target distribution ⁡𝑝: 

𝐾𝐿〈𝑝|𝑝𝑏〉 = ∫𝑝(𝑞) ln (
𝑝(𝑞)

𝑝𝑏(𝑞)
) 𝑑𝑞 

Subsequently, the variational principle can be introduced by expanding the bias potential 

𝑉(𝑞) in some basis functions 𝑓𝑖(𝑞), which in our work are Legendre polynomials: 

𝑉(𝑞) =∑𝛼𝑖𝑓𝑖(𝑞)

𝑖

 

with expansion coefficients 𝛼𝑖. The expansion coefficients which minimize the functional Ω[𝑉] 

can then be obtained via an efficient stochastic gradient descent algorithm. [16] Once 

convergence is reached, the bias potential is in a quasi-stationary state. The advantage of 

this method is its flexibility. There is a large flexibility in choosing the target distribution, which 

allows us to tailor the sampling. 

In the simulations performed in this work, a uniform target distribution was chosen. 

Furthermore, Legendre polynomials of the 25th order are chosen as basis set. For the 

optimization algorithm, two parameters need to be chosen, namely the stride and step size. 

The stride is set to 100 steps as was done for the metadynamics simulations. The stepsize is 

first set to 5.0 kJ/mol and after some recrosses lowered to 1.0 kJ/mol, to have a similar 

procedure as in the metadynamics simulations. The same walls as in the metadynamics 

simulations are introduced to limit the sampling to the region of interest. A total of 5 VES 

simulations were performed, each with a sampling time between 300 and 350 ps.  

 



 

9 
 

 

3.3 UMBRELLA SAMPLING 
 

In umbrella sampling (US) an external potential is added to the true Hamiltonian to enhance 

the sampling in low probability regions. The external potential depends on the collective 

variable 𝑞. The free energy 𝐹(𝑞) of the unbiased system can be obtained from the free 

energy of the biased system 𝐹𝑏(𝑞): 

𝐹𝑏(𝑞) = 𝐹(𝑞) + 𝑉𝑏(𝑞) 

In order to perform a decent sampling of all important regions of the configuration space, the 

reaction path is divided into distinct windows, as shown in Table S 3 and Figure S 4. In each 

window, the reaction coordinate is restrained to a target value 𝑞𝑖 by applying a bias potential 

on each window. Often, a harmonic bias potential with force constant 𝐾 is used to keep the 

system close to the target value: 

𝑉𝑖(𝑞) =
𝐾

2
(𝑞 − 𝑞𝑖)

2 

In each window, the system mainly samples perpendicular to the collective variable. After the 

simulations have run, the probability distribution of all windows is combined to a total 

distribution function using the weighted histogram analysis (WHAM) method. [17, 18]  

To create the snapshots used as a starting point for each window, a moving restrained MD 

simulation is used in which a bias potential is moved from one minimum to the other. Along 

this trajectory, 34-40 umbrellas are selected as summarized in Table S 3 (ESI) giving the 

location for each window. Subsequently, a restrained ab initio MD simulation of 50-60 ps is 

run for each umbrella to ensure sufficient sampling and overlap between the different 

windows. During umbrella sampling simulations, the force constants, 𝐾, are set to 1500 

kJ/mol for the coordination numbers or 1500 kJ/(mol*Å²) for the distances.  
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 3.4 THERMODYNAMIC INTEGRATION – UMBRELLA INTEGRATION 
 

Thermodynamic integration is actually known as umbrella integration as outlined by Kästner 

and Thiel [19] It is a general approach that can be regarded as a method to calculate free 

energy differences in constrained molecular dynamics. The constraint is imposed on the 

reaction coordinate 𝑞 and on each point along the path [𝑞0, 𝑞1] the mean force is calculated 

being the ensemble average of the constrained MD. It contains two contributions: a force due 

to the potential energy and a force due to the constraint. 

The free energy difference between two configurations belonging to reaction coordinates 𝑞0 

and 𝑞1 is then given by 

Δ𝐹(𝑞0, 𝑞1) = ∫ 〈
𝛿𝐹

𝛿𝑞
〉𝑞 𝑑𝑞

𝑞1

𝑞0

 

in which −
𝛿𝐹

𝛿𝑞
 is the force needed to maintain the reaction coordinate constraint during the 

simulation. The constraint is imposed during the MD by placing strong quadratic potentials. 

In this work we keep the 34-40 windows along the reaction coordinate which have been 

introduced during the umbrella sampling simulations of type 1D-DI, but the force constant K 

is set an order of magnitude higher. Again, 50-60 ps restrained MD simulations for each 

window are performed over which the mean force is calculated.  
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4. UMBRELLA SAMPLING – WHAM 

 

Umbrella sampling (US) is an interesting advanced sampling MD technique that is frequently 

used to describe an activated  chemical reaction. The original concept has been proposed by 

Torrie and Valleau [20] in 1977 and since that time applied on countless occasions in diverse 

areas. Recently we also systematically made use of the US concept in constructing free-

energy profiles belonging to activated chemical reactions. [7, 21, 22] Being highly 

parallelizable, US is a very efficient sampling method. Within the context of this paper, we 

give a short summary of how we proceed in enhancing low probability regions by performing 

the umbrella sampling concept, and how we achieved in constructing accurate free-energy 

profiles. 

After a suitable choice of a (one-dimensional) collective variable q (reaction coordinate) the 

global range of q is partitioned into windows labeled i with a certain width and characterized 

by the value qi = q0(i) of the reaction coordinate. An harmonic oscillator potential 

21
( ) ( )

2
i
bias iV q K q q= −

  
is frequently used as bias potential in each umbrella window with the 

minimum coinciding in q0(i). The intention is that during a MD simulation most configurations 

will be visited in the window. 

Important ingredients in such an US are the initial configurations in the MD runs in each 

window. Simulation time is 50-60 ps which is a strict minimum. We can redo the MD 

simulations in a window many times. Each simulation yields an unbiased free energy 

( )i
unbiasedF q . In practice, the q-range in a window is discretized in bins. We systematically use 

a total number of 100 bins in each umbrella window. Here a statistical error can be extracted. 
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The methodology of the US technique used in the Section S 3 does not differ fundamentally 

from that of Zhu and Hummer [23]. The notation is slightly different but the final coupled non-

linear WHAM equations are exactly the same.  

An MD run in each window can be performed sampling the configurational space. This 

simulation generates a biased probability ( )i
biasp q  that covers some range in q-space 

centered around qi but which extends the width of a window which is related to the distance 

between the centers of two subsequent h.o. potentials : ( 1i iq q −  ). The unbiased 

probability is then derived from the biased probability density following the relation 

( )( ) ( )
i
bias

i
V qi ibias

bias

Z
p q e p q

Z


= .          (4.1) 

To construct the global unbiased probability distribution p(q), weights are assigned to each 

window in the WHAM ((Weighted Histogram Analysis Method): 

( ) ( )i
i

i

p q w p q=            (4.2) 

with the normalization 1i
i

w =  . 

Unknowns are here the weight factors wi and the partition functions 

i
biasZ

Z
 , which are 

obeying the expressions  

( ( , ) ( ( , ))

( , )

( )( )

N N i N N
bias

N N

i
bias

H V Q N Ni
bias

H N N

V qi

e d dZ

Z e d d

p q e dq







− +

−

−

=

=







r p r p

r p

r p

r p         (4.3) 

In each window i the density ( )ip q  yields a free-energy profile ( )iF q  following the relation

( ) ln ( ) lni i
B BF q k T p q k T Z= − − . The weights associated to each individual umbrella probability 

distribution cause a shift of the different energy profiles such that we finally get a smooth 
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behavior of the global unbiased probability distribution p(q). It implies that the weights should 

be determined such that the variation of the unbiased probability is minimized:  

2 2 2var( ( )) ( ) ( )p p q p q p q = =  −    minimal with the constraint that 1i
i

w = .  

