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Samenva�ing

Het ontwerp en de productie van nieuwe materialen vormt al eeuwenlang de
ruggengraat van onze technologische vooruitgang. Een van de meest
impactvolle innovaties vond plaats in de negentiende eeuw, toen
nieuwe productieprocessen resulteerden in consistent en goedkoop
staal. Het gebruik van staal werd alomtegenwoordig in de transport- en
constructiesector en bepaalde het uitzicht van de wereld in de twintigste
eeuw. Dit is vooral het geval voor onze vervoersmiddelen, waarbij de
verhouding tussen sterkte en gewicht cruciaal is. Vandaag ligt een
groot deel van de focus in het materiaalonderzoek op de zoektocht naar
steeds meer sterkte voor gewicht bij de productie van een component.
Verbeteringen in staaltechnologie zijn er dus vooral op gericht om minder
materiaal te gebruiken voor dezelfde functie. Dit speelt vooral in de
transportsector, waar de emissienormen steeds strikter worden, en een
verminderd gewicht een lager brandstofverbruik met zich mee brengt. In
dit opzicht hee� staal een bijkomend voordeel: de productie kent een lage
uitstoot van CO2 in vergelijking met andere materialen zoals aluminium
of composieten. Recente ontwikkelingen in staaltechnologie gaan dikwijls
hand in hand met een verhoogde complexiteit op de microscopische schaal:
het combineren van verschillende fasen, creëeren van extreme fijne korrels of
zelfs vertrouwen op fasetransformaties wanneer het materiaal operationeel
is. Deze worden tot stand gebracht via nauwkeurige en precieze legering en
temperatuurbehandelingen. Met het oog op de ontwikkeling van nieuwe
staalsoort is het van uitermate groot belang om te weten welke fase stabiel
is gegeven een bepaalde samenstelling en temperatuur.

Het nitreren van staal wordt al meer dan een eeuw uitgevoerd, maar de focus
ligt tot dusver voornamelijk op de verbeterde oppervlakte-eigenschappen.
Tijdens het opstikken vormt er zich immers een samengestelde laag op het
oppervlak, die bestaat uit ijzernitrides zoals Fe4N en Fe3N. Deze laag zorgt
voor een verhoogde resistentie tegen corrosie en slijtage. Onder die laag is

xi
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stikstof als onzuiverheid aanwezig in de ferrietmatrix. Hierdoor kunnen er
zich, tijdens het afkoelen na het opstikken, secundaire ijzer-stiksto�asen
vormen zoals Fe4N en Fe16N2. Vooral Fe16N2 helpen om de mechanische
eigenschappen van de matrix, met name sterkte en slijtvastheid, te
verbeteren. Welke mogelijke andere fasen zich kunnen vormen wanneer
naast ijzer en stikstof andere chemische elementen aanwezig zijn, is minder
geweten.

Door een gepaste opstikkingsprocedure kan de vorming van een
samengestelde laag op het oppervlak van het genitreerde materiaal
vermeden worden. Op die manier di�undeert doorheen het volledige
specimen en worden de eigenschappen van de di�usiezone overgedragen
naar het volledige materiaal. De mogelijkheden van deze behandeling
zijn nog maar zelden overwogen en vormen dus een onderzoeksdomein
met groot potentieel. Wanneer ternaire elementen naast ijzer en stikstof
aanwezig zijn in het materiaal, wordt het uiterst belangrijk om te kunnen
voorspellen welke andere fasen zich kunnen vormen.

In dit werk beogen we om de toekomstige ontwikkeling van stikstofstaal
te sturen en ondersteunen door de fasestabiliteit te voorspellen van ijzer-
stikstofmaterialen. Thermodynamische (meta)stabiliteit is immers een
nodige voorwaarde voor een fase om te vormen in de ferrietmatrix. Wanneer
zo’n analyse experimenteel zou worden uitgevoerd, dient men een groot
aantal proeven te doorlopen om te besluiten welke fase stabiel is in functie
van temperatuur en compositie, om zo uiteindelijk tot het fasediagram
te komen. Dit is vooral het geval wanneer een groot aantal verschillende
legeringselementen geëvalueerd moet worden. Voor het ijzer-stikstofsysteem
zijn er daarbij nog bijkomende praktische verwikkelingen. Ten eerste zijn
alle ijzer-stiksto�asen onstabiel ten opzichte van ontbinding in ijzer en
stikstofgas. Ten tweede is het experimenteel zeer uitdagend om grote
homogene stalen te maken van die fasen. Dit bemoeilijkt een experimentele
karakterisatie en beperkt die meestal tot een nauw temperatuurbereik. Voor
Fe16N2 bijvoorbeeld, is het experimenteel niet direct meetbaar waar de
Curie temperatuur ligt, aangezien deze fase onstabiel wordt vooraleer de
ferromagnetische orde verloren gaat.

Het gebruik van simulaties kan dit probleem helpen aanpakken door
bijkomend inzicht te verwerven, vooraf interessante legeringselementen
voor te selecteren of het experimentele werk te vermijden. Vooral methoden
die geen experimentele input vergen verscha�en de mogelijkheid om
onbevooroordeelde voorspellingen te maken. Deze methoden noemt men
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in het algemeen ab initio methoden. Recent werd aangetoond dat een
dergelijke methode, namelijk dichtheidsfunctionaaltheorie (DFT), accurate
voorspellingen kan maken voor de vrije energie van ijzer en cementiet.
Aangezien de vrije energie de bepalende grootheid is die fasestabiliteit
bepaalt, wijst dit op de kracht van DFT om voorspellingen inzake stabiliteit
te maken voor ijzerlegeringen.

Vooreerst stellen we als doel om de vrije energie van ferriet met stikstof
in oplossing, Fe4N en Fe16N2 te berekenen. Hieruit bepalen we vervolgens
de fase-evenwichten voor temperaturen lager dan 592 ◦C. Uit die analyse
kunnen we twee besluiten trekken. Ten eerste slaagt het gebruik van DFT
erin om de oplossingslimiet van stikstof in ferriet accuraat te voorspellen.
Dit valideert het gebruik van DFT om vrije energieën te bepalen voor ijzer-
stikstofmaterialen. We vinden een evenwicht tussen Fe4N en Fe16N2 bij 120
◦C en ook dit resultaat is consistent met de experimentele waarnemingen.
Ten tweede kunnen de berekende thermodynamische eigenschappen
dienen als betrouwbare inputdata voor modellering op grotere schaal.
Uit de berekende vrije energieën kan bijvoorbeeld de drijvende kracht
voor dissociatie van Fe16N2 in Fe4N en ferriet afgeleid worden voor elke
temperatuur en stikstofconcentratie. Aangezien de precipitatie van Fe4N
voorafgegaan wordt door die van Fe16N2, dat fungeert als een precursor
voor die laatste, is dit evenwicht van centraal belang voor het ijzer-
stikstofsysteem.

Met een gevalideerde methodologie is het vervolgens mogelijk om de
fasestabiliteit van meer complexe ijzer-stikstoflegeringen te bestuderen,
door ternaire legeringselementen toe te voegen. Ten eerste onderzoeken
we hoe een ternair element de oplosbaarheid en de mobiliteit van
stikstof in de ferrietmatrix kan beïnvloeden. Ten tweede evalueren we
welke legeringselementen stabiele ternaire fasen kunnen vormen in het
kristalrooster van Fe4N (γ′) of Fe16N2 (α′′), aangezien deze structuren van
centraal belang zijn in de precipitatievorming. Voor de legeringselementen
die ternaire fasen vormen in beide structuren, berekenen we verder ook
de volledige vrije energie. Dit stelt ons uiteindelijk in staat om de ternaire
elementen te classificeren. Deze classificatie is gebaseerd op het e�ect
dat de ternairen kunnen voortbrengen: vorming in de γ′–structuur en/of
vorming in de α′′–structuur. Daaruit kunnen we besluiten dat Nb, Mo, Al
en Cu mogelijke kandidaten zijn voor stabilisatie van de α′′–structuur. Cu
zal echter resulteren in de vorming van de binaire fase Cu16N2, die mogelijk
niet het beoogde versterkende e�ect zal hebben op het materiaal. Voor Mo
en Al geldt dat er zich alternatieve binaire stikstofhoudende fasen kunnen
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vormen: MoN, Mo2N en AlN. Als deze binaire fasen eerder vormen dan
de ternairen, zal de vorming van die laatste niet optreden. Nb is de meest
belo�evolle kandidaat om α′′–structuren te bekomen, met Fe8Nb8N2 als
stabiel materiaal boven 400 K.

Dit werk toont aan dat DFT een gevalideerde en betrouwbare methodologie is
voor het gebruik van eindige temperatuurseigenschappen binnen het ijzer-
stikstofsysteem. Hoewel er nog steeds uitdaging overblijven, zoals de be-
schrijving van onzuiverheden en magnetische e�ecten, toont de vergelijking
met experiment de accuraatheid aan. Verder stellen we een classificatie
op van de ternaire legeringselementen op basis van de thermodynamische
interactie met stikstof en ijzer. Deze biedt een leidraad voor de toekomstige
ontwikkeling van stikstofstaal, zowel voor de samenstelling als voor de ther-
mische behandeling.



Summary

The design and production of new materials has formed the backbone
of human development throughout the ages. One of the most impactful
innovations occurred in the 19th century, when new manufacturing
techniques yielded consistent and cheap steels. Its ensuing application
in transport and construction largely shaped our world in the 20th

century, especially our most important modes of transportation, where
strength-to-weight is crucial. Today’s quest for new materials in transport
and construction seeks ever more strength for per component weight.
Improvements in steel technology are thus focused on the development of
steel grades that result in the use of less material. This is especially true in
light of ever more stringent emission standards in the automotive sector,
where lighter weights result in reduced fuel consumption. In this respect,
an increasingly important argument for the continued use of steel is its low
carbon footprint during production. Recent progress in steel technology
o�en consists in producing a more complex material on the microscopic
level: coexistence of multiple phases, extreme grain refinements or even
phase transformations during operation. This is achieved through carefully
controlled alloying and thermal processing. In this light, knowing which
phase is stable for a given composition and temperature is a crucial element
for understanding and developing steel grades.

Of particular interest to this doctoral thesis is the addition of nitrogen to
steel. Although the nitriding of steel has been an established process for over
a century, research focus lies mainly with how it a�ects the surface of the
material. During the nitriding process, a layer of iron-nitrides such as Fe4N
and Fe3N are known to form at the surface. This compound layer results
in an improved corrosion and wear resistance. Underneath the compound
layer, nitrogen is present in solid solution. Upon cooling, iron-nitrogen
phases such as Fe4N and Fe16N2 are known to form secondary particles
in the ferrite matrix. Fe16N2 precipitates in particular can improve the
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strength and wear resistance. Knowledge is very limited on the conditions
that trigger the formation of these phases, such as composition and cooling
process, or what other possible phases can evolve when elements besides
nitrogen and iron are present.

By selecting the appropriate nitriding conditions, the formation of a
compound layer at the surface can be avoided. As such nitrogen is di�used
through the entire thickness of the nitrided material and the properties
of the di�usion zone extended throughout the entire specimen. The
possibilities of such a treatment have rarely been considered and thus
present a research avenue with large development opportunities. In case
ternary alloying elements are present that form nitrides, precipitates can
form during nitriding or cooling. In this respect, the ability to predict which
phases can form in the ferrite matrix becomes key.

In this work, we aim to aid future development of nitriding steels by
predicting the phase stability of iron-nitrogen compounds. Thermodynamic
(meta)stability is a necessary condition for a phase to form in the
ferrite matrix. Traditionally, such an analysis is dependent on extensive
experimental research that determines the most stable phase for given
conditions, from which a phase diagram is constructed. This requires a
large amount of experimental work, especially if one wishes to screen many
possible additional alloying elements to the iron-nitrogen composition.
For iron–nitrogen compounds in particular, practical limitations hamper
such a procedure. It is challenging to manufacture large homogeneous
samples of iron-nitrogen phases such as Fe4N and Fe16N2. Because of this,
experimental characterization is di�icult and mostly constrained to limited
temperature ranges. For Fe16N2, for example, the Curie temperature is hard
to determine, as the compound becomes unstable and dissociates before the
ferromagnetic order is broken.

Atomistic simulations address this problem by providing further insight,
by pre-selecting compositions and temperature ranges of interest, or by
avoiding the experimental work altogether. In particular, methods that
do not require any experimental input, called first-principles or ab initio
methods, have the ability to provide unbiased predictions. In recent years,
one such method, Density-Functional Theory (DFT), has been shown to
provide accurate results for the heat capacity and free energy of iron
and cementite. As the free energy is the key thermodynamic quantity
determining phase stability, such successes point toward DFT as a powerful
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tool to predict it for iron-based compounds.

First, we calculate the free energy of ferrite with nitrogen in solid solution
and the iron-nitrogen phases Fe4N and Fe16N2. This enables us to determine
the phase equilibria between those three phases in the low nitrogen
concentration limit for temperatures below 592 ◦C. Two main results can
be deduced from this analysis. First, DFT successfully predicts the limit of
solubility for nitrogen in ferrite, which validates its use for calculating free
energies for the iron-nitrides. The equilibrium between Fe4N and Fe16N2,
found to be at 120 ◦C, is consistent with experimental findings as well.
Secondly, we resolved experimental uncertainties concerning the metastable
nature and magnetic properties of the Fe16N2 phase. Additionally, the
calculated thermodynamic properties can serve as input for higher-order
calculations, as they contain more information than the mere phase
equilibria.

With an established and validated methodology available to predict the
phase stability for the iron-nitrogen compounds, we proceed to extend
the research to ternary compounds. First, we aim to determine which
ternary alloying elements can form ternary phases in the crystal structure
of Fe4N (γ′) or Fe16N2 (α′′), in light of the importance of these two phases
in precipitation formation. Second, we want to tackle the question of how
a ternary alloying element dissolved in the ferrite matrix can a�ect the
mobility and solubility of nitrogen. Finally, for those elements that form
ternary phases in both structures, free energies are compared at finite
temperatures. Ultimately, a classification of the ternary alloying elements is
obtained. This classification is based on whether the addition of the alloying
element can lead to the formation of α′′ and/or γ′ ternary phases. From this
analysis, Nb, Mo, Al and Cu can be considered candidates for stabilizing
the α′′ structure. However, Cu forms the binary Cu16N2 compound, which
might not result in precipitation strengthening. Also, Mo and Al are known
to form the binary nitrides AlN, MoN and Mo2N, which can impede the
precipitation of ternary phases. Nb is a more promising candidate, however,
as no binary Nb–N phases are known to form and we find the ternary phase
Fe8Nb8N2 to be stable with respect to dissociation above 400 K. As such, it
is a potential candidate to improve the precipitation strengthening e�ects in
nitrided steels.

This work demonstrates DFT as a valid methodology to determine phase
stability in the iron-nitrogen system. Although some di�iculties remain,
such as the treatment of impurities and magnetism, comparisons with
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experiment have shown good accuracy. Furthermore, a classification for the
ternary alloying elements concerning possible precipitate formation in the
α′′ or γ′ crystal structure is put forward. This can serve as a quantitative
guideline during the future development of iron-nitrogen steels.
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Introduction

To make a complete carbon fiber road car would never be
a�ordable for the everyday motorist.

Gordon Murray, Formula 1 design engineer.

1.1 Steel: applications and market

Steel making is one of the oldest industries in the world. Today, its
applications are numerous, from high-precision medical equipment
to freight containers, continuing to facilitate scientific progress and
globalization alike. If a product is not made from steel, it is likely produced
using a machine made from steel. The main consumption (Figure 1.1) takes
place in the construction sector, where steel is used as standalone designs or
incorporated into reinforced concrete.[1] Construction steels are generally
low–cost and today, they are mostly manufactured from recycled steel.

In other markets, the material demands are higher and more specific.
For automotive applications, a high strength-to-weight ratio is crucial to
minimize the mass of the end product, especially in light of the ever more
stringent CO2 emission standards. Additionally, a high formability of the
used steel grades is also desired for the design and manufacturing. In
the case of machinery and tools, high surface hardness and resistance to

3
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corrosion and abrasion are the desired properties. Because iron is a magnetic
material, it is used in transformers, electric motors and generators. For
such applications, a high magnetization and small hysteresis losses are of
primary importance. These are all very di�erent materials requirements, yet
the core product, in all cases, is steel.

Figure 1.1: Steel use by market classification for 2010[1]

The widespread use of steel means that even the slightest of technological
advancements result in an enormous impact. Innovation in materials
research o�en focuses on novel materials such as carbon fibre, aluminum
alloys, graphene or composite materials, proposing them as the materials of
the future. Although this may be true for very specific applications, steel
is still the main material of choice in most industrial endeavours. The total
world production of steel in 2015 amounted to 1620 million metric tons,[2]
compared to 64 million tons of aluminum and 117 thousand of carbon
composites,[3, 4] highlighting its central industrial role.

The main reason for carbon steel’s industrial prominence, is its relatively low
price, resulting from the low cost of the raw materials. For example: at the
time of writing, July 9 2019, the price per pound (p.p.p.) of A36 plate steel
in the United States was AC0.34, whereas the p.p.p. of aluminum plates was
AC1.37.[5] With such a low cost, it is hard to change the material for steel-
based products without losing their a�ordability .

The global demand for steel is still very much on the rise (Figure 1.2).[6] One
of the big driving factors behind the increasing steel demand is economic
growth in developing countries.[7] In those economies, large investments
in fixed assets, manufacturing and urbanization generate a spike in steel
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consumption (Figure 1.3). With such an evolution in mind, long-term
growth markets such as India and Africa are easily identified. However, the
decreasing consumption in mature economies present a challenge for the
steel industry. In China, the major growth market over the last 20 years,
demand is expected to decline at 1.1 % per year by 2035.[7] Furthermore,
the peak consumption per capita, as depicted in Figure 1.3, is decreasing
and its occurrence (in GDP/per capita) is coming earlier. These factors all
point towards a steel industry where more specific uses of the material, e.g.
the automotive, energy, manufacturing and tools sectors, will become ever
more important.
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Figure 1.2: Evolution of steel consumption in millions of metric tons crude
steel equivalent over the years 2008-2017. Apart from some years
with an economic downturn, the global trend is upward. The
increase between 2008 and 2017 can be mostly a�ributed to the
growing consumption in Asia.[6]

One example of how current advancements can yield very significant
progress is the development of advanced high-strength steels (AHSS). It
reduces the environmental impact as less material is necessary to obtain
similar strength in manufactured parts. The weight reduction in the
manufacturing of body structural materials amounts to an estimate of 25%
(Figure 1.4).[8] Combined with the lower part weight resulting in lower CO2

emissions under operation, the use of steel also has the added benefit that
it is much more environmentally friendly. Aluminum production generates
at least 4 times the CO2 emission of producing steel, and other lightweight
materials such as magnesium or carbon fiber can generate even 5 times
more than that.[9] As such, steel is still very much the main material of
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Figure 1.3: During economic development, the steel consumption initially
increases drastically. A�erwards it declines again towards a
steady-state situation.[7] As steel technology improves, how-
ever, the peak consumption is lower and it takes place earlier.

choice for vehicle manufacturing.

Figure 1.4: Comparison of CO2 emission during the production process
of body structurals depending on the choice of material. Even
though carbon fibre composites and magnesium alloys require
a significantly lower material weight, the greenhouse gas emis-
sions are increased by an order of magnitude.[9]

1.2 From iron to advanced alloys

In materials science, the name “steel” is used to refer to materials from the
family of iron-carbon-based alloys. The main ingredient, iron, is in itself a
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material with a variety of interesting properties. Cooling from a melt, it first
solidifies into the body-centered cubic (bcc) δ structure at 1536 ◦C. Upon
further cooling, it transforms to the face-centered cubic (fcc) γ structure at
1392 ◦C, also referred to as austenite. At 911 ◦C, it transforms back to a bcc
structure, the α phase, called ferrite. At 768 ◦C, there is also a second-order
phase transformation, where the material becomes ferromagnetic. This
critical point is called the Curie temperature.

Figure 1.5: The allotropes of iron. Cooling from melt to room temperature
first yields the bcc phase, followed by the fcc phase to finally
transform to the bcc phase again. The la�er phase is paramag-
netic at higher temperatures, but becomes ferromagnetic below
768◦C.[10]

The history of steel making is as old as the melting of iron itself. At higher
temperatures, the solubility of carbon in iron increases, especially when
ferrite transforms to austenite (Figure 1.6). The historical burning of coal
as a source of heat therefore resulted in carbon being di�used into the
iron matrix, yielding carbon steel. Classically, this process was more of
an art than science, as there was no understanding of the final carbon
concentration. The carbon concentration, however, largely determines the
properties of the steel. Higher concentrations yield increased hardness
and tensile strength, but this reduces ductility and results in a more bri�le
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material.

Halfway through the 19th century, a number of process developments took
place. First, the Bessemer process allowed the control of carbon content in
iron production by blowing air through the melt, thus reducing the amount
of impurities through oxidation. Subsequently, when manganese was added
as a ternary element to remove the le�over oxygen it marked the real birth
of mass steel production. When Sidney Gilchrist Thomas started adding
limestone to remove phosphorus, iron ore from anywhere in the world could
be used for the Bessemer process and prices duly dropped. This made steel
one of the pillars of the industrial revolution in the 19th century.

Figure 1.6: The Fe–C phase diagram up to 6.67 weight percentage car-
bon. In steels, an increasing carbon content lowers the melting
temperature and stabilizes austenite, where the limit of carbon
solubility is much higher than in ferrite.[11]

Today’s addition of ternary alloying elements to the iron-carbon system
has many more intricate objectives. Advanced High Strength Steels, for
example, are characterized by the presence of multiple phases of iron
coexisting in the material (Figure 1.7). These are achieved not only by their
chemical composition, but also stem from more complex thermomechanical
treatments.[12] To formulate the manufacturing protocols, i.e. chemical
composition, processing and heat treatments, the interaction of the alloying
elements with iron, carbon and each other needs to be known. Which phases
can form if a certain element is added, what is the solubility of carbon in
those phases and how does this change the steel’s properties? These are just

https://en.wikipedia.org/wiki/Bessemer_process
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some of the questions that need to be addressed to further metallurgical
research. From a simple thermodynamic point of view, knowing the phase
diagram for the entire composition range should provide the necessary
background. However, steel making usually involves cooling and mechanical
processes whereby the material is not in thermodynamic equilibrium. As
such, knowing what phases can form in an alloy and in which temperature
ranges is a hugely complex assignment.

Figure 1.7: Microstructures of advanced high strength steels. These mi-
crostructures are markedly more complex compared to standard
high strength steels.[10]

1.3 The role of nitrogen in the manufacturing of
steel

1.3.1 Nitriding as a surface treatment

In conventional alloying of steels, additional elements are added to the
liquid iron-carbon melt a�er the la�er has been cleared of impurities and its
carbon content regulated. The melt can then be cast and solidified into steel
slabs. Nitriding of steels is a surface treatment that takes place a�erwards
on the solidified material. At the start of the 20th century, in search of
improved surface hardness, it was discovered that nitrogen in iron can
result in a hard surface with good corrosion resistance.[13] It has since been
used to improve the surface properties of parts and components made in
forging and tool steels.[14–18] Today, nitrided steels can be found in many
manufacturing industries, such as aircra�, bearings, automotive or turbine
generation systems.[13]
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During nitriding, nitrogen is di�used into the surface of steel, which usually
remains in the ferrite phase, at temperatures of 490 to 580◦C.[19] The
di�usion process can be performed in a variety of ways: in an ammonia
atmosphere, in a salt bath or even using a plasma. The end result, however, is
usually quite similar: a nitride compound layer at the surface and a di�usion
zone underneath are formed (Figure 1.8).[20]

(a) Metallographic cross section of
nitrocarburized AISI 4140 steel.

(b) Schematic overview of the com-
pound and di�usion layer.

Figure 1.8: The nitriding process forms a compound and di�usion layer near
the steel surface.[21]

In the compound layer, also called growth or white layer, the higher
concentrations of nitrogen result in the formation of multiple phases, mainly
the Fe3N1+z and Fe4N1−x (Figure 1.9a).1 The thickness of this compound
layer is controllable through the treatment time, temperature and nitriding
potential used during the process. This layer can significantly increase the
wear and corrosion resistance.[19] Whether its presence is desired, however,
largely depends on the required performance under operating conditions,
for which a testing procedure is necessary.

1. The inclusion of z and x serves to indicate the o�-stoichiometry that is present in these
phases.
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(a) The Fe-N phase diagram.[22]

(b) The low–concentration limit of the Fe–N phase diagram, with the experimentally
measured limits of solubility for nitrogen in ferrite.[23]

Figure 1.9: The phase diagram of Fe–N for di�erent ranges of composition.
Top: up to 40 at.% nitrogen showing all possible iron-nitrogen
phases. Bo�om: enlarged section of the low–concentration limit.
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Below the compound layer lies the di�usion layer (Figure 1.8). There,
nitrogen is present in solid solution in the ferrite matrix. As a result, a solid
solution strengthening of 50 MPa per 0.01 wt% of added nitrogen can be
achieved.[24] Also, ternary alloying elements such as Cr, Al, V, W or Mo
can form stable nitrides during the process. These can further strengthen
both the compound layer and the di�usion zone through precipitation
hardening.[25]

As an impurity in ferrite, nitrogen occupies an interstitial position in an
octahedral configuration [Figure 1.10].[26] In this position, the nitrogen
impurity aligns with its nearest iron neighbors. This causes a local tetragonal
distortion, where the aligned iron atoms undergo a large displacement from
their original bcc position. This local la�ice distortion results in solid solution
strengthening by impeding dislocation motion.[27]

Figure 1.10: Nitrogen impurity in a ferrite la�ice. It occupies an octahedral
interstitial position. There are two nearest-neighbor iron atoms
(red lines) that undergo a significant displacement, resulting in
a local tetragonal distortion.