The variance can be worked out and rewritten as : 

2 ( )2 2 2*( ) var( ( ))
i
bias

i
V q ibias

p i bias
i

Z
w e p q

Z
 =   

if we assume a Poisson distribution 
( )

var( ( ))
i

i bias
bias

i

p q
p q

M
=  with Mi the total number of 

snapshots in the simulation i. Minimizing the Lagrangian 
2( , ) ( )i p i i

i

L w w w  = −   yields  

( )

( )

i
bias

i
bias

V q
ii

bias
i

V q
ii

i bias

Z
M e

Z
w

Z
M e

Z





−

−

=


         (4.4) 

Probability density in WHAM is now given by : 

( )

( )

( )
i
bias

i
i

V q
ii

i bias

H q

p q
Z

M e
Z

−
=




         (4.5) 

( )( )
i
bias

i
V qbiasZ

p q e dq
Z

−
=            (4.6) 

The unknowns wi  and 

i
biasZ

Z
are solved iteratively from the two above equations.  
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These coupled nonlinear WHAM equations coincide with those published by Zhu and 

Hummer in ref. [23]. They are expressed in Eqs. (7) and (15) of that reference, taking into 

account that the normalization 1/fi in that work corresponds with 

i
biasZ

Z
. 

The choice of the total number of windows in the partitioning of the reaction coordinate range 

is a crucial ingredient in the US methodology. Neighboring windows should have substantial 

overlap. In each window i an MD simulation is performed during 50-60 ps starting from an 

initial configuration. These starting configurations in each umbrella window are generated by 

a constrained MD simulation with a moving bias potential, which moves with a constant 

velocity along the entire reaction path characterized by the chosen reaction coordinate. This 

procedure – originally introduced by Grubmuller et a. [24] but in another context - has been 

applied by the authors since years with success and is explained in the SI of ref. [22]. After 

an equilibration run of 1 ps (2000 steps of 0.5 fs) the initial structure for the first window is 

determined. The moving bias potential subsequently drives the system to higher values of 

the reaction coordinate and this during an 1.5 ps simulation (3000 MD steps). The structure 

and position of the reactants in the catalyst adapt systematically at the new value of the CV. 

About 40 snapshots are selected from this constrained MD simulations, more or less equally 

distributed over the remaining 3000 steps and thus the entire range of the reaction 

coordinate (collective variable).  Those snapshots will serve as input structures for the actual 

umbrella sampling simulations. Specifications of the windows are given in Table S 3 of the 

ESI. 

WINDOWS USED IN US AND TI SIMULATIONS 

As discussed in the manuscript, 40 windows are used during the sampling used to obtain 

free energy profiles with umbrella sampling (US) and thermodynamic integration (TI). The 

positions of the restraints are summarized in Table S 3. 
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Table S 3: Positions of the restraints used during the US and TI simulation using different collective variables. 

 Type CN Type DI Type 1D-DI 

 CNOC CNCC d dCM dCM-d 

window1 0.903 0.009 1.433 5.080 3.648 

window2 0.902 0.018 1.442 5.051 3.610 

window3 0.894 0.014 1.381 4.947 3.565 

window4 0.889 0.010 1.446 4.924 3.478 

window5 0.884 0.008 1.408 4.839 3.431 

window6 0.890 0.013 1.536 4.881 3.346 

window7 0.892 0.017 1.413 4.610 3.197 

window8 0.877 0.008 1.401 4.531 3.131 

window9 0.873 0.009 1.414 4.412 2.997 

window10 0.830 0.009 1.390 4.360 2.971 

window11 0.809 0.034 1.400 4.150 2.750 

window12 0.825 0.111 1.400 4.000 2.600 

window13 0.807 0.151 1.572 3.859 2.287 

window14 0.807 0.205 1.500 3.650 2.150 

window15 0.884 0.353 1.500 3.500 2.000 

window16 0.814 0.409 1.554 3.207 1.652 

window17 0.700 0.430 1.573 3.120 1.547 

window18 0.653 0.453 1.564 2.836 1.272 

window19 0.580 0.400 1.600 2.750 1.150 

window20 0.459 0.511 1.429 2.494 1.065 

window21 0.427 0.674 1.566 2.428 0.862 

window22 0.389 0.733 1.765 2.413 0.648 

window23 0.303 0.673 1.821 2.460 0.639 
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window24 0.294 0.747 1.914 2.414 0.500 

window25 0.267 0.866 2.056 2.354 0.298 

window26 0.176 0.903 2.109 2.137 0.029 

window27 0.145 0.938 2.302 2.310 0.008 

window28 0.104 1.025 2.147 2.103 -0.045 

window29 0.099 1.020 2.322 2.060 -0.262 

window30 0.071 1.069 2.500 2.047 -0.453 

window31 0.072 1.072 2.592 1.957 -0.636 

window32 0.086 1.193 2.687 1.921 -0.766 

window33 0.036 1.164 2.868 1.852 -1.015 

window34 0.026 1.205 2.887 1.850 -1.037 

window35 n.a. n.a. 3.064 1.832 -1.232 

window36 n.a. n.a. 3.071 1.830 -1.241 

window37 n.a. n.a. 2.971 1.727 -1.244 

window38 n.a. n.a. 3.300 1.750 -1.550 

window39 n.a. n.a. 3.471 1.770 -1.701 

window40 n.a. n.a. 3.664 1.715 -1.949 
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5. ENHANCED SAMPLING ERROR ESTIMATION 

For all enhanced sampling methods considered in Section 3.1 of the main manuscript and 

Section S 3, an estimate of the error on the profile is made in the following sections. An 

overview of the maximum error is given in Table S 4. These errors are comparable for 

metadynamics and lower for umbrella sampling compared to similar work performed by the 

current authors. [7]  

Table S 4: Error estimations for the considered enhanced sampling methods (in kJ/mol). 

Method Maximum error 

MTD 7.48 

VES 3.42 

US 1.39 

TI 1.94 

 

5.1. METADYNAMICS 

To estimate an error on the metadynamics simulations, 10 parallel metadynamics 

simulations are performed. The resulting profiles are first translated so the free energy 

equals 0 kJ/mol at dCM-d equal to 3 Å, leading to the profiles depicted in Figure S 5. 

Subsequently, an average profile and standard deviation are calculated based on these 10 

profiles, resulting in the data depicted in Figure 3 of the manuscript. 



 

18 
 

 

Figure S 5: Free energy profiles obtained for 10 parallel metadynamics simulations using collective variable Type 

1D-DI. 

5.2. VARIATIONALLY ENHANCED SAMPLING 

The same methodology as for metadynamics is used to estimate the error on the 

variationally enhanced sampling simulations, but only 5 parallel simulations are performed. 

The resulting profiles are first translated so the free energy equals 0 kJ/mol at dCM-d equal to 

3 Å, leading to the profiles depicted in Figure S 6. Subsequently, an average profile and 

standard deviation are calculated based on these 5 profiles, resulting in the data depicted in 

Figure 3 of the manuscript.  
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Figure S 6: Free energy profiles obtained for 5 parallel VES simulations using collective variable Type 1D-DI. 

5.3. UMBRELLA SAMPLING 

In the preceding Section S 3.3 a total number of 40 windows has been introduced. In each 

window a 50-60 ps MD simulation has been performed to obtain the density ( )ip q  and a free-

energy profile ( )iF q  following the relation ( ) ln ( ) lni i
B BF q k T p q k T Z= − − . Following the WHAM 

methodology the global unbiased probability density can be computed by solving the coupled 

equations (4.5) and (4.6) of Section S 4.  Knowledge of p(q) leads to the global free energy 

profile. Statistical error estimates can best be determined by performing several parallel 

simulations in each umbrella window, but this procedure is computationally extremely 

expensive. Therefore, we apply two algorithms which are not based on accomplishing 

additional simulations. The first is an efficient but rather primitive procedure: the 

bootstrapping method. For each window, random snapshots are selected from the original 

set of trajectories. The free-energy profile is recalculated. After a large number of bootstrap 

samples deviations at each value of q can be computed and they determine the error 

estimates Bootstrapping relies on random sampling with replacement. The resulting profiles 

are depicted in Figure S 7 . 

A more established error estimation is given by Hummer [23].  

By regarding the fixed position qi in the bias h.o. potential as a variable q’ , we may consider 

i
biasZ

Z
 as a state-dependent partition function : 

'
( , ')( ')

( ) bias

q
V q qbias biasZ Z q

p q e dq
Z Z

−
= =   (compare 

with  Eq. (4.6) of Sect. S 4). It delivers the total free energy Fbias(q’) in the presence of a bias 

potential centered at q’ : 

( , ')

1
( ') ln ( ') cte

1
= ln ( ) bias

bias bias

V q q

F q Z q

p q e dq





−

= − +

− 
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Following the concept of ref. [23] we may construct the mean restraining force in the 

simulation, by taking the derivative of Fbias(q’) : 

( , ')

( , ')

( ' ) ( )
( ')

' ( )

bias

bias

V q q

bias V q q

K q q p q e dq
F q

q p q e dq





−

−

−
=





  

More specifically at the positions qi , simulations have been done , and the above expression 

expresses the average restraining force arising from the harmonic oscillator potential 

centered at qi.  