1.3.2 The iron-nitrides Fe4N1−x and Fe16N2

A�er the nitriding procedure, with nitrogen present in solid solution,
precipitation of iron-nitrogen phases can occur upon cooling at temperatures
where the nitrogen concentration exceeds the limit of solubility (Figure 1.9a)).
This is provided the cooling is su�iciently slow. At temperatures above 230-
250 ◦C, Fe4N1−x forms, whereas below that threshold Fe16N2 precipitates
(Figure 1.11).[28] The formation of Fe4N1−x is usually determined by
thermodynamic stability; i.e. given su�icient time in the right temperature
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range, precipitates will form in the supersaturated matrix (Figure 1.11).
Fe16N2, on the other hand, is not a stable Fe-N compound for any mole
fraction of nitrogen. It is a metastable compound that forms at temperatures
below 230-250 ◦C. Below that temperature, the activation energy for
transformation of Fe16N2 to Fe4N1−x is too large and cannot be overcome,
which is why the metastable Fe16N2 precipitates form.[29]

Figure 1.11: Fe-N Time Temperature Transformation (TTT) diagram.[28]

The iron-nitride Fe16N2 is ferromagnetially ordered and has the space
group I4/mmm.[30] The nitrogen atoms occupy the regular octahedral
interstitial positions (0.0, 0.0, 0.0) and (0.5, 0.5, 0.5) in a distorted ferrite
supercell [Figure 1.12a]. The regular ordering of the nitrogen atoms causes
a macroscopic tetragonal distortion. In this work, the name α′′ is used to
indicate the crystal structure of Fe16N2.

The structural similarity between ferrite and Fe16N2 is the reason why the
la�er phase precipitates, even at lower temperatures, as it only requires
the di�usion of nitrogen atoms. Indeed, it has been found experimentally
that the formation of Fe16N2 is preceded by the formation of planar
nitrogen atom clusters, or Guinier-Preston (GP) zones, that form atomically
thin platelets on the {001} ferrite planes.[31–33] The precipitates are
perfectly coherent with the matrix in their habit plane, but the tetragonal
distortion due to the nitrogen accumulation results in a misfit with the
matrix in the direction orthogonal to that plane. Therefore, these planar
structures form disc-shaped precipitates with a cube-on-cube orientation
relationship (OR) (001)α′′//(100)α with 〈100〉α′′//[100]α and a (001) habit
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plane.[34] Essentially, this means the iron bcc structure is continued, but
distorted because of the regular presence of nitrogen at interstitial positions,
constituting the Fe16N2 phase. These Fe16N2 precipitates can produce a
hardness increase of about 10 to 20 %, especially when they are still small
and in the early stages of precipitation.[35–38]

(a) The unit cell of Fe16N2. (b) The unit cell of Fe4N.

Figure 1.12: Crystal structures of the Fe-N phases with the Fe atoms shown
in red and the N atoms in green.

Fe4N1−x is a ferromagnetic material as well, but in contrast to Fe16N2 it
has a cubic crystal structure (γ′) with space group P m 3 m,[39] where iron
atoms form a face-centered cubic subla�ice, and nitrogen atom occupying
the (0.5, 0.5, 0.5) 1b Wycko� position [Figure 1.12b]. The structural
dissimilarities between ferrite (bcc) and Fe4N1−x (fcc) result in a higher
activation barrier for the transformation. Hence, the Fe4N1−x precipitates
only occur above 200◦C.[34] They form V–shaped groups of large plates,
where the shape serves to accommodate the shear strain of the precipitate.
The stoichiometric coe�icient 1-x of nitrogen indicates that there is usually
a slight deficiency (19.5 at.% instead of 20 at.%) of nitrogen compared with
the ideal crystal la�ice of Fe4N, shown in Figure 1.12b.[40] For the remainder
of this work, however, we will consider the perfect crystal Fe4N.

It has been proposed that the Fe4N and Fe16N2 precipitates are linked via
a precipitation chain.[34, 41–43] As such, Fe16N2 is a precursor for the
formation of Fe4N. Because the la�er phase does not provide significant
strength or hardness improvements, its presence is preferably avoided in
favor of nitrogen in solid solution or Fe16N2 precipitation. Although, as seen
above, a temperature range for the transformation and a time temperature
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transformation (TTT) diagram (Figure 1.11) are available, few of the ther-
modynamic properties of Fe4N or Fe16N2 are known. Because they mainly
occur as precipitates in a ferrite, manufacturing large homogeneous samples
of Fe4N and especially Fe16N2 is very challenging. Most of the research on
the iron-nitrogen system has thus focused on how the kinetics of the process
influence the microstructure of the surface layer; in other words: control of
the compound layer and di�usion layer characteristics.[19, 44–47]

1.4 Goals and outlook

1.4.1 Metallurgical

The main goal of this dissertation is first to be�er understand the
thermodynamics of the binary Fe–N system and subsequently chart the
possible e�ects of ternary alloying elements. These results are aimed at
the development of through–thickness nitrided steels, which are rarely
considered for the improvement of bulk properties. By selecting the
appropriate nitriding conditions2, the formation of a compound layer at
the surface can be avoided and, for pure α−Fe or for ferritic steels with
no nitride forming elements present, the absorbed nitrogen will be in solid
solution during nitriding. As such, the properties of the di�usion layer of a
typical nitrided surface, i.e. increased hardness and strength, are extended
throughout the bulk.

The lack of knowledge about the thermodynamics of Fe4N and Fe16N2

severely hampers the understanding of their precipitation and the
possibilities to model them. This hinders the further development of
the process. The goal of this work thus consists in a two-step procedure.
First, we aim to characterize the thermodynamic properties of both Fe4N
and Fe16N2, mainly obtaining the free energy. From the free energy, we
can obtain quantitative knowledge of the driving force for both phase
precipitations and the thermodynamic balance between them. Such
information can aid significantly in improving the accuracy of di�usion-
precipitation models.[48, 49]

In the second step, the impact of ternary alloying elements is investigated by
calculating the energies of formation when these elements are included in
the crystal structures of Fe4N (γ′) and Fe16N2 (α′′), respectively. We evaluate
three e�ects these elements can have on the iron-nitrogen system:

2. Gas composition and flow, nitriding temperature and surface pre-treatment
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1. Stabilization of the nitrogen in solid solution through interaction with
the ternary solute.

2. Formation of stable ternary compounds with Fe and N into the α′′

crystal structure.

3. Formation of stable ternary compounds with Fe and N into the γ′

crystal structure.

If ternary compounds are formed, the resulting shi� in stability between
the α′′ and γ′ precipitate structures will be investigated to evaluate what
the impact is on the relative stability of both structures. Combining these
insights will allow us to unravel the thermodynamic behavior of the iron-
nitrogen system and aid the development of nitrided steels. For the purpose
of this thesis, the role that carbon can play in the formation of iron–nitrides
is not evaluated.

1.4.2 Methodological

It is not possible to directly measure the free energy of a material.
Indeed, only the di�erence in free energy is a physically relevant quantity.
Most commonly, it is derived through the analysis of equilibria between
phases as a function of temperature and composition, combined with
phenomenological models for the free energy. However, as first touched
upon in Section 1.3, under some conditions iron–nitrogen binary phases
form even though they are not the most stable ones. This metastability is
a further complication to experimentally characterize those phases. The
Fe16N2 crystal structure, crucial for precipitation hardening,[38] only exists
as a precipitate in the Fe-N solid solution. Combined with the narrow
temperature range of stability, it is very challenging to experimentally
determine the thermodynamic properties.

From a computational point of view, this picture is inverted. The atomistic
energy of the material that is modeled is o�en the primary output of
the calculation. As a result, such calculations form an excellent starting
point for a bo�om-up approach, where essential thermodynamic properties
are calculated on the atomic scale and subsequently serve higher-order
modeling (Figure 1.13). In the case of a composition phase diagram, for
example, this means calculating the energy of formation for all relevant
phases at the desired temperatures and subsequently deriving the ranges
of stability. Because modeling on an atomic level enables an isolated
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treatment of each phase, the problem of metastability is circumvented.
We will therefore perform electronic structure calculations on a quantum
theoretical level, using Density Functional Theory (DFT),[50, 51] to study
the iron-nitrogen system.

Figure 1.13: Materials properties are determined by a variety of its features,
each of which can present themselves at a di�erent length scale.
At the atomic scale, generally the smallest modeling scale, basic
properties can be calculated based on the chemical composition
and the crystal structure. Not only does this result in be�er
understanding of the material’s behavior, but it also serves as
input for higher-order simulations.[52]

In this work, we aim to calculate the free energy of Fe16N2, Fe4N and Fe with
N in solid solution (Fe[N]) and use it to elucidate the Fe-N phase diagram
in the low-nitrogen limit. To obtain these free energies, all relevant contri-
butions should be taken into account: electronic, vibrational, magnetic and
configurational. The electronic free energy is obtained using finite-electron
temperature DFT,[53] the quasiharmonic approximation is used to compute
the vibrational free energy and a rescaled Monte Carlo approach is applied
for the magnetic excitations.[54, 55] The free energies can subsequently be
used to evaluate the phase equilibria between the various phases, yielding
the temperature/composition phase diagram of Fe4N, Fe16N2 and bcc Fe[N]

for N concentrations in the dilute concentration limit. From the calculated
free energy, the heat capacity, thermal expansion and bulk modulus of Fe,
Fe4N and Fe16N2 as a function of temperature are obtained as well. A
successful computational derivation of these thermodynamic properties sets
a methodological base for further work on the Fe-N system.

When steelmaking involves multiple alloying elements, the number of phases
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that can form quickly becomes a combinatorial nightmare. Se�ing up the
large number of experiments required to determine the e�ects of di�erent
additions to the metal results in a huge investment. Indeed, methods that
try to achieve consistent high-throughput combinatorial screenings form a
research field in themselves.[56–59] Performing computer simulations can
also present a low-cost alternative to experimental screenings. In an atom-
istic simulation, the researcher can perform alchemistic marvels, as swapping
one atom for another usually yields a similar calculation. For example, if one
is able to calculate the bulk modulus of an Fe-W alloy with 5 at.% W, the
methodology can be quickly transferred to any Fe-X alloy by simply repeating
the calculations with a di�erent chemical element in place. As computational
power has increased exponentially, computational high-throughput screen-
ings have become ever more widespread.[60]

In this vein, this research will predict which impact the addition of ternary
alloying elements can have on the precipitation of phase with an α′′ or γ′

crystal structure, extending the methodology used for the binary phases
Fe16N2 and Fe4N respectively. This is by no means an all-inclusive analysis
into the possible e�ects of ternary elements. Rather, the goal is to identify
the specific balance between the α′′ and γ′ structures that can precipitate
in a ferrite matrix (i.e. below 590◦C) at low nitrogen concentrations, which
results in practical guidelines for future research in iron-nitrogen steels.



2
Methods

In this work, where we focus on the thermodynamic stability as a function
of composition and structure, the free energy of the materials needs to
be calculated. This free energy is determined at the atomic scale, as it
directly derives from how atoms interact: do they form bonds and, if so,
how strongly? To correctly describe these atomic interactions, a quantum
mechanical approach is necessary. This means solving the Schrödinger
equation. There is a large variety in approximate solution models to
solve this equation, as exact solutions for real materials rarely exist. In
recent years, Density-Functional theory (DFT) has become one of the most
popular methods, for both computational chemistry and materials physics.
Especially for crystalline solids, it o�ers a good trade-o� between accuracy
and performance.

In the following chapter, we first describe how to treat a static crystalline
solid (Sec. 2.1), where the material is at 0 K. A�erwards, Sec. 2.2 explains
the methodology to extend those calculations towards finite temperatures,
specifically for magnetic materials.

19
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2.1 Density-functional Theory

2.1.1 General background

A quantum mechanical calculation consists in solving the time–independent
Schrödinger equation for all particles in a material by taking into account the
interactions between them. In a traditional material, the considered particles
are nuclei and electrons, which interact electrostatically. The Schrödinger
equation thus takes the form:

ĤΨ = (T̂ + V̂ )Ψ = EΨ (2.1)

This is an eigenvalue problem, where the energy E of the system and the
wave function Ψ underlie all materials properties of interest. The wave
function is a function of the position of all the nuclei and electrons, the
operator T̂ returns their kinetic energy and the operator V̂ returns the
potential energy, i.e. the pairwise electrostatic interactions.

There are two reasons why metallurgical problems are usually not solved
using the Schrödinger equation:

• Because the operator V̂ contains pairwise interactions, equation 2.1 is
exponentially hard with respect to the number of particles N . Thus,
it becomes unfeasible to solve it for systems where N >> 10. In
practice, this means only small molecules can be tackled.[61]

• The many-body wavefunction, which is a function of the positions of
all particles involved, requires an enormous amount of storage space
on a computational platform. If a very crude 3D grid consisting of
10 × 10 × 10 points is used, a simple nonmagnetic 4-electron system
would require 8 terabytes of storage.

In order to describe larger systems on a quantum level, it is thus necessary
to transform Equation 2.1 to a more practical one. This is achieved in 4 steps:

1. Born-Oppenheimer approximation:[62] Because the nuclei have a
much larger mass than the electrons, their motion can be considered
infinitely slow compared to the electronic motion. As such, it is
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possible to separate the nuclear and the electronic part of the wave
function. The positions of the nuclei, relevant for their electrostatic
a�raction of the electrons, enter the electronic Schrödinger equation
as parameters generating a static external potential V̂ext. Forces
can then be calculated by evaluating the derivative of the energy
with respect to the nuclear positions, using the Hellmann-Feynman
theorem.