( )

( )
'

( ' ) ( )
( ') ( ) ( )

' ( )

i
bias

i
bias

i

V q

bias i i i i ii iV q
q q

K q q p q e dq
F q K q q K q q K q q F

q p q e dq





−

−
=

−
= = − = − = − =






 (5.1) 

i  means the ensemble average derived from the ith umbrella simulation. We also apply the 

shorthand notation : ii
q q=  for the ensemble average. 

These average forces can be computed at the h.o. centers i (i=1,S). With their knowledge 

free energy differences can be calculated applying the trapezoidal rule : 

1

1 1
'

1
( ) ( ) ( ') ( )( )

' 2

k

ij

q k

bias k bias j bias i i i i i
i jq qq

F q F q F q dq F F q q
q

−

+ +

==


− = = + −


     (5.2) 

Now it is assumed that the statistical errors in the gradient-based method are good estimates 

of the statistical errors in WHAM. Variances of the mean forces determine the statistical error 

of the biased free energies . This is an important statement. Variances of the free energy are 

derived from the variances of the mean forces. 

From Eq. (5.1) : 
2 2var{ } var{ } var{ }i i i iF K q q K q= − =      (5.3) 
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Choose j=1 in Eq. (5.2) and choose this state as the reference : Fbias(q1)=0. The variance of 

the free energy ( )bias kF q  can then easily be derived assuming that the average forces in each 

simulation are not correlated : 

2 2
2 1 1

2 2
1

1
2 2

1 1
2

1
var{ ( )} ( ) var{ }

4
1

( ) var{ }
4

1
( ) var{ }

4

bias k

k k k

k

i i i
i

F q q q K q

q q K q

q q K q

−

−

+ −

=

= −

+ −

+ −

  

            (5.4) 
 

These variances in each simulation i are determined by block averaging. Hence var{ }iq can 

be estimated without explicitly computing the autocorrelation function.  Assume Mi counts 

(snapshots) in simulation i. Introduce n blocks and partition the snapshots of the MD 

simulation in these blocks (respect the sequence of appearance in the MD simulation). 

Define  as an index for the snapshots in a block  :  = 1,m per block with m = Mi/n. 

Average in block b : 
1

1
( )

m

ib ibq q
m


=

=    

In this way we may evaluate the variance : 
21

var{ } ( )
( 1)

i ib i
b

q q q
n n

= −
−
  . 

The work of Kastner and Thiel  [25, 26] should also be mentioned. Chronologically they were 

the first to discuss the statistical error in umbrella sampling simulations . They promote 

umbrella integration which provides error bars for the unbiased free energy and offer a tool to 

extract optimal parameters for umbrella sampling simulations. Their methodology shows 

some similarities with the work of Hummer [23] although some essential differences are 

noticed in the approach. 
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Figure S 7: Free energy profiles obtained by performing bootstrapping 100 times on the umbrella sampling 

simulations obtained using collective variable Type 1D-DI. 

The error estimation proposed by Zhu and Hummer [23] and expressed in a concrete form 

(Eq. 4)  leads to the accumulation of the error over the various umbrella windows, as 

displayed in Figure S 8.  
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Figure S 8: Standard deviation on the free energy through block averaging on the umbrella sampling simulations 

obtained using collective variable Type 1D-DI. 

 

5.4. THERMODYNAMIC INTEGRATION 

Similar as for the US simulations, around 40 windows with each a 50 ps constrained MD 

simulation are necessary to obtain a free energy profile from thermodynamic integration 

simulations. Therefore, it is computationally too expensive to perform several parallel 

calculations for the error estimation. Instead, in first instance bootstrapping is performed to 

assure decent sampling. For each window, random snapshots are selected in the trajectory 

to obtain new 50 ps trajectories that are used to recalculate the free energy profile and 

corresponding error. The resulting profiles are depicted in Figure S 9. 

 

Figure S 9: Free energy profiles obtained by performing bootstrapping 100 times on the thermodynamic 

integration simulations obtained using collective variable Type 1D-DI. 

A more reliable error estimation method as was used for the umbrella sampling simulations is 

employed for the thermodynamic integration simulations too. The resulting profile is depicted 

in Figure S 10 and clearly shows the accumulation of the error over the various windows. 
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Figure S 10: Standard deviation on the free energy through block averaging on the thermodynamic integration 

sampling simulations obtained using collective variable Type 1D-DI. 

 

6. PRODUCT STATE ANALYSIS US AND TI USING 

COLLECTIVE VARIABLE 1D-DI 

As the product state of the umbrella sampling and thermodynamic integration seem to be 

quite different, it could be interesting to investigate the structure of the visited product states. 

These are summarized in Table S5. The results show that the simulations in the various 

umbrellas lead to the formation of different product states. Protonated propene as primary 

product state seems very unstable. A more detailed analysis of these product states is out of 

the scope of this project, as we are mainly interested in comparing the forward barrier. 
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Table S 5: Product state analysis of the umbrella sampling and thermodynamic integration. The positions of the 

windows are given in Table S 3. 

 

The fact that more stable products are sampled during US simulations could be ascribed to 

the lower force constants used in these restrained simulations. These allow US to converge 

to a more stable product, while the TI runs are stuck in a less stable product. This wider 

sampling of the CV space in US is illustrated in the histograms obtained over all windows for 

both methods, depicted in Figure S 11. 

 US TI 

window25 TS TS 

window26 TS TS 

window27 TS/Propoxide TS 

window28 TS/Propoxide TS 

window29 TS TS/Primary propanol 

window30 Propene Secondary propanol 

window31 Primary propanol Secondary propanol 

window32 Propoxide Primary propanol 

window33 Propoxide Propoxide 

window34 Protonated cyclopropane Propene 

window35 Cyclopropane Propoxide 

window36 Propoxide Cyclopropane 

window37 Propoxide Propoxide 

window38 Cyclopropane Cyclopropane 

window39 Cyclopropane Propoxide 

window40 Propoxide Primary propanol 
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Figure S 11: Histograms showing the collective variables sampled by combining all windows of the umbrella 

sampling (a) and thermodynamic integrations (b) simulations.  
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7. DERIVATION TRANSFORMATION FORMULA 

7.1. INTRODUCTION – STATISTICAL PHYSICS 

According to classical statistical mechanics, the partition function 𝑍 for an N-particle (non-

identical) system and free energy 𝐹 in the canonical ensemble of a system described by the 

Hamiltonian ( , ) ( ) ( )N N N NH T V= +r p p r   is given by: 

( , )
3

1 N NH N N
N

Z e d d
h

−= 
r p r p

 

and  

lnBF k T Z= −   

We can now introduce a collective variable, i.e. a function of the coordinates describing a 

collective motion of the particles of the system ( )NQ r , and further partition the partition 

function into contributions 𝑍𝑞 for fixed value of ( )NQ q=r : 

( , )
3

1
( ) ( ( ) )

N NH N N N
q N
Z q e Q q d d

h

 −= −
r p r r p  

The new partition function is normalized according to : 

( )qZ q dq Z
+

−

=  

This also allows us to define a probability distribution 𝑝𝑞 such that 𝑝𝑞(𝑞)𝑑𝑞 represents the 

probability for the system to be in a state for which ( ) [ , ]NQ q q dq +r : 

( )
( )

q
q

Z q
p q

Z
=  
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Through the relation between the partition function 𝑍 and the free energy 𝐹, we can relate 𝑍𝑞 

to the free energy profile 𝐹𝑞: 

( ) ln ( )q B qF q k T Z q= −   

7.2. TRANSFORMATION OF 1D FREE ENERGY PROFILES 

Suppose one defines two collective variables 1( )NQ r  and 2( )NQ r , which both describe the 

same process. This would give rise to two partition functions 𝑍𝑞1 and 𝑍𝑞2, two probability 

densities 𝑝𝑞1 and 𝑝𝑞2 and two free energy profiles 𝐹𝑞1 and 𝐹𝑞2. If both collective variables 

indeed describe the same process, they are expected to be correlated and the free energy 

profiles belonging to each of the collective variables should be related to each other. Indeed, 

given the free energy profile 𝐹𝑞1(𝑞1) , one can derive the free energy profile 𝐹𝑞2(𝑞2)  as 

follows: 

2 12 12 1 2 1 2 1 1 12 1( ) ( , ) ( | ) ( )q qp q p q q dq p q q p q dq
+ +

− −

= =    

2 12 2 1 1 12 1

1 1
( ) ( | ) ( )q qZ q p q q Z q dq

Z Z

+

−

=   

2 12 1
( ) ( )

2 1 12 1( | )q qF q F q
e p q q e dq

 
+

− −

−

=   

11

2

( )
2 2 1 12 1( ) ln ( | ) qF q

q BF q k T p q q e dq


+
−

−

 
= −  

 
 
  

Herein, 𝑝12(𝑞1, 𝑞2) and 𝑝2|1(𝑞2|𝑞1) represent the joint and conditional probability respectively. 