2. Hohenberg-Kohn theorems:[50] The external potential V̂ext is a
unique functional of the total ground state electron density. As such,
the entire Hamiltonian and all properties can be derived from that
density. At this point, Density-Functional Theory (DFT) is born,
where the electron density–not the wave function–becomes the
central object. This results in a further reduction in complexity, as
the density only depends on three spatial coordinates, whereas the
electronic wave function depends on the positions of the individual
electrons. Because the functional that delivers the ground state
energy of the system gives the lowest energy if and only if the
input density is the true ground state density, minimizing the energy
is a necessary and su�icient condition to find the ground state density.

3. Kohn-Sham theorem:[51] The ground state density of an N-electron
system can, without any loss of information, be wri�en as

ρ0 =
N∑
i=1

φ∗i ∗ φi. (2.2)

where φi are the single-particle orbitals. Kohn and Sham showed that
a hypothetical non-interacting system exists for which φi constitute
the ground-state orbitals. As a result, solving the many-body equation
is substituted with solving that surrogate Hamiltonian for N auxiliary
single-particle orbitals φi. The Hamiltonian ĤKS of this system
introduces the exchange-correlation functional V̂xc. Consequently the
sum of the kinetic energies of the non-interacting auxiliary orbitals
can be used, circumventing the di�iculty of obtaining it from the
density itself.

4. Finally, the Kohn-Sham orbitals φi are expanded in terms of a basis
set of functions to allow dealing with a continuous function within
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Figure 2.1: Flow chart for a DFT calculation. In each cycle the Kohn-
Sham orbitals φi are calculated, from which a density ρout can
be derived. Each cycle requires an input density ρin to construct
the equations. For the first iteration this is an initial guess ρ0, for
the subsequent iterations a linear combination of the previous
ρin and ρout is used. A�er each iteration the new density is
compared with the input density. If the energy of these densities
is su�iciently close, the calculation is finished.

a numerical calculation. Assuming this basis set is complete, the
single-particle di�erential equations transform to a matrix-form
eigenvalue equation, yielding the expansion coe�icients of the orbitals
and their energy.

To construct the single-particle Hamiltonian functional V̂xc, the electron
density is required. However, the density is what we are trying to calculate
in the first place. This circularity is tackled by starting with an initial density,
from which a new one will be found by solving the Kohn-Sham equations.
Using this new density to create an input for a new calculation and repeating
the process eventually leads to a point where input and output density are
the same. At that point the calculation is self-consistent and the correct
density is found (Figure 2.1).

There are two levels of approximation present in a single DFT calculation.
One aspect is the presence of numerical errors that result primarily from the
choice of the basis set for the Kohn-Sham orbitals. Today, the use of DFT
codes in materials science has resulted in a variety of implementations which
by now have matured su�iciently towards very small numerical errors as
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long as su�iciently stringent se�ings are used.[63] A second, more important
issue, however, is the necessity of an exchange-correlation functional for the
Kohn-Sham orbitals. This functional is not exactly known and today there is
a large variety of choice available for the materials scientist. In this research,
the Perdew–Burk–Ernzerhof parametrization within the Generalized
Gradient Approximation is used for the majority of the calculations,[64]
unless stated explicitly otherwise. This is for two reasons. First, it is one of
the most accurate functionals for describing transition metals in general and
in particular the magnetism of ferrite with good accuracy.[65] Second, it is
today the most widely used functional in solid state physics.[66] Although
this la�er point does not imply it is the most reliable functional, it does o�er
the widest range of possibilities to compare with other computational results.

2.1.2 DFT for crystalline solids

In the case of molecules, the system size is defined by the atomic composition
and the resulting number of electrons. The interactions and number of Kohn-
Sham orbitals follow directly. Consequently, the functions in the basis sets
for molecular DFT are usually centered around the atomic positions. To
tackle crystalline solids with DFT, a more intricate computational recipe is
necessary. For this, Bloch’s theorem is of invaluable use.[67] It states that
any eigenfunction ψnk(r) of a periodic Hamiltonian can be expressed in a
basis of plane waves:

ψnk(r) =
∑
K

cn,kK expi(k+K) · r, (2.3)

where n (the band number of the orbital)[67] and k (a vector in the
first Brillouin zone)[67] are the quantum numbers that determine the
eigenfunction. The summation in equation 2.3 is taken over the infinite set
of reciprocal vectors K that adhere to the crystal’s translational symmetry.
In practice, it is truncated at some point by se�ing a maximum energy for
the plane waves, i.e. a cut-o� energy. Furthermore, only a finite number of
k-points are sampled. These two approximations are usually treated in a
pragmatic manner: the cut-o� energy and number of k-points are increased
to evaluate their impact on the material and its property that is calculated.
Ultimately, they are increased to the point where the calculated result has
achieved its desired precision.

Now it is possible to grasp the quantum nature of an infinite crystalline solid
on a computational platform. However, near the nuclei, the Kohn-Sham
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orbitals φi oscillate strongly, requiring plane waves with a very high wave
number to describe them. The cut-o� energy that would be required to
capture this behavior near the core prohibits feasible computation times.
Moreover, these regions near the nuclei are not of interest for chemical
interactions. A large variety of methods have been put forward over the
past decades that tackle this problem. Most of the methods that remain
today have, by now, matured su�iciently and they are very comparable in
performance.[63] In this work, for the majority of the time, the projector-
augmented plane-wave method is used as implemented in the Vienna
ab initio so�ware package.[68–71] This method uses plane waves for the
wave function in the region between atoms, as in equation 2.3. In the
neighborhood of the atoms, however, the plane waves are augmented with
their projection onto pseudo partial waves, that are able to capture the
strong oscillating behavior of the wave functions around the atomic cores
(Figure 2.2). In this way, the variable behavior of the wave functions, i.e.
smooth in the interstitial regions but steep near the atoms, can be described
e�iciently.

2.1.3 DFT for magnetic systems

So far the Kohn-Sham DFT that was presented assumes that every occupied
orbital, is doubly occupied by an electron pair of opposite spin. Using this
restriction simplifies a DFT calculation, but in some cases this is too limiting.
With every electron paired, no magnetization can occur except for the small
orbital magnetization. Obviously, describing iron–let alone steel–with such
a restriction is downright incorrect.

Formally, since all possible information of the system can be extracted
from the density, a functional of the density exists that renders the
magnetization. To actually perform a magnetic DFT calculation, however,
it is necessary to adapt the Kohn-Sham single-particle equations. This is
done by assuming spin-up single-particle orbitals φ+i and spin-down orbitals
φ−i .[73] It follows that all operators in the Kohn-Sham equations are then
2-dimensional tensors. In theory, such a spin-polarized calculation increases
the calculation time 8-fold. In practice, however, this can be much more, as
the numerical tools utilized to speed up the self-consistent cycle become less
powerful. It would be a significant simplification if the operators only had
diagonal elements. In that case, the computational load would only be twice
that of a regular DFT calculation. This is usually done by assuming collinear
magnetism only, in which case there is a transformation that diagonalizes
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Figure 2.2: One-dimensional schematic of how the Kohn-Sham orbitals
are treated around an atom (figure from [72]). The total wave
function φ is the sum of a smooth wave φ̃ that extends into the
entire solid and a steep function φ′ that is defined only round
the atom (partial wave). A smooth partial wave φ̃′, only defined
around the atom, is subtracted to achieve the correct total wave
function.

the operators and identifies a preferential spin direction. The corresponding
orbitals are then decoupled and have a di�erent energy. Consequently, it
is possible to have a majority spin, resulting in a net magnetic moment.
Furthermore, these local magnetic moments inside the unit cell can be
associated to the atoms therein present. By se�ing a sphere around each
atom (the Wigner-Seitz sphere) and summing over the magnetic moments
inside each sphere, the total magnetization of the unit cell is (in large part)
divided across its atoms.

Just as was the case for regular Kohn-Sham theory, the di�iculty lies with
finding a good approximation for the exchange-correlation functional, which
is now dependent on the spin channel. In this work, unless mentioned
otherwise, the Perdew-Burke-Ernzerhof (PBE) functional is used, mainly for
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the following two reasons:

• As a Generalized Gradient Approximation (GGA), it has the lowest
level of complexity which succeeds in predicting the correct magnetic
ground state of ferrite. Indeed, the local spin density approximation
(LSDA) fails to predict the correct ground state for bcc Fe.[74]

• It has been successfully used to calculate the free energy of ferrite up to
1200 K, including electronic, vibrational and magnetic excitations.[75]
This includes the correct prediction of the ferromagnetic to
paramagnetic phase transformation, which is vital for a correct
description of the magnetic excitations.

2.2 Finite temperatures

DFT, as explained in the previous section (2.1), yields the cohesive energy
of a crystal with volume V , the stress on the structure and the forces on
its atoms at 0 K. To determine the Helmholtz free energy F of a crystal at
a finite temperature T , however, the electronic, vibrational and magnetic
excitations need to be taken into account. If a concentration c of impurities
are present,1 their configurational entropy is a required component as well
(Section 3.4.2). The common assumption is that these contributions are all
adiabatically decoupled, i.e. F (V, T, c) can then be wri�en as:[76]

F (V, T, c) = Fel(V, T ) + Fvib(V, T ) + Fmag(V, T ) + Fconf(T, c), (2.4)

where Fel, Fvib, Fmag and Fconf are the electronic, vibrational, magnetic and
configurational contributions, respectively.

Using DFT calculations to analyze and predict phase boundaries has mainly
focused on thermodynamic stability at 0 K and pressure-driven phase
transitions.[77] Obtaining the free energy at finite temperatures is, however,
essential to determine the full phase stability of a material. This requires
the explicit inclusion of thermal excitations. Of these, the la�ice vibrations
are usually the largest. Including this vibrational free energy with DFT has

1. In general, the configurational entropy is determined by the number of all constituents. In
this work, however, the configurational entropy of an impurity is always limited to the dilute
concentration limit. As such, the entropy is determined by the concentration c of the impurity
alone.
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enabled a computational description of, for example, the closed-packed to
bcc phase transition of Li and the thermodynamic stabilization of Au-Cu
alloys.[78, 79] Nowadays, obtaining the vibrational free energy within the
quasiharmonic approximation knows widespread use and has become a
validated methodology.[80]

For steel applications, the presence of impurities and the magnetic nature
of the material present two challenges for obtaining finite-temperature
properties. The modeling of the former, with the inclusion of vibrational
free energy, requires a large allocation of computational resources, which
is in reach of today’s supercomputers. Consequently, over the past decade,
impurity properties such as the limit of solubility in aluminum–rare-earth
alloys have been obtained from DFT calculations.[81] To model the magnetic
excitations, there exist a number of di�erent methods which have matured
towards practical use over the past decade.[82] This has resulted in the
successful derivation of the heat capacity of Fe and Fe3C using DFT,[54, 55]
along with the thermodynamic stability of Fe3C.[83] The computational
description of phase transitions between allotropes of magnetic materials,
such as the hcp to fcc transition in Co and the bcc to fcc transition in Fe,
have also become more accurate.[84, 85] As such, today the methodology
to derive the phase boundaries in the Fe-N system is available and largely
validated. In the next sections, we present the specifics of how the thermal
excitations are taken into account throughout this work.

2.2.1 Electron temperature

Although DFT was conceived as a ground state theory, it has since been
extended to nonzero temperature.[53] Concretely, this means that, for a
crystal with N electrons in the unit cell, more than N bands are included in
the spin-polarized calculation. The occupation of those bands is determined
by the Fermi-Dirac distribution. As such, an electron temperature can be set
for the calculation. The electronic contribution Fel(V, T ) is obtained from
a set of DFT calculations at di�erent volumes and electron temperatures.
In our calculations, we first perform an initial optimization of the atomic
positions and volume, a�er which the total energy is calculated for volumes
ranging from 94 % to 106 % of the initial equilibrium volume and for electron
temperatures between 2K to 1000K. Following the approach proposed by
Grabowski et al.,[86] the electronic free energy is separated into two contri-



28 Finite temperatures

butions:

Fel(V, T ) = E0(V ) + F̃el(V, T ). (2.5)

The di�erent contributions to Fel(V, T ) are subsequently parametrized into
an analytical form, which facilitates the derivation of entropy and heat
capacity. The energies for the di�erent volumes at the lowest temperature
(T = 2 K) are used to fit the 0 K volume-dependent behavior E0(V ) to a
Birch-Murnaghan equation of state:[87]

E0(V ) = U0 +
9V0B0

16

B′0
[(

V0

V

) 2
3

− 1

]3
+

[(
V0

V

) 2
3

− 1

]2 [
6− 4

(
V0

V

) 2
3

] .

(2.6)

This determines the equilibrium volume, the internal energy U0 at V0, bulk
modulus B0 and the derivative of the bulk modulus B′0 with respect to the
pressure. For the temperature dependence one uses

F̃el(V, T ) =
1

2
TkB

{
3∑

i=1

(αi + V βi)T
i

}

×
∫
dε
[
f(T, ε) ln f(T, ε) + (1− f(T, ε)) ln(1− f(T, ε))

]
,

(2.7)

which is based on the general electronic entropy [68]

F̃el(V, T ) ≈ −1

2
TSel(V, T ) (2.8)

and

Sel(V, T ) = −kB

∫
dε Nel(V, T, ε)[f(T, ε) ln f(T, ε)+(1−f(T, ε)) ln(1−f(T, ε))] (2.9)

The function f is the band occupation described by the Fermi-Dirac dis-
tribution. The electronic density of states Nel is replaced by the energy-
independent average

Nel(V, T ) =
3∑
i=1

(αi + V βi)T
i. (2.10)
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Here, αi and βi are six fi�ing parameters that fully describe the temperature-
dependent part of Fel and the temperature-induced volume dependence. The
linear parametrization in volume combined with the third-order polynomial
parametrization in temperature produces a maximum residual error of well
below 0.1 meV/atom.

2.2.2 Vibrational excitations

As a material heats up, the kinetic energy of its atoms increases. The Born-
von Kármán model assumes the nuclei as the only significant masses in the
system, whereby the electrons determine the forces between these nuclei
as a function of the interatomic distances. The total potential energy of
the solid can then be expanded as a Taylor’s series in powers of the atomic
displacements xiα, where i indicates the atom and α the (cartesian) direction
of displacement:[88]:

Φ = Φ0 +
∑
iα

Φiαxiα +
1

2

∑
iα,jβ

Φiα,jβxiαxjβ + ... (2.11)

with

Φiα =
∂Φ

∂xiα

Φiα,jβ =
∂2Φ

∂xiα∂xjβ

=
∂Fjβ
∂xiα

(2.12)

Within harmonic la�ice dynamics, each displacement of an atom generates
a force F on all atoms that is linearly proportional to the displacement.
This means equation 2.11 is truncated a�er the second order term. Because
the potential energy is determined up to a constant, Φ0 can be set to zero.
Furthermore, if all atoms are in mechanical equilibrium, the first derivatives,
i.e. the forces on these atoms, are zero as well. As such, only the second order
terms enter the equations of motion:

mi
∂2xiα
∂t2

= − ∂Φ

∂xialpha
= −

∑
jβ

Φiα,jβxjβ (2.13)
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For a solid, these form a practically infinite set of linear di�erential equations.
However, these are simplified by the periodicity of the la�ice which implies
Bloch waves as solutions to this equation. For a wave vector k these eigen-
modes are then found by diagionalizing the dynamical matrix with elements

Diα,jβ(k) =
1

√
mimj

∑
l

Φiα,jβl expik · (rjl−ri) . (2.14)

Wherem are the masses and r the positions of the atoms, respectively. Now,
the indices α and β are restricted to the unit cell and the index l is used to
sum over all unit cells in the entire solid. As such, the matrix has dimensions
3R × 3R, where R is the number of atoms in the unit cell. For each wave
vector k there are thus 3R eigenmodes with each a positive eigenvalue ω2

i (k)
of the mode.

In quantum mechanics, these elementary vibrational motions are associ-
ated with quasiparticles called phonons. In a harmonic approximation, the
phonons can be superimposed indefinitely and, as such, they can be regarded
as a collection of single harmonic oscillators. It follows that the temperature-
dependent vibrational free energy of the periodic crystal then becomes:

Fvib(T ) =
1

Nph

Nph∑
i=1

{
1

2
~ωi + kBT ln

[
1− e−~ωi/kBT

]}
, (2.15)

where ~ is Planck’s constant, kB Boltzmann’s constant andωi are the angular
frequencies of the oscillators. The summation is taken over all phonons (Nph).

The atomic force constants Φiα,jβl are obtained using DFT calculations
where the displacement xiα is introduced. Theoretically, the sum in
equation 2.14 is infinite. However, if for each displacement xiα a large
enough supercell is constructed, the force responses Φiα,jβ are su�iciently
a�enuated for the summation to be precise. Typically, this means a
separation of 7 − 12 Å of the periodic images, which corresponds to
supercells of the order of 100 atoms. For the construction of these supercells,
which involves se�ing up all symmetrically inequivalent displacements
in the reference unit cell, the so�ware package Phonopy is used.[89] For
each displacement, a DFT calculation is performed using VASP. A�erwards,
constructing the dynamical matrix and determining its eigenvalues for the
desired values of k is done with phonopy again.

With the DFT-obtained frequencies, it is now possible to determine the free
energy of the crystal using equation 2.15. All that is le�, is to determine
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the limits of the summation. In principle, this sum is a combination of an
integral across all k in the first Brillouin zone and a discrete sum over the
3R eigenvalues for each k. In practice, the eigenvalues are determined for
a large but discrete number of k, densely sampling the first Brillouin zone,
which makes calculating equation 2.15 feasible.

The above derivation of the free energy is limited to a harmonic approxi-
mation of the force response. To try and recover a part of the anharmonic
contributions to the vibrational free energy, it is possible to take the phonon
approach one step further. The la�ice vibrations in this work are included
using the quasiharmonic approximation. To account for thermal expansion,
phonon spectra are computed for volumes relevant to the thermal expansion;
i.e. ranging from 99 % to 106 % of the equilibrium volume. The volume-
dependent frequencies ωi(V ) thus obtained are used to calculate the vibra-
tional free energy:[76]

Fvib(V, T ) =
1

3Ñ

3Ñ∑
i=1

{
1

2
~ωi(V ) + kBT ln

[
1− e−~ωi(V )/kBT

]}
. (2.16)

Here, Ñ is the number of sampled points in reciprocal space multiplied by
the number of atoms in the unit cell. The volume-dependent behavior of
each frequency from the di�erent phonon spectra is fi�ed to a quadratic
function of volume. This use of a second-order polynomial is su�icient to
limit the maximum residual error to 0.01 THz for all frequencies. Even for
the smallest frequencies, this results in an error below 1 % for the vibrational
free energy.

2.2.3 Magnetic excitations

Most of the materials in this work are magnetically ordered. As the electron
temperature increases, this order is broken and the material becomes
paramagnetic, no longer exhibiting a macroscopic magnetization. The
temperature at which this transition occurs is called the Curie temperature
and the free energy increase associated with this excitation yields a
significant contribution to the total free energy.

Directly calculating magnetic free energies with DFT is not yet possible.
Instead, utilizing an atom-centered model for the magnetic moments has
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proven to be a successful approximation for iron and its alloys. More specifi-
cally, the Heisenberg model will be used as magnetic Hamiltonian:[55, 75, 90–
95]

H = −1

2

∑
i 6=j

Jij M i ·Mj (2.17)

The sum in Eq. 2.17 is taken for all atom pairs in the solid, with Mi the local
magnetic moments and Jij the Heisenberg exchange coupling parameters.
The former are easily obtained from DFT calculations, as explained in
Section 2.1.3, but the Jij require a somewhat more involved derivation.
There are multiple ways of obtaining the coupling parameters. In this work,
they are derived from DFT calculations based on a spin-polarized relativistic
version of the Korringa-Kohn-Rostoker Green’s function method,[96, 97] as
implemented in the the SPR-KKR so�ware.[98, 99] This framework allows
direct access to the Jij using the formulation of Liechtenstein et al.,[100]
with only one surplus calculation necessary for each crystal structure.

To determine Fmag(T ) from Eq. 2.17, classical Metropolis Monte Carlo (cMC)
calculations are performed with the ALPS so�ware.[101–103] To do this, the
sum in equation 2.17 is truncated at a threshold for the Jij . This truncation is
determined by evaluating the convergence of the mean-field Curie tempera-
ture as a function of the threshold value. The mean-field Curie temperature is
equal to the largest eigenvalue of the coupling parameters matrix J with[104]

Jα,β =
∑
βi

Jα,βiMα ·Mβi (2.18)

Here, α and β are atoms in the crystallographic unit cell and βi are all
the periodic images of the atom β for which a Jij has been calculated.
Now, a finite form of the Hamiltonian (equation 2.17) is available to
perform the Monte Carlo simulations. Each simulation is performed at a
given temperature, and the heat capacity at that temperature is derived
from the cMC calculations via the fluctuation-dissipation theorem.[105, 106]

The use of cMC, in which the magnetizations in Eq. 2.17 are not quantized,
only approximates the correct quantum mechanical result. However, per-
forming �antum Monte Carlo (QMC)[107] for frustrated systems is gen-
erally infeasible because of the negative sign problem.[108] To approximate
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the correct heat capacity, the cMC results can be transformed according to
the scaling proposed by Körmann et al.:[54]

CV,QMC(t, S)

CV,cMC(t, S)
≈
(

2ts/t

exp(ts/t)− exp(−ts/t)

)
. (2.19)

Here, t is the normalized temperature T/TC,cMC, where the cMC Curie
temperature is determined by the peak in the heat capacity CV,cMC, and

1/ts ≈ 0.54S + 0.54, (2.20)

where S is the localized spin. For a system with more than one atom in its
unit cell, the average S is used. Finally, the rescaled heat capacity can be
numerically integrated to obtain the entropy and free energy. The la�er is
fi�ed to a function of the form

Fmag(T ) = A exp(B/T) + CT 4, (2.21)

where A,B and C are fi�ing parameters. This ensures interpolation errors
smaller than 0.1 meV/atom. Fmag is 0 at 0K because the energy of the
ferromagnetic ordering is contained in the DFT calculations.

2.2.4 Combining all contributions

The methodology described in this section is summarized into the applied
work flow (Figure 2.3) to achieve the total free energy F (V, T, c). Both Fvib

and Felec have an explicit volume dependence, as these are the results of DFT
calculations performed at multiple volumes. For Fmag, a di�erent approach
is utilized. First, the equilibrium volume V0(T ) with F = Fvib + Felec is
calculated:

∂F (V, T )

∂V

∣∣∣∣
V=V0

= 0, (2.22)

The most significant contributions to Fmag are found around the Curie
temperature, where there is a peak in heat capacity. To minimize the
error at these conditions, the Jij are therefore recalculated at the volume
associated with TC, obtained from Eq. 2.22. This is done in an iterative way,
until a self-consistent TC is reached (Fig 2.3). For numerical stability, the
derivative of Fmag with respect to volume is not included in the optimization.
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The methodology described in this section does not take into account ex-
plicit anharmonic contributions or electron-phonon coupling. These are
deemed to be of negligible magnitude, because our temperature range of
interest lies below half of the melting temperature for the materials that
were studied.[109, 110] The magnon-phonon coupling contributions were not
taken into account either. This can potentially lead to larger uncertainties,
especially for Fe4N , which has a Curie temperature of around 750 K. Indeed,
in the paramagnetic state the force response and thus, the vibrational proper-
ties of the material can di�er significantly with respect to the ferromagnetic
state. For ferrite, for example, it was shown that some phonon branches are
so�ened by as much as 10 meV.[111]
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Figure 2.3: Flowchart indicating the di�erent calculations performed to ob-
tain the free energy. Green indicates a DFT calculation, red an
ALPS simulation, blue indicates use of the phonopy so�ware and
purple is for standard post-processing.





3
The binary Fe-N system:

thermodynamics from DFT

3.1 Introduction

As introduced in section 1.3, the cooling of ferrite with nitrogen in solid
solution can introduce secondary phases in the ferrite matrix, which
impact the mechanical properties of the material. This chapter investigates
their thermodynamic properties, focusing on low nitrogen concentrations
(< 1 at.%) and temperatures below the ferrite-austenite temperature
(< 865 K). At these conditions, Fe4N and Fe16N2 are known to precipitate.
Fe4N tends to occur for slower cooling rates, as it forms above 500 K,
whereas at lower temperatures Fe16N2 precipitates (Figure 1.11).[28]

Thermodynamic properties such as the heat capacity and the thermal
expansion are essential to describe the iron-nitrides in large-scale
approaches, such as phase field models,[49] but they require the knowledge
of free energies for each phase. Previous derivations of the free energy for
Fe4N were based on solvus lines in the phase diagram[112] or the cluster
variation method (CVM) combined with the Debye-Grüneisen model.[113]
In contrast to such (semi-)empirical methods, using density-functional
theory (DFT) provides a non-empirical approach for modeling the iron-
nitrides.[50, 51] This avoids the process of extrapolating phase stability
from narrow temperature ranges and provides insight into the relative

37
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stability of Fe with nitrogen in solid solution (Fe[N]), Fe4N and Fe16N2 from
0 K up to 1000 K. On the other hand, the complexity and size of crystal
structures that are feasible to tackle with DFT calculations are limited.
Consequently, this work is restricted to the line compounds Fe4N and
Fe16N2 and does not take into account the disorder associated with possible
o�-stoichiometries.[40, 114]

The driving forces for the precipitation are the di�erences in free energy
between the Fe-N phases. These are obtained using DFT calculations
as described in Chapter 2. The first step in the evaluation of these
thermodynamic DFT-derived data is the accurate calculation of the
binary phase diagram. The presence of Fe16N2 into the thermodynamic
comparison already highlights one of the main motivations for performing
such an analysis with DFT: Fe16N2 is a metastable phase and, in reality,
only occurs as a nanosized precipitate in the ferrite matrix. It is therefore
very challenging to measure properties such as heat capacity, magnetization
or thermal expansion. Because in a DFT calculation a single infinitely
large crystallographic phase can be modeled, its quantities become readily
available through the work flow described in Chapter 2.