The conditional probability encodes the correlation between the two collective variables, i.e. 

can we predict the value of 𝑄2  if we know 𝑄1? It can be estimated from a molecular 

simulation by constructing histograms of the occurrence of 𝑄2 = 𝑞2  in the subset of the 



 

29 
 

simulation data for which 𝑄1 = 𝑞1 . Furthermore, it is important for this work that the 

conditional probability 𝑝2|1(𝑞2|𝑞1) can also be computed for simulations in which a bias Ub(q1) 

along 𝑄1 was applied. Relation between partition function with and without bias potential is 

given by: 1

1 1

( )
1 1( ) ( )bU qb

q qZ q e Z q−
=  and consequently : 1( )

12 1 2 12 1 2( , ) ( , )bU qbZ q q e Z q q−
= , since 

( , )
12 1 2 1 1 2 23

1
( , ) ( ( ) ) ( ( ) )

N NH N N N N
N

Z q q e Q q Q q d d
h

  −= − −
r p r r r p

 

The conditional probability in simulations with a bias along Q1 is readily equal to: 

1 1

12 1 2 12 1 2
2 1 2 12 1 2 1

1 1

( , ) ( , )
( | ) ( | )

( ) ( )

b
b

b
q q

Z q q Z q q
p q q p q q

Z q Z q
= = =  

 

7.3. PROJECTING 2D FREE ENERGY SURFACE TO 1D FREE-ENERGY 

PROFILE 

Assume a molecular simulation was performed that resulted in a 2D free energy surface 

𝐹12(𝑞1, 𝑞2) in terms of the collective variables 1 1( )Nq Q= r  and 2 2( )Nq Q= r . The surface can 

now be reduced to a one-dimensional free energy profile in terms of a reaction coordinate 

qq(q1,q2), through integration of the 2D probability distribution: 

12 1 2( , )
1 2 1 2( ) ln ( ( , ))F q q

q BF q k T e q q q q dq dq 
++

−

−−

 
= − − 

 
 
   

Evidently, any reduction of dimensionality implies a loss of information. In addition qq(q1,q2) 

does not represent a priori a good reaction coordinate, even if q1 and q2 are plausible 

collective variables. 

We illustrate this further for the case of the projection on the difference between the two 

collective variables q=q2-q1 : 
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12 1 2

12 1 1

( , )
2 1 1 2

( , )
1

( ) ln ( )

ln

F q q
q B

F q q q
B

F q k T e q q q dq dq

k T e dq






++

−

−−

+
− +

−

 
= − − + 

 
 

 
= −  

 
 

 


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8. FREE ENERGY BARRIERS BY SUBTRACTING MINIMUM 

FROM MAXIMUM 

As stated in the manuscript, free-energy profiles expressed in different collective variables 

can only be compared with each other after a relevant transformation as described in Section 

S 7.  All the profiles obtained in this manner, depicted in Figure 6 of the main manuscript, 

show quite good agreement in the forward barriers after sampling in different collective 

variable (QSAM) spaces but transforming to the same (QREP) space.  

Free-energy barriers can be easily extracted from each profile by subtracting minimum from 

maximum. They are all presented on the profiles displayed in Figure 5 and 6 of the main 

manuscript, and tabulated in Table S 6.  

Table S 6: Free energy barriers (kJ/mol) for the profiles depicted in Figures 5 and 6  of the main manuscript by 

subtracting the minimum from the maximum. 

QREP 

QSAM 
CNCC-CNOC dCM-d 

Type CN 127 102 

Type DI 129 103 

Type 1D-DI 130 107 

 

 

Remark that we notice some consistency in the predicted barriers. In the space defined by 

the coordination numbers (Type CN), barriers amount to 127 – 130 kJ/mol, while in the 

space spanned by distance collective variables (Type DI) barriers are consistently lower  

(102 – 107 kJ/mol). It is interesting to notice that the barrier estimates are independent of the 

collective variable(s) in which the simulations have taken place. For both Type CN and Type 

DI enhanced MD simulations have been performed generating two-dimensional free-energy 
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surfaces. They are displayed in Figure 4 of the main manuscript and in Figure S 12 of the 

ESI.  

 

Figure S 12 : Two-dimensional free-energy surfaces as a function of the distances dCM and d (left panel), and as 

a function of the coordination numbers CNCC and CNOC as collective variables. 

 

To extract free-energy barriers we need to project the 2D-surfaces onto a well-chosen 

reaction coordinate, representing an appropriate linear combination of the two CVs. The 1D 

free-energy profiles are displayed in Figure 5. For the convenience of the reader and for the 

transparency they are also shown in Figure S 13 of the ESI. 
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Figure S 13: Free energy profiles at 623 K obtained by projecting the 2D-FES of Figure S 12 onto a 1D space. 
The left panel displays the 2D→1D reduction in the space of collective variables of Type CN (blue curve). The 
right panel shows the 2D→1D reduction in the space of collective variables of Type DI (yellow curve). The orange 
curve is the energy profile resulting from an independent sampling of the space along the one-dimensional q=dCM 
– d (1D-DI) as reaction coordinate. The forward free energy barriers are also reported on the figures. 

 

The free-energy profile in the one-dimensional CNCC – CNOC space shows a well-defined, 

thin well for the reactants. This actually corresponds with a broad range of configurations in 

the Type DI space. This is also represented by the mobility plots depicted in Figure S  

discussed in Section 10 of this ESI. The broader sampling is due to the relation between a 

coordination number and a distance, as can be seen in Figure S . It shows that for short and 

large distances, the states are projected on the values one and zero, respectively, due to the 

shape of the function. As the free energy relates to the probability to sample a state, the 

increased probability to sample the states zero and one, will lower their free energy. After the 

transformation to a Type DI space, we see that this corresponds to several states with similar 



 

34 
 

free energy. How one can account for this configuration freedom is discussed in the main 

manuscript and Section 11 of this ESI. 
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9. DEFINITION OF A COORDINATION NUMBER 

As discussed in the main manuscript, a coordination number can be used to describe the 

methylation of ethene. In Section 2.4.1. of the main manuscript, a coordination number is 

defined as: 

𝐶𝑁𝑖𝑗 =∑
1− (

𝑟𝑖𝑗
𝑟0
)
𝑛𝑛

1 − (
𝑟𝑖𝑗
𝑟0
)
𝑛𝑑

𝑖,𝑗

 

This is furthermore plotted for a reference distance of 2.0 Å in Figure S 14. 

 

Figure S 14: Graph showing the evolution of a coordination number with reference distance 2.0 Å in function of 

the distance between two atoms 
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10. ANALYSIS OF THE MOBILITY OF THE REACTANTS 

The free-energy profile F(CNCC – CNOC), displayed in the left panel of Figure 5 of the main 

manuscript, behaves differently from the free-energy profile F(CNCC – CNOC) compared with 

F(dCM – d) in the reactants basin. Window 1 (Table S 3) specifies the positions of the 

restraints using different CVs. They correspond to CNCC  0 and CNOC  0.9.  According to 

the graph showing the behavior of a coordination number displayed in Figure S 14, a 

coordination number near zero covers a broad range of distances (3 Å – 8 Å). It implies that 

during a sampling in window 1 of the coordination number space the ethene molecule is 

allowed to migrate relatively far from the methanol. Their mutual distance is given by dCM. 

This is confirmed by examining the mobility of the reactants during the sampling in window 1. 

The mobility plot is shown in Figure S 15 (b). While the methanol remains adsorbed on the 

Brønsted acid site, the ethene molecule diffuses almost freely through the pores. As a 

comparison we also perform a standard MD run without any bias (Figure S 15 (a)). We see 

that the situation does not vary much from the simulation with a bias potential in CN in 

window 1. Methanol remains in the close vicinity of the BAS while ethene also diffuses   

almost freely, but less accentuated than with a bias potential. An opposite result is observed 

when running a simulation in window 1 with a bias along a collective variable of type 1D-DI. 

The restraint is positioned at 3.648 Å, and it is clear that the mobility of ethene is largely 

restricted. 

These findings undoubtedly demonstrate the different behavior observed in the reactants 

basin for the energy profiles in Type CN and Type DI. At increased distances, the 

coordination number quickly drops to 0, making all states at higher distances equivalently 

biased. When applying the bias on the distance on the other hand, increased distances will 

be subjected to an increased bias, thus limiting their sampling. Therefore, the reactant state 

is more broadly sampled considering Type CN as a collective variable, leading to a slightly 

more stabilized reactant state in the CNCC-CNOC free energy profile and a broader reactant 
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state in the Type DI free energy profiles, as is clearly present in Figure 5 of the main 

manuscript. 

. 

 

Figure S 15: Mobility plots, showing the mobility of methanol (red) and ethene (green) in the reactant state for 50 

ps of molecular dynamics simulation (a), 50 ps of sampling in window 1 of the umbrella sampling simulations 

using Type CN (b) and 50 ps of sampling in window 1 of the umbrella sampling simulations using Type 1D-DI. 
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11. REACTION RATE CALCULATIONS 

To compute the rate constant k for the reaction 𝑅 → 𝑃, we start from the expression  

‡

‡

( ) ( )

( )

TST
R P

q q q q
k

q q

 


→

−
=

−
          (1) 

which is a standard equation in transition state theory. [27-30] 

Herein, q represents the reaction coordinate and is a function of the molecular configuration 

( )Nq Q r  . q‡ represents the value of the reaction coordinate at the transition state. The 

population of the reactant is given by the step function 
‡( )q q −  with his associated flux 

‡ ‡( ) ( )q q q q q − = − . q represents the velocity associated to the reaction coordinate.  

The average < > in Eq. (11.1) denotes an equilibrium average over the canonical probability 

density 
( , )

3

1 1
( , )

N NN N H
N

p e
Zh

−= r pr p  with the Hamiltonian 

2

1

( , ) ( )
2

N
N N Ni

ii

H V
m=

= +
p

r p r  of the 

global system. Z is the partition function of the N-particle system: 
( , )

3

1 N NH N N
N

Z e d d
h

−= 
r p r p   

(conform the notation of Section S 7). Summarizing, for an arbitrary function f(q) of the 

reaction coordinate, we have : 

( , )
3

( ) ( ) ( ( )) ( , )

1 1
( ) ( ( ))

N N

N N N N N

N H N N
N

f q f q q Q p d d

f q q Q e d d
Zh





 −

= −

= −




r p

r r p r p

r r p
      (2)

 

In the following we will adopt a slightly different notation for the reaction coordinate: the 

reaction coordinate will be written as q1. This notation is more transparent if we need to 

introduce a complete coordinate transformation    1, , ;N N N
s qq qr p p   with 

Nq  

comprising the reaction coordinate q1 and the remaining orthogonal coordinates qs with 

dimension (3N-1).  
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The rate constant 
TST
R Pk →  (Eq. (11.1)) can be expressed explicitly as : 

( , )
1

,

‡
1 1 1

( )

( ) ( ( ))
N N

N N

N H N N

TST
R P H N N

R

q q q q e d d
k

e d d





  −

→ −

−
=




r p

r p

r r p

r p
      (3) 

where the denominator 

( , )
1 1 3
‡ 1

( )
N NNH N N

N
R

q q e d d
h

 −− = 
r p r p

 

is the probability to find the system at the reactant side. 

Integration over the velocities or momenta can be done explicitly.  

(i) The most transparent way is to work in the hyperspace spanned by a complete set of 

generalized coordinates  1 , ; N
s qq q p   where the reaction coordinate is the first coordinate of 

the new set. The transformation    1, , ;N N N
s qq qr p p   is canonical, and in principle the qs 

coordinates are arbitrary. 

It should enable us to treat 1( )q   in a correct way: 

3 3

1 1 1

3 3

( , ) 3 1 3 1
1 1 1

( ,

‡

) 3 3

( ) ( )
N N

q

s

N N
q

H q p N N
q q s q q

R P H q p N N
q

R

Zp p q q e dq dq dp dp
k

e dq dp





 
− − −

→ −

−
=



    (4) 

The coordinate transformation also implies that we need to transform the kinetic energy T 

into the new coordinates : 

, ,

1 , ,

1 1

2 2

N
i i T

i k m
k mkm i x y z

r r
T m q q q Mq

q q

 

= =

  
= = 

   
  
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with the generalized mass matrix : 
, ,

1 , ,

N
i i

km i
k mi x y z

r r
M m

q q

 

= =

 
=

 
    

(block matrix notation 
11 1

1

s

s s

M M
M

M M

 
=  
 

 ) 

The momenta pq associated to the generalized coordinates q  are defined following  

( )q k km m
k m

T
p M q

q


= =


    or in matrix form qp Mq=     . Reversely 
1

qq M p−=   and the kinetic 

energy is also expressed as :   
11

2
T
q qT p M p−=        (5) 

since M is a symmetric matrix. 

The inverse matrix M-1 has the structure 
11

1

s

s s

Z B
M

B B
−  
=  
 

     (6) 

Important in the reaction rate theory will be the 
1

11( )M−
   component of the inverse mass 

matrix, and which is mostly defined as the factor Z  (do not confuse with the partition function 

Z) : 

2

1 1
11

,1 , ,

1
( )

N

i ii x y z

q
Z M

m r 

−

= =

 
= =  

  
          (7) 

We construct the set qs such that B1s (and Bs1) disappears. We assume that the 3N-1 

generalized coordinates qs are orthogonal to q1. This assumption is completely justified as 

the set of generalized coordinates  sq  is arbitrary.  

Momenta integration in the denominator of Eq. (11.4) leads to: 

3 3 3
3

( , ) 3 3 1/2 ( ) 32
2

( ) (det )
N N N

q

N
H q p N N V q N

q

R R

e dq dp M e dq
 



− −=   
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with 
3 3 3 11

( , ) ( )
2

N N N T
q q qH q p V q p M p−= +

 

Momenta integration in the numerator of Eq. (11.4)  leads to: 

3 3 3
1 1

3 1
( , ) 3 1 ( ) 1/22 2

2
( ) (det )

N N N q q
q

s

N
p ZpH q p N V q

q se dp e e M


  



−
−− − −=  

We now perform the integration over momentum pq1 : 

1 1

1 1

2

0

q qp Zp

q q BZ p e dp k T


−

=
 

The integration runs from 0 to +ꚙ due to the presence of the step function 
1

( )qp  in Eq. 

(11.4). 

Eq. (11.4) can now be rewritten as : 

3

3

1/2 ( ) 3 11/2
1 1 1

1/2 ( 3

‡

)

(det ) ( )

2 (det )

N

N

V q N
s sTST B

R P V q N

R

M q q e dq dqk T
k

M e dq









− −

→ −

− 
=  
 




 

As 
1( ) ( )sDet M Z Det M−=  we can perform the integration over the 3N-1 generalized 

coordinates qs in both numerator and denominator: 

3
1( ; ) 1/2 ( ) 3 1(det )

N
sV q q V q N

s se M e dq − − −=   

( 1( ; )sV q q  depends parametrically on the choice of the (3N-1) generalized coordinates qs) 

and we get the final result: 
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1

1

1

1

1

1 1

11

‡

‡

‡

‡
1

( ; )1/2
1 1 1

( ; )1/2
1

1/2 ( ; )

( ; )1/2
1

( ; )1/21/2
1/2

( ; )1/2
1

‡( )

2

2

2

s

s

s

s

s

s

V q q

TST B
R P V q q

R

V q q
B

V q q

R

V q q

q qB
V q qq q

R

q q e dqk T
k

Z e dq

k T e

Z e dq

Z ek T
Z

Z e dq





















−

→ −−

−

−−

−−

=

−−=

− 
=  
 

 
=  
 

 
  

=   
   

 








 

where the expression between square brackets denotes 
1

1
‡

1
‡

1

( )

( )

r

r

q q

q q





−

−
  with the convention 

that the notation 
r
  means an average over configurational coordinates only. It represents 

the probability 
‡
1( )P q   of being at 

‡
1q  , normalized by the reactant density. 