3.2 Technical details

All calculations of Fel were performed with the Vienna Ab Initio Simulation
Package (VASP), [68, 69] using VASP 5.4 recommended PAW potentials.[70,
71] For the Fe atoms, the PAW potential with 8 valence electrons was used
([Ar] 3d6 4s2), while for N the potential with 5 valence electrons was used
([He] 2p3 2s2). These potentials were recently shown to provide a similar pre-
cision as all-electron calculations. [63] The Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional was used in most cases,[64] but the local
density approximation (LDA) as parametrized by Perdew and Zunger[115]
was, where useful, evaluated as well. The Brillouin zone integration grid
always contained at least 27 648/Natoms k-points, with Natoms the number
of atoms in the unit cell. Fermi smearing, with the smearing parameter σ
determined by the required temperature (Section 2.2.1), was used for the
electronic self-consistent field cycle with a convergence criterion of 10−9 eV.
A conjugate-gradient algorithm was used for the geometric optimization
with a convergence criterion of 10−8 eV. An energy cuto� of 500 eV was
used for the plane wave basis sets, with the grid for fast Fourier transform
able to capture reciprocal vectors twice as large as the vectors included in the
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basis set. These numerical se�ings ensured a computational precision of at
least 0.5 meV/atom.

The phonon spectra were constructed using the direct force constant method
(Section 2.2.2).[116] Various supercells with atomic displacements of 0.01 Å
were set up using the phonopy so�ware package.[89] The forces in response
to the displacements were calculated with DFT using VASP. Compared to the
calculations of Fel an additional support grid was used for the augmentation
charges. Moreover, instead of Fermi smearing, first-order Methfessel-Paxton
smearing with σ = 0.2 eV was used for electronic convergence.[117] The
simulated supercells were made large enough so that the minimum distance
between periodic images was at least 11 Å. The diagonalization of the
dynamical matrix was performed with the phonopy so�ware again,

SPR-KKR version 6.3 was used with the PBE functional to compute
the Heisenberg coupling parameters (Section 2.2.3). The atomic-sphere
approximation was applied. The number of E-mesh points was 40 for
all calculations with a minimum E-value of -0.2 Ry. The Brillouin zone
integration was performed on a 57× 57× 57 grid for bulk Fe, a 36× 36× 36
grid for Fe4N and 25×25×25 grid for Fe16N2 . The structure constantsRmax

and Gmax were set to 2.9 a.u. and 3.3 a.u.−1 respectively. The electronic
self-consistent field cycle had a convergence criterion of 10−5 Ry.

The ALPS classical Monte Carlo calculations were performed with cluster
updates for temperatures ranging from 2 K to 1000 K or higher, with the
maximum temperature always exceeding TC by at least 10 % to accurately
determine the maximum in the magnetic heat capacity. Periodic boundary
conditions were used with a unit cell size of 1000 atoms for Fe, 2560 for
Fe4N and 2250 for Fe16N2. The nitrogen atoms were never accounted for
in the Heisenberg Hamiltonian, because their magnetic moments, and
hence the coupling parameters with neighbors, were negligible. For initial
thermalization, 30 000 MC steps were needed. The production phases
contained 1 500 000 MC steps for all materials.

3.3 Evaluation of the calculated thermodynamic
properties

Because of their limited temperature range of stability and the inability to
manufacture isolated specimens, there is very li�le thermodynamic data
available for the Fe4N and Fe16N2 compounds, especially for the la�er. Apart
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from free energies and heat capacities (Section 3.3.1), we have therefore
also calculated structural properties, thermal expansion and bulk moduli
(Section 3.3.2), which we have validated with the limited available experi-
mental data where possible. The magnetic contribution to the heat capacity
is evaluated separately in Section 3.3.3. Finally, the free energies of both
phases are compared and the phase equilibrium between them is discussed
in Section 3.3.4.

3.3.1 Free energy and heat capacity

The calculated free energies and heat capacities are shown in Figure 3.1
for all three bulk phases at their equilibrium volume at zero pressure. The
vibrational, electronic and magnetic contributions are plo�ed separately to
indicate their size. The temperature-dependent equilibrium volumes at zero
pressure are obtained by minimizing the free energy for each temperature
in the range of 0− 1000K. This temperature interval was chosen because it
is the most relevant for nitriding ferritic steels. [47]

To assess the accuracy of the DFT-derived free energy of ferrite, it is compared
to the data derived from experimental phase equilibria and thermochemical
properties.[118] These experimental and our DFT free energies are set equal
at room temperature (298K). The accuracy of the DFT prediction is very
good, with a di�erence of less than 0.1 meV/atom up to 750K. This confirms
the correctness of the methodology, which was previously used to obtain
the various contributions to the free energy for Fe and Fe3C.[54, 55] The
excellent accuracy is also the main argument for utilizing the same approach
for Fe4N and Fe16N2. As can be seen in Figure 3.1a, for the free energy
of ferrite a somewhat more significant discrepancy starts to occur beyond
850K, leading to a di�erence in F of 6 meV/atom between theory and
experiment at 1000K. This is because the quasiharmonic approximation
o�en overestimates anharmonic contributions to the free energy, which
typically become important at about half of the melting temperature.[109]
For the phase equilibria with Fe4N and Fe16N2, temperatures above 850K
are not relevant, and the overestimation of the anharmonic contributions
poses no problem.

For ferrite, ample experimental data for the isobaric heat capacity CP

are available over its entire range of stability. Comparing experimental
data[119] with calculated results shows a very good correspondence up to
800K (Figure 3.1d). For higher temperatures, towards the Curie temperature
TC, where the transition between the ferromagnetic and the paramagnetic



The binary Fe-N system: thermodynamics from DFT 41

state occurs, the heat capacity is somewhat underestimated.

For all three phases, the contribution of the electronic entropy to the free
energy is the smallest. For Fe, it amounts to a contribution of 4 meV/atom
at 750K, which is nevertheless much larger than the inaccuracy of
0.1 meV/atom at that temperature. This shows the importance of taking
all three excitations into account for all materials. For Fe4N the magnetic
contribution to the heat capacity and free energy are larger than for bulk
Fe. In contrast, Fe16N2 has a smaller magnetic heat capacity because this
material is predicted to have the highest Curie temperature.
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(a) Free energy of Fe

(b) Free energy of Fe4N

(c) Free energy Fe16N2

(d) Heat capacity of Fe

(e) Heat capacity of Fe4N

(f) Heat capacity of Fe16N2

Figure 3.1: The free energies F [le�, (a)-(c)] and isobaric heat capacities CP

[right, (d)-(f)] of the bulk phases Fe, Fe4N and Fe16N2 from 0 to
1000K. The vibrational contributions within the quasiharmonic
approximation (QHA), the electronic contributions (elec) and the
magnetic contributions (magn) are shown incrementally. For
ferite, the free energy is compared to the one experimentally
derived by Chen et al.[118] and the heat capacity is compared to
the one recommended by Desai.[119] Inset in a: The di�erence
between the total calculated free energy and the experimentally
derived free energy.
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3.3.2 Elastic properties

The (volumetric) thermal expansion coe�icient is defined as

αV =
1

V

(
∂V

∂T

)
P
. (3.1)

It can be calculated from the derived equilibrium volumes using finite
di�erences over su�iciently small temperature intervals (10K), using finite
di�erences. In Figure 3.2 this calculated coe�icient is shown for Fe, Fe4N
and Fe16N2 as a function of temperature.

The DFT expansion coe�icient of bulk Fe compares very well with
experimental data, certainly considering the typical error of 0.7×10−5 K−1
for expansion coe�icients derived with QHA.[121] The slight bump in the
experimental coe�icient that is not accounted for in the DFT result, stems

Figure 3.2: DFT-calculated volumetric thermal expansion coe�icients of Fe
(red), Fe4N (blue) and Fe16N2 (green). For ferrite, the experimen-
tal data from Nix and MacNair enable a comparison for almost
the entire temperature interval.[120]. For Fe4N, there is only an
average expansion coe�icient between 293 and 773K available.
At all temperatures, however, the DFT-derived expansion coe�i-
cient for Fe4N constitutes a severe underestimation.
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from the volume dependence of the magnetic heat capacity,[120] which is
not taken into account in the calculations.

In the case of Fe4N, an average expansion coe�icient was derived
experimentally from XRD measurements on powder samples.[40] It is
seen that the DFT-obtained expansion severely underestimates that
experimental one. Possibly, inaccuracies might be present in the
experimental measurement because it was taken on a powder sample
created from a deposited layer, whereas the calculated expansion is valid
for an infinitely large bulk. Because the di�erence between experiment and
DFT is so large, however, a critical assessment of the calculated result is
needed to identify the various sources of theoretical inaccuracies.

The argument made for bulk Fe, that the volume dependence of the magnetic
heat capacity is not accounted for in the QHA method as employed in this
work, can be made for Fe4N as well. This might be even more pronounced
since it has a lower Curie temperature; TC = 750 K compared to 1044K
for ferrite.[122] However, the error with respect to the experiment is so
large that it cannot be solely explained by such a minor magnetic e�ect,
which is usually secondary to la�ice vibrational e�ects. If the deviation
cannot be a�ributed to the thermodynamic approach, it must be rooted
in the calculated energies and forces. For DFT calculations, the exchange-
correlation functional is the main source of deviations from experiment.
In this case, the main cause of the large deviation of the PBE functional
in predicting the thermal expansion of Fe4N is most likely the material’s
unique magneto-volume behavior. A large increase in magnetization occurs
close to the equilibrium volume, which PBE is unable to describe well.[123],
This volume-dependent magnetic e�ect can be explained by the covalent
nature of the Fe-N bond. As the bond length shortens, the overlap of the
2p orbitals of the N atom with the 4s orbitals of the nearest-neighbor
Fe atoms increases, causing more electron transfer to the N atom.[124]
This in turn reduces the screening e�ect of the 4s shell on the 3d Fe
electrons, causing electron transfer from the 3d orbitals of the second
nearest-neighbor Fe atoms to those of the Fe atoms nearest to the N atom.
Ultimately, compression thus results in a lower magnetic moment on the
nearest-neighbor Fe atoms that bond with the N atom.[125] It moreover
causes the Fe4N to be very rigid in the direction of the Fe-N bond, i.e. the
< 100 > direction.[126]

In an e�ort to verify that the functional is indeed the source of the
discrepancy of the Fe4N thermal expansion coe�icient with respect to
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experiment, the PBE exchange-correlation functional was swapped for the
LDA one. The la�er functional di�ers from PBE in that it positions the
LDA equilibrium volume of Fe4N in the low-magnetization regime rather
than at the crossing between low and high magnetization.[123] As can be
seen in Figure 3.3, the LDA functional does produce a much larger thermal
expansion compared to the PBE functional. As expected, the experimental
value lies between the LDA and PBE predictions, but the di�erence between
them is much larger than for metals without any covalent character.[80]
Although the observed inaccuracy of the Fe4N thermal expansion might also
be due to experimental errors, the large impact of the exchange-correlation
functional on the calculated expansion coe�icient remains a methodological
problem. At this point, it is not clear whether there is another functional
or another (feasible) level of theory that can provide a be�er description of
both the covalent nature of the Fe-N bond, the unique magnetic behavior of
Fe4N and the Fe16N2 and bulk Fe phases.

Note that the large discrepancy between LDA and PBE regarding the
volume-dependent behavior is not reflected in the QHA free energy. The
LDA and PBE free energy only di�er by about 3 meV/atom at 400 K, which
implies that phase stabilities are much more accurately obtained than the
thermal expansion.

The temperature-dependent bulk modulus, or inverse of the compressibility,

B(T ) = V0

(
∂2F

∂V 2

)
T

∣∣∣∣∣
V=V0

(3.2)

can be directly obtained from the above results and the derivatives of
the analytic expressions for the various contributions to the free energy
(Eqs. 2.7-2.16). In Figure 3.4 the bulk modulus is shown for all three phases.
As far as Fe is concerned, the calculated bulk modulus at 0 K is too high
by about 15 GPa compared to experimental data. This is in contrast to the
typical trend for PBE, which usually underestimates bulk moduli by about
5%.[129] On the other hand, it is typical for magnetic materials to buck this
trend, as a generalized-gradient approximation (GGA) such as PBE tends to
overestimate the magnetic energy.[130] The slope of the Fe bulk modulus
is reproduced quite well, with the experimental one being overall slightly
less steep compared to the DFT result. Much fewer data are available on
bulk moduli for Fe4N and Fe16N2, because these phases usually only exist
as precipitates or as a deposited layer. In fact, there are no experimental
data for Fe16N2 whatsoever and the experimentally determined bulk
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Figure 3.3: A comparison between LDA (do�ed lines) and PBE (solid lines)
for the calculation of the bulk moduli B (red) and volumetric
thermal expansion coe�icients αV (blue) of Fe4N. For the bulk
modulus, a large range of experimental values exists (dashed red
bar).[127, 128] For the thermal expansion, the value determined
by Somers et al. is an average for the temperature range 293 to
773K.[40]

moduli that are available for Fe4N have a large spread (Figure 3.4). A
possible reason for these large experimental deviations, is the di�erence in
measurement methodology. It varies from nanoindentation to high-pressure
X-ray di�raction (XRD) measurements, both on powdered samples and on
bulk-like samples.[127, 128, 131] The combination with the di�iculty of
obtaining pure samples makes it very cumbersome to compare di�erent
experimental procedures. The calculated Fe4N bulk modulus falls in the
range of the experimental values. The strong dependence on temperature
moreover confirms the volume-sensitive behavior of Fe4N compared to the
other two materials. Just as was the case for the thermal expansion, this
volume-sensitive behavior causes a large discrepancy between the LDA and
PBE functionals (Figure 3.3).
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Figure 3.4: DFT-calculated (line) and experimental (symbol) bulk moduli B
for Fe, Fe4N and Fe16N2. For Fe, a combination of data from
di�erent authors is made to cover the temperature range from
0 to 1000K.[132–135] For Fe4N, the three experimental data
points are all at room temperature and cover a relatively large
range (red symbols).[127, 128, 131]

3.3.3 Magnetic properties

The magnetic contribution to the free energy is significant, even at
temperatures well below the Curie temperature (Figure 3.1), and thus
requires a high degree of accuracy. It was found that this high accuracy can
be reached through the rescaling procedure of Körmann et al. (Section 2.2.3),
provided the Curie temperature is predicted accurately.[54] For this reason,
e�ective nearest-neighbor magnetic exchange coe�icients Jij are sometimes
fit to the experimental Curie temperature to obtain the magnetic heat
capacity.[55, 136] This work, however, aims to use a methodology also able
to predict the Curie temperature. Therefore, the Jij were determined from
first principles and the Curie temperature was identified as the temperature
at which the resulting heat capacity reaches its peak.[137] The quality of
the predicted Curie temperature is then a measure for the accuracy of the
magnetic free energy.