The forward transition state rate constant can thus be expressed as  

1/21/2
1 1
‡

1
‡
1

( )

2 ( )

TST B r
R P

r

Z q qk T
k

q q



 
→

− 
=  
  −

        (8) 

which agrees with the result reported in refs. [31, 32]. 

In coordinate space Eq. (11.8) can be cast into : 

1/2 ( )
1
‡

1

( )

( ( ) )

2

N

N

V N N

TST B
R P V N

R

Z e q q dk T
k

e d









−

→ −

−
=





r

r

r r

r
                  (8’) 

(ii) An alternative way is performing a canonical transformation towards mass-weighted 

coordinates : i i im=x r  and 
1

i i
im

=P p . And thus : 

3 3
1 1

1 1
1 1

cos
N N

j j x
j jj j

q q
q x P q

x x


= =

 
= = = 

 
  P   

1( )q  implies that the angle  varies from 0 to /2. 
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‡ ( , )
1 1 1

( , )

cos ( ( ))
N N

N N

N H N N
xTST

R P H N N

R

q q q e d d
k

e d d





  −

→ −

 −
=




x P

x P

P x x P

x P
      

After some complex analytical elaboration we get : 
 
 

( )
. 1 1 1

‡

( )

( ( ) )

2

N

N

V N N
xTST B

R P V N

R

q e q q dk T
k

e d









−

→ −

 −
=





x

x

x x

x

   

        (9) 

We observe now that 

1/2 1/2

1/21 1
1

, , , ,1 , , 1 , ,

1N N

x
i i i i ii x y z i x y z

q q q q
q Z

x x m r r    = = = =

      
 = = =   

         
     

 
which relates Eq. (11.9) with Eq. (11.8’). 
 

Free energy : 

As 
1 1

1

1

‡

‡

‡
1

( )
( )

( )

r

r

q q
P q

q q





−
=

−
 represents the probability that the system is at  

‡
1q   normalized by 

the reactant density, it is convenient to introduce some reference value qR of the reaction 

coordinate characteristic for the reactant state. [29] The free energy needed to shift the 

reaction coordinate from the value of q1,R  to 
‡
1q   is then given by : 

1
‡

1,

1

1,

‡( )
ln

( )R
Bq q

R

P q
F k T

P q→

 
 = −  

  

         (10) 

The forward transition-state rate constant can be rewritten as : 

‡

‡

1/2
1/2 ( )

2
q qR
FTST B

R P R
q q

k T
k Z P q e




→

− 

→
=

 
=  
   

(coinciding with the expression reported in Bucko et al. [29] ), or  

1, 1
‡

‡

( )

q qR
F

TST
R P q

F q

e
k A

e dq





→
− 

→

−

−

=



         (11) 

with a prefactor 
1

‡
1

1/2
1/2

2
B

q q

k T
A Z

 =

 
=  
 

        (12) 
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,
‡

1 1Rq q
F

→
   should be interpreted as the reversible work to bring the system from the reactant 

valley to the transition state. Usually, all free energy differences are relative with respect to 

the reference state corresponding with reaction coordinate q1,R which is characteristic with 

the reactant valley.  

‡

1, 1
1,

1 1

( )
( )

( )

R
R

q q
P q

q q





−
=

−
 

is the probability density of q1,R within the ensemble of reactant configurations. 

The computation of the term 
,

‡
1 1Rq q

F
→

  can be obtained from the blue moon ensemble 

method [30, 32] but also from other enhanced MD techniques such like Umbrella Sampling 

(US), Metadynamics (MTD), etc. All free energies are regarded as relative with respect to the 

reference reactant state corresponding to qR. In this work the free energy profile is computed 

within the Umbrella Sampling protocol and 
,

‡
1 1Rq q

F
→

   is then determined by the maximum – 

minimum difference.  

As ‡
1

1

‡

1 1
1

1 1 ( )

( ) 1
( )

( )

R

R r
R q

F qr

q

q q
P q

q q
e dq




−

−
= =

−



   (F(q1R)=0 at the reference) 

the rate constant can be cast into the form : 

1

‡

1

1

1

‡

( )

q qR

R

F

TST
R P q

F q

q

e
k A

e dq





→
− 

→

−

=



        (13) 

Although the expression for the prefactor A indicates that a molecular simulation needs to be 

performed in which the system is constrained to be in the exact transition state (q= q‡), this is 

not necessarily required. The prefactor can also be estimated from a molecular simulation 

which is instead biased by a certain bias potential Ub(q) (for example during Umbrella 

Sampling). 
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1 1
‡

1/2
1 1

1/2

1 1

‡

‡

( )

( )

b

b

V

q q

V

Z q q
Z

q q



=

−

=
−

 

The denominator 

1

‡
1

( )

R

q
F q

R

q

Z e dq−=   is proportional to the partition function of the reactant and 

yields information on the width and depth of the free energy profile in terms of the collective 

variable in the reactant region. 

 

Phenomenological free-energy of activation F ‡
 : 

 

Next, a phenomenological free-energy of activation F ‡
can be defined following the 

procedure proposed by Bucko et al. [29] making use of the Eyring-Polanyi equation [33]  and 

the relation  for the computational rate constant : 

 
1

‡
1 1

‡
1

1/2

1

ln
( )R

q qB
Bq q

R

Z
k T

F F k T
h P q

=

→

 
 

 =  +
 
 
 

‡
       (14) 

Application to methylation reaction : 

We computed the rate constants according to Eq. 13, as well as the various contributions to 

it, for the methylation reaction. Furthermore, to investigate the influence of the choice of the 

collective variable, we computed the rate constant through various approaches. First, the 

enhanced sampling simulations were performed using the various collective variables 

defined in this work. This collective variable is denoted as QSAM. Second, the resulting free 

energy profile can be expressed in terms of this same collective variable, but it can also be 

transformed to a profile in terms of one of the other CVs. The collective variable used to 

express the free energy profile is denoted as QREP. The reference of the free energy profiles 

is always chosen such that the minimum in the reactant valley is set to zero, leading to the 

free energy differences summarized in Table S 6. Furthermore, Table S and Table S below 

indicate the other contributions from Eq. 13 for various combinations of QSAM and QREP. 
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Table S 7: Prefactor 𝐴⁡(in units [au]/s, with [au] atomic units of the CV) figuring in the expression of the rate 

constant (Eq. 12). 

QREP 

QSAM 
CNCC-CNOC dCM-d 

Type CN 4.85 1012 1.10 1013 

Type DI 4.77 1012 1.13 1013 

Type 1D-DI 4.98 1012 1.17 1013 

 

Table S 8: Factor proportional to the partition function of the reactant 𝑍̅𝑅 (in atomic units of the CV). This factor 

expresses the stability of the reactant. 

QREP 

QSAM 
CNCC-CNOC dCM-d 

Type CN 6.50 10-2 1.00 101 

Type DI 6.30 10-2 2.42 100 

Type 1D-DI 6.83 10-2 2.30 100 

 

As can be concluded from these tables, the free energy barrier is clearly dependent on the 

choice of the collective variable (see Table S). However, when computing the rate constants 

(Table 1 of the main manuscript), this dependence is to a very large extent compensated 

with the factors 𝑍̅𝑅 and 𝐴. The remaining differences can be assumed to be due to numerical 

errors. These results imply, that one cannot simply rely on the free energy barrier to make 
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statements on how fast a reaction will occur. Instead, one needs to compute all contributions 

to the reaction rate consistently. 
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12. COMMITTOR ANALYSIS 

A first test to estimate the reliability of the obtained free energy profiles consists of calculating 

the committor at the transition state suggested by the resulting free energy profiles, as a 

consideration of the entire transition path becomes too expensive using ab initio calculations. 

10 A committor is the fraction, 𝑝𝑃(𝑞), of trajectories which are launched from a configuration 

with the collective variable equal to 𝑞 that end up in the product state P, before visiting the 

reactant state R. [11] At the transition state, this should equal 0.5. The committor is 

calculated for the energy profiles resulting from the enhanced MD simulations with the 

collective variables of type CN (projected to one-dimensional CNCC-CNCO), since committor 

analyses for higher dimensional free energy surfaces are far from trivial, and 1D-DI. From the 

selected snapshots – obtained in the window that samples the transition region – MD 

simulations are started. When such a simulation enters either the reactant or product state of 

the system, the simulation is stopped and we say that the simulation committed to either the 

reactant or product state. We define these states by the bending points in the free energy 

profile.  

For Type 1D-DI 60 snapshots with dCM-d at 0.2795 Å are selected. This value corresponds to 

the maximum of the barrier between the reactant and product basins as displayed on the 

right panel of Figure 5 (orange curve). For each snapshot, 20 MD runs are performed (all 

with different random initial velocities) using the built-in committor analysis method of 

PLUMED. The calculated value of the committor is calculated to get values of 0.50, indicating 

that this 1D-DI variable is indeed a suitable collective variable. Furthermore, the histogram 

shown in Figure S 16 is clearly peaked at 𝑝𝑃(𝑞) = 0.5, confirming the quality of the selected 

collective variable. 

For Type CN, we select 30 snapshots with CNCC-CNOC at 0.028. Again, this value 

corresponds to the maximum of the barrier between the reactant and product basins as 

displayed on the left panel of Figure 5 (blue curve). For each of these snapshots, we perform 
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40 MD runs (in order to obtain the same total of 1200 runs as for the Type 1D-DI committor 

analysis). In this situation, the committor equals 0.52, implying that the coordination numbers 

CNCC and CNOC, too, are perfectly capable of correctly identifying the  

 

 

Figure S 16 : Committor histogram obtained for the transition state of CV Type 1D-DI 

transition state. We also show the corresponding histogram in Figure S 17, which is also 

peaked near 𝑝𝑃(𝑞) = 0.5 , but with a slightly broader distribution. Note that we make a 

simplification in the sense that we perform the committor analysis based on a 1D projection 

of a 2D simulation, since we use the 1D projection to determine the value of the transition 

state and the boundaries of the reactant and product basins. Nevertheless, this does not 

affect the quality of our result, given the good value of the committor.  

Systematic protocols exist to identify even better collective variables by obtaining the slowest 

order parameters describing the transformation from reactant to product via time-structure 
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based independent component analysis (tICA). [34-36] Given that our collective variables are 

of sufficient quality, as shown by the committor analysis, and as computationally expensive 

MD data containing transitions are required to perform this analysis, this is out of scope of 

this work. 

 

Figure S 17: Committor histogram obtained for the transition state of CV Type CN 
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13. BIASED MOLECULAR DYNAMICS 

When one disposes of a free-energy profile along a specific reaction coordinate q1, one can 

easily test the reliability of the energy profile by using the inverse of this profile as bias 

potential. The resulting free-energy surface should then – in principle - resemble a quasi flat 

surface. A regular MD simulation on such a surface should sample all regions of the surface 

with some equal probability.  This biased molecular dynamics can be considered as a special 

type of metadynamics in which the bias potential is provided by the user at the beginning of 

the simulation and is not updated afterwards.  

In case the free-energy barrier is underestimated, the region around the transition state at 

the global free-energy surface (including the bias potential) will still have an energy which will 

scarcely to be overcome in a regular MD and thus a low probability is expected that this 

region will be visited. In case of an overestimation of the energy barrier, the global surface 

will show some well around the transition state region and an MD simulation will thus sample 

mainly the region of the TS, and not the reactants and product basins. 

We apply this procedure in case of 1D-DI as reaction coordinate. We make use of the F(dCM-

d) free-energy profile as extracted in an US protocol. A 14th order polynomial is fitted to the 

profile (Figure S 18), which is then used as input bias in PLUMED [37]  : 

𝑤(𝜉) = −0.0000329⁡𝜉14 − 0.00146⁡𝜉13 + 0.0246⁡𝜉12 − 0.118⁡𝜉11 + 0.0468⁡𝜉10 + 1.271⁡𝜉9

− 3.185⁡𝜉8 − 2.805⁡𝜉7 + 20.041⁡𝜉6 − 9.635⁡𝜉5 − 56.623⁡𝜉4 + 49.717⁡𝜉3

+ 96.910⁡𝜉2 − 70.297⁡𝜉1 − 118.642⁡ 
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Figure S 18: 14th order polynomial fit to the free energy profile obtained via collective variable 1D-DI and umbrella 

sampling (US). 

As we again are only interested in the forward barrier, the walls used during metadynamics 

and variationally enhanced sampling are again applied to avoid sampling uninteresting 

configurations and to increase our efficiency. The histogram of this CV is shown in Figure S 

19. 

 

Figure S 19:  Histogram of the collective variable 1D-DI for the biased MD simulation. 
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This plot shows that the collective variable indeed samples the complete reactants basin  

and transition state region during the biased MD simulation, thus confirming our obtained 

free energy profile. Nevertheless, the histogram drops significantly after the transition region 

(dCM-d= 0.1 - 0.35 Å), again confirming the problems we encounter with the product region in 

the current work. However, the histogram shows that the forward barrier is trustworthy. 
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14. STATIC RESULTS 

As stated in the main manuscript, a direct comparison of our dynamic results with theoretical 

and experimental data found in literature [38-42] is hampered as they did not report intrinsic 

free energy barriers or intrinsic reaction rates. There are no generally accepted 

methodologies to extract enthalpic barriers and adsorption enthalpies directly from ab initio 

molecular dynamics methods. Two methodologies are proposed to overcome this hurdle. 

In a first instance, we also simulated the reactions using periodic DFT calculations in the rigid 

rotor harmonic oscillator model, to allow a comparison with experimental data and earlier 

theoretical data. The resulting enthalpy, entropy and free energy data relative to the gas 

phase for the different steps of the methylation of ethene are summarized in Table S. 

Furthermore, the static results are compared with available literature data in Table S. 

Inspection of the results learns that the obtained adsorption enthalpy for methanol, -99.8 

kJ/mol, is very close to the value obtained by Van Speybroeck et al. [42] using cluster 

calculations, and revealing a slight underestimation of the experimental value of -115 ± 5 

kJ/mol. [41, 43] The subsequent co-adsorption enthalpy for ethene attains -13.2 kJ/mol, 

which is again similar to the -10.35 kJ/mol obtained by Van Speybroeck et al. [42] and 

underestimating the experimental value varying from -24 and -31 kJ/mol. [41, 44] Finally, the 

apparent enthalpy barrier amounts to 86.8 kJ/mol, close to the value of Van Speybroeck et 

al. but 17 kJ/mol lower than the experimental value of 104 kJ/mol. [38-40, 42]  

Subsequently, free energy data can be generated from our static results via a post-analysis 

methodology making use of the in-house developed TAMkin software [45, 46] as applied in 

recent papers by some of the current authors [5, 9, 47, 48]. This value can be compared with 

the free energy barrier predicted by the MD simulations. The static intrinsic free energy 

barrier attains a value of 139.5 kJ/mol, thus overestimating the values obtained via the 

enhanced sampling methods in this work, as indicated on Figure 5 of the main manuscript. 
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As no experimental data is available for this free energy barrier, it is difficult to put forward 

which of the two values is correct. 