For Fe and Fe4N, the DFT-derived Curie temperature (Figure 3.5) corresponds
very well with the experimental one. It is evident that the disappearance
of the magnetization in the simulation is a poor measure to determine
the transition to the paramagnetic state. The finite size of the simulation
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cells is responsible for some remanent magnetization above the critical
temperature. This remanent magnetization, however, is an experimental
issue as well.[138] For Fe16N2 the experimental Curie temperature is
much lower than the one derived from the simulations. The experimental
magnetization goes to zero when 800K is reached, but with the exchange
coe�icients and magnetization derived from DFT, a critical temperature
of about 1300K is found. In an extensive evaluation of di�erent methods
to obtain the Curie temperature for Fe16N2, Ke et al. concluded that the
experimental value is most likely significantly too low. [139] Instead, it
is proposed that Fe16N2 has a higher Curie temperature than the one
experimentally derived and also higher than the one found for Fe. For this
reason, unfilled symbols are used to show the experimental results for the
magnetization of Fe16N2 in Figure 3.5.
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(a) Fe

(b) Fe4N



50 Evaluation of the calculated thermodynamic properties

(c) Fe16N2

Figure 3.5: Calculated magnetization (M/M0) and magnetic contribution
Cmagn to the heat capacity for Fe, Fe4N and Fe16N2. Experimen-
tally measured magnetizations and subsequently derived Curie
temperatures are included for all three phases (black).[122, 140,
141] The experimental data for the magnetization of Fe16N2 are
shown in unfilled circles to emphasize their problematic nature
(see text). To compare the experimental magnetizations with
those derived from the classical Monte Carlo (cMC) simulations,
both are normalized to their respective magnetizations at 0K.
For the heat capacity, both the direct result from the cMC sim-
ulations (blue) and the rescaled result (rMC)(red) are presented,
the la�er serving as approximation for the quantum Monte Carlo
result.
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3.3.4 Equilibrium between Fe16N2 and Fe4N

The question of the (meta)stability of Fe16N2 is still a contemporary
topic.[142] The transformation governing the stability is:

Fe16N2 ↔ A Fe4N +B Fe[N]. (3.3)

If one assumes the transformation takes place in a large environment of bulk
Fe with interstitial N present in equilibrium concentration clim (see further),
the coe�icients must fulfill the conditions

4A+B = 16

A+Bclim = 2
(3.4)

The driving force ∆F for the formation of Fe16N2 from Fe4N and Fe[N] is
then

∆F (T ) = FFe16N2(T )−2− 16clim

1− 4clim
FFe4N(T )− 8

1− 4clim
FFe[N](T, clim), (3.5)

The free energy di�erence can be obtained from the calculated free energies
at equilibrium volumes V0 in this work and is presented in Figure 3.6. We
find that Fe16N2 is stable at low temperatures (∆F < 0) and decomposition
becomes energetically favorable above 390K (∆F > 0). This is consistent
with the experimental finding that decomposition starts between 470K and
520K. The experimentally higher decomposition temperature is explained
by the required activation energy for N di�usion.[139, 143] In experiment
too, there is an indication that Fe16N2 becomes thermodynamically unstable
around 400K, i.e. before decomposition occurs. The temperature-dependent
change in c/a-ratio, measured very precisely by Widenmeyer et al.,[143]
shows a sharp rise starting from 400 − 450K (Figure 3.6). Widenmeyer
et al. proposed that this stems from a loss of order of the N atoms on
the interstitial subla�ice of Fe16N2, thus suggesting a transition to a
disordered Fe8N phase. As shown in Figure 3.6, the temperature-dependent
QHA c/a−ratio, derived from the c/a−ratio of the cell optimized at the
temperature-dependent equilibrium volume, is practically invariant with
temperature. This strengthens the argument that the experimentally
observed variation is caused by loss of N ordering, as the N-atoms were
kept ordered on their subla�ice in the calculations. It also sheds a new
light on the experimentally derived Curie temperature for Fe16N2.[144] The
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Figure 3.6: Le� axis (blue): from the DFT calculations, it can be concluded
that Fe16N2 becomes thermodynamically unstable with respect
to dissociation into Fe4N and bulk Fe (solid line) above 390 K.
Right axis (red): a comparison of the experimental c/a ratio of
Fe16N2 (circles)[143] with the one derived via the quasiharmonic
approximation (dashed line). The sharp increase starting at 400-
450K measured in experiment is not observed computationally
(see text for interpretation).

measured drop in magnetization becomes more pronounced from 400K
onward (Figure 3.5), the point where Fe16N2 becomes thermally unstable
according to the DFT result. Consequently, the magnetizations measured
above 400 K, and the derived Curie temperature, should be associated with
the disordered Fe8N structure.

3.4 Constructing the phase diagram

The most important validation of the DFT-obtained free energies is the
comparison with the experimental phase diagram. More precisely, we focus
on the phase stability between the ferrite matrix with nitrogen in solid
solution on the one hand, and Fe4N and Fe16N2 on the other hand. In
other words, we are calculating the limit of solubility of nitrogen in ferrite.
Along with the free energies of Fe4N and Fe16N2 that are already discussed
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in section 3.3.1, the energy of the nitrogen atom as an impurity in iron is
required as well.

3.4.1 An impurity in the solid at 0 K

The energy of interstitial nitrogen is obtained using the supercell method. In
this approach, the crystallographic unit cell of the bulk material is multiplied
and a nitrogen atom is inserted. In the case of the nitrogen interstitial, a
N atom is inserted in the bulk Fe supercell on an octahedral position (see
Figure 1.10). The local distortion caused by the nitrogen atom is captured by
optimizing all atomic positions. Thus, the goal of the supercell method is to
model an isolated impurity, i.e. the dilute concentration limit. It is debatable
whether the volume and shape of the supercell should be optimized as
well. On the one hand, maintaining the bulk geometry helps to isolate
the impurity from its periodic images, as it cuts out long-range elastic
interactions. However, this imposes a stress on the supercell which depends
on the N concentration. On the other hand, if one wishes to remove those
stresses by allowing full optimization of the shape and size of the unit cell, a
larger computational investment might be necessary. Both approaches were
evaluated for di�erent supercell sizes. The energy of solution Usol is obtained
by subtracting the DFT-obtained total energy of the impurity-free supercell
and the isolated N2 molecule from the total energy of the supercell with the
nitrogen impurity. In Figure 3.7 the dependence of Usol on the used supercell
size is shown. It shows that the constant-pressure (stress-free) and constant-
volume approach converge towards a common limit, ultimately yielding the
same energy as supercell size is increased. Using a 250-atom supercell for
either method a precision of the calculation of about 10 meV/impurity can
be achieved for Usol. The 250-atom Usol = 0.133 eV of the constant-volume
approach was used in the remainder of this work, because that approach
converges somewhat more rapidly.

3.4.2 Free energy of the impurity

The contribution of the nitrogen interstitial is not limited to Usol alone.
Describing the phase equilibrium between Fe4N, Fe16N2 and Fe[N] requires
accounting for the entropy of as well. For ferrite with nitrogen in solid solu-
tion, the configurational contribution as a function of the N concentration
c must be taken into account as well. The Fe[N]/Fe4N and Fe[N]/Fe16N2

phase equilibria lie in the nitrogen concentration regions below 1 at.%.[23]
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Figure 3.7: Convergence of the N interstitial energy at 0K as a function of
inverse supercell size. The absolute value of the energy is with
reference to the N2 gaseous state: Fesolid + 1

2N2 → Fe[N],solid.
Inset: The convergence for the larger supercells in more detail.
A residual uncertainty of 10 meV/impurity remains (blue rectan-
gle).

Consequently, Fconf can be calculated from the configurational entropy for a
dilute solution:[145]

Fconf(T, c) = −TkB [c− c ln(c) + c ln(g)] , (3.6)

where kB is the Boltzman constant, c is the nitrogen concentration and
g = 3 the number of interstitial sites per host atom. In Figure 3.8 the
configurational contribution is shown to be largest, but both the vibrational
and the electronic entropy have to be taken into account as well. The
electronic part can be obtained in a similar way as for bulk materials. For the
vibrational contribution, full phonon spectra are calculated for the supercells
containing the impurity and QHA is used. Because the presence of the N
atom in the Fe matrix breaks most of the symmetry, a large number of force
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calculations is then necessary to obtain the phonon spectra. Alternatively,
the less expensive partial Hessian method can be used, which only requires
the frequencies of the N atom in a fixed Fe matrix. The three frequencies
obtained can be used to apply a simplified form of Eq. 2.16. From Figure 3.8
it can be seen the di�erences between feasible supercell sizes are still quite
large. An uncertainty of 0.2 eV/impurity remains for a 54-atom cell, which is
as large as for the partial Hessian method that is also not su�iciently precise.
This large uncertainty is not surprising; it is the same order of magnitude as
for Usol (see Figure 3.7).

We have chosen to use the largest supercells possible for both Usol (250
atoms) and the finite-temperature contributions (128 atoms). Ultimately,
by using a highly converged Usol from a 250-atom cell and the vibrational
and electronic entropies from a 128-atom supercell, one expects a remaining
uncertainty of 10 meV/atom for the vibrational contribution. Combined
with the uncertainty for Usol (10K), this results in a total uncertainty of
14− 20 meV/atom.

3.4.3 Limit of solubility

With the free energies of Fe, Fe4N, Fe16N2 and Fe[N], all information is
available to predict their phase equilibria, resolving the experimental un-
certainties that have hindered insight and further development of the Fe-N
system.

To complete the phase diagram for Fe[N], Fe4N and Fe16N2, the concentration
limit of solubility clim(T ) can be derived from the free energy of the N
interstitial Fimp, the free energy of Fe, the free energy of Fe4N and the free
energy of Fe16N2:

4FFe(T ) + Fimp(T, clim(T )) = FFe4N(T ). (3.7)

16FFe(T ) + 2Fimp(T, clim(T )) = FFe16N2(T ). (3.8)

The final phase diagram, with all three phase equilibria, is presented in
Figure 3.9. The computationally derived solubility limit of N in bulk Fe is
compared to the experimental data assembled by Wriedt et al.[23]. In the
case of the solvus, good correspondence with experimental data is achieved
by using the impurity free energy from the 128-atom supercell. The large
discrepancy with the 54-atom thus shows the importance of using this larger
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Figure 3.8: A comparison of the di�erent methods to obtain the finite-
temperature energetic contributions for N in solid solution in Fe.
The configurational part, shown here for a typical concentration
of 0.1 at.% is always the largest, but both the electronic and
vibrational free energies cannot be neglected. In comparison
with the 128-atom supercell, the simple partial Hessian approach
(see text) yields frequencies that are overestimated, whereas a
54-atom supercell underestimates the frequencies.

supercell. For the phase boundary between Fe16N2 and its dissociation in
Fe4N and bulk Fe, no experimental data are available, but the accuracy is
expected to be very high. As discussed in Section 3.3.1, the free energy
for Fe is very accurate below half of its melting temperature. Because of
the similarity of Fe4N and Fe16N2 and the correct calculation of the Curie
temperatures, the same is expected for these bulk phases.
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Fe16N2

Fe4N

Fe
[N]

Figure 3.9: The DFT-obtained phase diagram of Fe[N], Fe4N and Fe16N2. Ex-
perimental data for the limit of solubility of N in Fe are included
for comparison (circles).[23]

3.5 Conclusion

Despite the industrial importance of nitriding for the post-treatment of
steel, there is still a lack of understanding with respect to the properties of
the governing Fe-N phases. In this chapter, the DFT-obtained free energies
of Fe16N2, Fe4N and Fe with N in solid solution were used to elucidate the
Fe-N phase diagram in the low-nitrogen limit. From the free energy, the heat
capacity, thermal expansion and bulk modulus were derived, which provided
further insight into the thermal behavior of these phases. This is particularly
useful for Fe4N and Fe16N2, for which large homogeneous samples are not
experimentally available and deriving these quantities experimentally is
challenging at best.