Secondly, apparent reaction rate constants 𝑘𝑎𝑝𝑝 can be obtained from intrinsic reaction rate 

constants 𝑘𝑖𝑛𝑡 by calculating the equilibrium constant for the co-adsorption of ethene, ⁡𝐾1 as 

follows: [49] 

𝐶𝐻3𝑂𝐻⁡(𝑎𝑑𝑠) + 𝑒𝑡ℎ𝑒𝑛𝑒⁡(𝑔𝑎𝑠)
𝑘1
⇌
𝑘−1

𝐶𝐻3𝑂𝐻⁡(𝑎𝑑𝑠) + 𝑒𝑡ℎ𝑒𝑛𝑒⁡(𝑎𝑑𝑠) = 𝑃𝑅𝐶 

𝑃𝑅𝐶
𝑘𝑖𝑛𝑡
→  𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑠 

𝑟 = 𝑘𝑖𝑛𝑡[𝑃𝑅𝐶] 

𝑑[𝑃𝑅𝐶]

𝑑𝑡
= 0 = ⁡−𝑘𝑖𝑛𝑡[𝑃𝑅𝐶] + 𝑘1[𝑒𝑡ℎ𝑒𝑛𝑒(𝑔𝑎𝑠)][𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙(𝑎𝑑𝑠)] − 𝑘−1[𝑃𝑅𝐶] 

𝑟 = 𝑘𝑎𝑝𝑝[𝑒𝑡ℎ𝑒𝑛𝑒(𝑔𝑎𝑠)][𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙(𝑎𝑑𝑠)] =
𝑘1 × 𝑘𝑖𝑛𝑡
𝑘−1 + 𝑘𝑖𝑛𝑡

[𝑒𝑡ℎ𝑒𝑛𝑒(𝑔𝑎𝑠)][𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙(𝑎𝑑𝑠)]

= 𝐾1⁡𝑘𝑖𝑛𝑡[𝑒𝑡ℎ𝑒𝑛𝑒(𝑔𝑎𝑠)][𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙(𝑎𝑑𝑠)] 

𝑘𝑎𝑝𝑝 = 𝐾1⁡𝑘𝑖𝑛𝑡 

where the co-adsorbed methanol and ethene are treated as a pre-reactive complex, 𝑃𝑅𝐶. 

Furthermore, a pseudo-stationary state hypothesis is applied on the 𝑃𝑅𝐶 and the factor 𝑘𝑖𝑛𝑡 

in the denominator is assumed to be smaller than 𝑘−1, as the reaction is assumed to be 

kinetically controlled. The equilibrium constant can be calculated from the co-adsorption free 

energy for ethene ∆𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒 as: 

𝐾1 = 𝑉0exp(
−∆𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒

𝑅𝑇
) 

with 𝑉0 the molar volume of an ideal gas at 623 K and 1 atm, equal to 0.0518 m³/mol. 
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The relation between intrinsic and apparent rate constants can also easily be derived based 

on statistical mechanics with the introduction of Gibbs free energies in the determination of 

reaction rate constants (see Scheme S 1).  

(i) The apparent rate constant of the bimolecular reaction: 

𝐶𝐻3𝑂𝐻⁡(𝑎𝑑𝑠) + 𝑒𝑡ℎ𝑒𝑛𝑒⁡(𝑔𝑎𝑠) → 𝑇𝑆 

is given by: 

𝑘𝑎𝑝𝑝 =
𝑘𝐵𝑇

ℎ
𝑉0exp⁡(−

∆𝐺𝑎𝑝𝑝
𝑅𝑇

) 

(ii) The intrinsic rate constant of the monomolecular reaction: 

𝑃𝑅𝐶 → 𝑇𝑆 

is given by 

𝑘𝑖𝑛𝑡 =
𝑘𝐵𝑇

ℎ
exp⁡(−

∆𝐺𝑖𝑛𝑡
𝑅𝑇

) 

(iii) The equilibrium reaction: 

𝐶𝐻3𝑂𝐻⁡(𝑎𝑑𝑠) + 𝑒𝑡ℎ𝑒𝑛𝑒⁡(𝑔𝑎𝑠) ⇌ 𝑃𝑅𝐶 

is characterized by its equilibrium constant 

𝐾1 = 𝑉0 𝑒𝑥𝑝( −
𝛥𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒

𝑅𝑇
) =

𝑘+1
𝑘−1

 

Based on the free energy relation ∆𝐺𝑎𝑝𝑝 = 𝛥𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒 + ∆𝐺𝑖𝑛𝑡, one readily derives 𝑘𝑎𝑝𝑝 =

𝐾1𝑘𝑖𝑛𝑡. 

As the co-adsorption free energy 𝛥𝐺𝑎𝑑𝑠,𝑎𝑙𝑘𝑒𝑛𝑒  of alkenes in the MTO process are very 

functional and dispersion scheme dependent, single point energy calculations are performed 

with a set of functionals frequently used in literature [47, 50] starting from optimized 

structures obtained using revPBE-D3. In this work the following set is considered. The 

revPBE functional can be combined with diverse dispersion schemes. To study their 

influence, we take several schemes into consideration: D2 corrections, [51] D3 corrections 

with Becke Johnson damping (BJ), [52] the many body dispersion (MBD) scheme of 

Tkatchenko-Scheffler, [53] both conventional and with iterative Hirshfeld partitioning (MBD-

HI), [54-56] the many body dispersion energy method of Tkatechenko based on the random 
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phase expression for the correlation energy (MBD-rsSCS) [57, 58] and the dDsC dispersion 

correction. [59, 60] In addition, we also consider multiple functionals of different type: revPBE 

used as basis for the calculations with vdW-DF of Dion et al. [61, 62], BEEF-vdW, [63] 

B3LYP-D3 [64] as hybrid functional and SCAN-rVV10. [65] The obtained ∆𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒  are 

summarized in Table S. The corresponding equilibrium constants can be found in Table S. 

The results are discussed in detail in Section 3.4 of the main manuscript. 

 

Scheme S 1: Schematic representation of the free energy profile 
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Table S 9: Enthalpy, entropy and free energy data at 623 K relative to the gas phase for the different steps of the methylation profile of ethene (in kJ/mol). 

 CH3OH (g) 

Ethene (g) 

Z-H 

CH3OH (ads) 

Ethene (g) 

Z-H 

CH3OH (ads) 

Ethene (ads) 

Z-H 

Transition State Product 

∆𝐻 0.0 -99.8 -113.0 -13.0 -129.2 

−𝑇∆𝑆 0.0 93.9 137.2 176.6 160.3 

∆𝐺 0.0 -5.9 24.2 163.6 31.0 

 

Table S 10: Enthalpy values (kJ/mol) from literature and obtained in the current paper of the various steps for the methylation of ethene at 623 K (unless stated otherwise). 

 Experimental Svelle et al. [41] Van Speybroeck et al. [42] Piccini et al. [38] Current paper 

∆𝐻𝑎𝑑𝑠,𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 -115±5a 26,28 -115c -97.3e n.a. -99.8 

∆𝐻𝑐𝑜−𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒 -24 - -31b 26,29 -37c 1.6 (-10.4e) n.a. -13.2 

∆𝐻𝑎𝑝𝑝
≠  104 24,25 104 83.2 105.4 86.8 

∆𝐻𝑖𝑛𝑡
≠  n.a. 119d 84.03e n.a. 100.0 

a Only available at 400 K. b Only available in the range 298 – 353 K c Only electronic energies (0 K) with PBE-D available for these values in re 

.[41]. d Only electronic energies (0 K) with PBE available for these values in SI of ref [41]. e Only electronic energies with ONIOM(B3LYP/6-

31+g(d):HF/6-31+g(d)) level of theory with inclusion of van der Waals corrections for these values in ref [42]. 
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Table S 11: Adsorption energy and free energy for the co-adsorption of ethene using various functionals and dispersion corrections schemes (kJ/mol). 

 revPBE-

D3 

revPBE-

D2 

revPBE-

D3(BJ) 

revPBE-

MBD 

revPBE-

MBD_HI 

revPBE-

MBD_rSC 

revPBE-

DdSc 

BEEF_vdW vdW-DF of 

Dion 

B3LYP-

D3 

SCAN-

rVV10 

∆𝐸𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒 -22.7 -12.0 -22.0 -21.3 -18.7 -12.0 -11.0 -23.6 -36.8 -20.3 -11.9 

∆𝐺𝑎𝑑𝑠,𝑒𝑡ℎ𝑒𝑛𝑒 30.1 40.8 30.8 31.5 34.1 40.8 41.7 29.1 16.0 32.5 40.9 

 

Table S 12: Equilibrium constants for the co-adsorption of ethene using various functionals and dispersion correction schemes (m³/mol). 

 revPBE-

D3 

revPBE-

D2 

revPBE-

D3(BJ) 

revPBE-

MBD 

revPBE-

MBD_HI 

revPBE-

MBD_rSC 

revPBE-

DdSc 

BEEF_vdW vdW-DF of 

Dion 

B3LYP-

D3 

SCAN-

rVV10 

𝐾1 1.57 10-4 1.96 10-5 1.36 10-4 1.18 10-4 7.19 10-5 1.96 10-5 1.64 10-5 1.87 10-4 2.35 10-3 9.75 10-5 1.94 10-5 
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