The methodology to obtain the full free energy provides accurate results for
ferrite (section 3.3.1), with a di�erence of less than 0.1 meV/atom up to 750 K.
The only significant sources of inaccuracy are the (volume-independent)
anharmonic contributions and the sharp increase of the heat capacity
around the magnetic phase transition. In our temperature range of interest,
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below 865 K, these inaccuracies are very small. The thermal expansion
coe�icient for ferrite is reproduced quite accurately as well, but for Fe4N, a
strong underestimation of the experimental result is found (section 3.3.2). A
comparison of the LDA and PBE exchange-correlation functional revealed
that the unique coupling between magnetism and crystal volume increases
the sensitivity to the functional inadequacies. A be�er description of the
volume dependence of Fe4N therefore requires the development of improved
exchange-correlation functionals that are able to capture both the covalent
and magnetic characteristics correctly. This is in line with the conclusion
from Blancá et al.[123]

For ferrite and Fe4N, the calculated Curie temperature corresponds to
the experimental one, but this was not the case for Fe16N2 (section 3.3.3).
On the contrary, we concluded that the experimentally established Curie
temperature for Fe16N2 cannot be a�ributed to the pure Fe16N2 phase,
but is a�ected by the experimentally observed loss of nitrogen order
between 400 and 450 K. This is also supported by a comparison between
experimental measurements of the c/a-ratio as a function of temperature
and our quasiharmonic DFT results.

Based on DFT-calculated free energies, the phase diagram of Fe[N],Fe4N
and Fe16N2 could be constructed, yielding an accurate representation of
the nitrogen solvus and providing a closer view on the stability of Fe16N2

(section 3.3.4). We find Fe16N2 to be thermodynamically stable at low tem-
peratures and to decompose into Fe4N and Fe around 390 K. Experimental
dissociation happens above 470 K, with the di�erence a�ributed to the re-
quired activation energy for nitrogen mobility. In addition, we note that the
largest error bar originates from the supercell size used to model the free
energy of interstitial nitrogen; this error is about 14 − 20 meV/impurity at
0 K using a 128-atom supercell.

Three main takeaways can be distilled from this chapter:

1. Our results fill in a long-standing gap in the knowledge on the Fe-N
system. The free energies of the Fe4N and Fe16N2 phases were
determined and used to quantify the metastability of Fe16N2.

2. The methodology used to derive the free energies from DFT has been
validated and it can now be applied to ternary Fe-N-X compounds
(Chapter 4).
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3. The predicted free energies, heat capacities, equilibrium volumes and
bulk moduli can now be used in larger-scale approaches, such as phase
field models.[49] These approaches can aid in describing precipitation.





4
Introducing ternary elements in the

Fe16N2/Fe4N equilibrium

4.1 Introduction

For through-thickness nitriding, improving strength and fatigue resistance
of the bulk material are the main goals. The addition of nitrogen into
ferritic steels can induce precipitation hardening through the formation
of nitrogen-containing secondary phases in the ferrite matrix.[25, 35] The
thermodynamic balance between these precipitating phases, Fe4N and
Fe16N2, which was computationally derived in Chapter 3, is crucial for
the formation of precipitates from the iron-nitrogen matrix. Indeed, it has
been shown that both phases are part of a precipitation chain, whereby
the formation of Fe16N2 precedes the formation of Fe4N.[35, 41] As such,
the dissociation energy of Fe16N2 is the driving force in the final step
towards precipitation of Fe4N. Precipitation hardening is, however, very
much dependent on precipitate number and size.[146, 147] In the case of the
binary Fe-N system, where both Fe4N and Fe16N2 precipitate in the ferrite
matrix, only the la�er results in significant precipitation hardening.[38, 146]
The Fe4N particles are generally too large and consequently too sparse to
significantly impede dislocation movement. Consequently, stabilizing the
small Fe16N2 precipitates can further their strengthening e�ects on the
material. We aim to search for possible (meta)stable ternary compounds in

61
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the Fe4N (γ′) and Fe16N2 (α′′) crystal structures1 by substituting Fe for an
alloying element. Thus, the goal is to identify those ternary elements that
can stabilize the α′′ precipitates.

First, in step 1 we will identify which ternary compounds can form in
the α′′ and γ′ crystal structures out of ferrite, interstitial nitrogen and an
additional alloying element in solid solution by calculating the energies of
formation (Ef) at 0 K using DFT. For this, the thermodynamic reference
state for the solutes must be correctly modeled. Both the ternary alloying
elements and the interstitial nitrogen impurity are supposed to be in
dilute solid solution. This is modeled with the supercell method, similar
to the methodology presented in Section 3.4.1 Additionally, in step 2, to
understand whether the ternary elements in solid solution can inhibit
nitrogen di�usion or a�ect the solubility of nitrogen in the matrix, the
pairwise interaction of nitrogen and the ternary element is calculated as
well. This analysis is performed for alloying elements most commonly
used in steel production. A�ractive interactions between the solutes can
lead to trapping or an increase in the solubility; Mn and V, for example,
are known to immobilize nitrogen in such a way.[148] Finally, in step 3,
temperature is taken into account by calculating the free energy for the
ternary compounds showing both α′′ and γ′ formation and that are of
interest from a metallurgical perspective. The methodology presented in
Chapter 2, and successfully applied in Chapter 3, will be used to obtain the
needed contributions to the free energy. From these free energies, the goal
is to identify those ternary compounds that have the potential to swing the
balance in the precipitation of the α′′ structure in favor of the γ′ structure,
which was shown to lie around 400 K (Chapter 3) for the binary Fe–N system.

In the next section (Section 4.2), we present a brief overview of the most
important alloying e�ects known in iron-nitrogen steels. The methodology
that is needed in each step of our research is presented in section
(Section 4.3). First, we discuss the details of in-depth investigation of the
0 K DFT calculations and the free energy calculations. Then, the study
set selection is presented; i.e. which calculations will be performed for
which ternary elements. Subsequently, for each ternary alloying element
the results are presented in Section 4.4. At that point, interesting ternary
compounds are discussed with respect to possible improved precipitation.

1. From here, the symbol α′′ indicates a general Fe16−2yX2yN ternary compound with alloying
element X and the symbol γ′ is used for a general compound Fe4−xXxN
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4.2 The role of ternary elements in nitrided steels:
background

When commercial alloys are used for nitriding, the interaction of the
alloying elements with nitrogen can have a number of di�erent e�ects. The
most important is the formation of stable binary nitrides, which occurs for
most early transition metals.[149] Most notable are Ti, V, Cr and Mo, which
can form both XN and X2N (X=Ti,V,Cr,Mo) precipitates during nitriding.[150]
Because of the volume misfit between the nitrides and the ferrite matrix,
these precipitates can produce a significant increase in hardness and fatigue
resistance, especially if they are small and numerous.[151, 152] However,
a la�ice dilation occurs in the matrix surrounding the precipitate which in
turn stabilizes interstitial nitrogen , resulting in excess nitrogen.[153, 154]
This increased concentration of nitrogen enlarges the driving force for
precipitation of iron-nitrides upon cooling, which can result in large (and
undesired) Fe4N precipitates. Moreover, the misfit at the matrix/precipitate
interface creates a preferential occupation site for nitrogen, resulting in a
second source of excess nitrogen. Manganese can combine with nitrogen
and form Mn6N5, increasing the material’s hardness.[25] However, Mn4N
is a stable compound as well,[155] which is ferrimagnetic and has a high
Curie temperature,[156] making it a potentially interesting electrode
material.[157] The addition of Mn can also result in a complex ferrite-
austenite duplex structures, stemming from the austenite–stabilizing e�ects
of Mn, yielding improved mechanical properties.[155]

Apart from the transition metals, Al and Si, two common substitutional
impurities in ferritic steel, can interact with nitrogen as well. Aluminum
can form incoherent AlN precipitates with a hexagonal crystal structure,
or coherent precipiates with a cubic crystal structure, depending on
the mechanical treatment.[158] As is the case for Ti, V, Cr and Mo,
excess nitrogen is generated by la�ice distortion.[159] For a su�icient
supersaturation of nitrogen in the ferrite matrix, silicon forms nitrides as
well. In contrast to the other nitrides discussed in this section, the silicon
nitrides are amorphous, although they exhibit a fixed stoichiometry of
Si3N4.[155]

There is a limited amount of experimental information on ternary Fe-X-N
nitrides. Most of the research on the formation of ternaries has been
focused on the γ′ and α′′ crystal structures, where a ternary element
substitutes for Fe. In this respect, the inclusion of Ni into the γ′ structure
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has received much a�ention. A multitude of Fe1−xNixN compounds have
been synthesized[160–163] This results in a decrease in magnetization
and Curie temperature.[163] Moreover, the addition of Ni improves the
mechanical ductility of the bri�le Fe4N compound.[162] This has resulted
in further experimental interest and synthesis of Fe3PtN,[160] Fe3OsN,
Fe3RuN and Fe3IrN[164]; electronic structure calculations investigated
Fe3RhN,[165], Fe3CoN,[166], Fe3PdN, Fe3MnN and Fe3SnN.[167] Less
a�ention has been given to possible ternary compounds in the α′′ crystal
structure. It was shown experimentally by Wang et al. that it is possible to
stabilize the α′′ phase in films by adding Ti.[168] From electronic structure
calculations, Benea et al. concluded that Ti preferentially substitutes the Fe
la�ice sites nearest to the N atoms in the α′′ crystal structure.[169] Further
theoretical research has highlighted the potential of Mn or Co addition in
Fe16N2 thin films towards magnetic applications,[139, 170] but very li�le is
mentioned regarding the stability of these phases.

4.3 Methodology: Work flow for the screening of
ternary compounds

4.3.1 Energy of formation for ternary phases

I. The γ′ crystal structure

For the γ′ crystal structure (Figure 4.1), when restricting to the conventional
unit cell, there are 6 di�erent ternary crystals possible when substituting
one or more Fe atoms for a ternary element X (Table 4.1). In step 1, for
each of these 6 phases, as well as for the binary phase X4N, the 0 K energy of
formation is obtained using DFT. In addition, the energy of formation of Fe4N
was already calculated in Chapter 3. From those data, combined with the
nitrogen impurity energies (Section 4.3.2), it is possible to conclude whether
the alloying element X can form a ternary phase with Fe and N within the
γ′ crystal structure that is stable with respect to decomposition into Fe with
nitrogen and the element X in solid solution. Note that this analysis does not
yield a su�icient condition for formation, as a stabilizing energy of formation
at 0 K will still be in competition with the configurational entropy of the
substitional impurity in solid solution.
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Figure 4.1: The Fe4N unit cell. The
indicated Fe sites a and
c are possible locations
for replacement with a
ternary element.

stoichiometry X at site(s) name

Fe4N N/A 0

Fe3XN a I.A
c I.C

Fe2X2N a and c II.AC
2 × c II.CC

FeX3N 3 × c III.A
a and 2 × c III.C

X4N N/A IV

Table 4.1: List of possible stoichiome-
tries and their respective
configurations. Each of the
8 structures is given a name,
which is used throughout
this work.

II. The α′′ crystal structure

The primitive unit cell of Fe16N2 contains 9 atoms. There are thus many more
di�erent stoichiometries and configurations to form ternary compounds in
this crystal structure compared to the γ′ one. Instead of the brute force
approach applied for the γ′ structure, we opted to utilize a shortcut that only
evaluates structures that are likely to be the most stable ones for a given
stoichiometry. The cluster expansion (CE) method presents us with a tool
to make this preselection.[171–173] In this method, a physical property of a
crystal, e.g. its total energyE, is expanded using a basis set of atomic clusters.
The coe�icients are called e�ective cluster interactions (ECIs) ε. For the CE
energy, the expressions is thus

ECE = ε0 +
∑
i

εσi +
∑
i,j

εijσiσj +
∑
i,j,k

εijkσiσjσk + . . . (4.1)

where the σi are the variables indicating the occupation at each site.
For example, in our Fe16−yXyN2 phase, σi = −1 could indicate an Fe
atom at la�ice site i and σi = 1 would indicate an X atom at that site.
The ECIs are derived from fi�ing to DFT-calculated energies for varying
configurations. Today, optimized protocols are available to e�iciently select
the configurations to be included in the fi�ing procedure, minimizing their
number while resulting in an as precise CE model as possible. In Figure 4.2,
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the outline of such a fi�ing procedure is presented.[174] An initial small
set of clusters is gradually expanded until an adequate model is obtained.
This model can predict the energy of structures that have not been put
through DFT calculations. For each stoichiometry, one thus obtains a set
of structures, whereby the most stable structure is called the ground state
structure (Figure 4.3). For each stoichiometry, the ground state structure
and those close to it in energy are calculated with DFT, to obtain a more
accurate energy of formation.

Figure 4.2: Flow chart depicting the fi�ing of a CE model. Clusters are
added in an iterative fashion to the fi�ing process until ade-
quate precision and prediction of the most stable structures is
obtained. (Image taken from Seko et al.)[174]

Whereas a CE model is most o�en generated to perform Monte Carlo
simulations with the aim to derive thermodynamic properties of a
disordered la�ice, our use of the model stops at the identification of the
most stable structures. For this, we use the fi�ing procedures present in the
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Alloy-Theoretic Automated Toolkit (ATAT).[175–177] For each substitutional
impurity that we considered, a CE model was used to expedite the search
for the most stable ternary compound.
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Figure 4.3: DFT and CE-predicted energies (eV per atom) for Pd-containing
compounds in the α′′ structure for increasing substitution of Fe
for Pd.

4.3.2 Impurities in ferrite and their interactions

The thermodynamic reference states for the formation of the ternary com-
pounds are bulk ferrite, nitrogen as impurityin ferrite and a ternary alloying
element as substitutional impurity, also in the ferrite matrix. This represents
a ferritic material without any secondary phase particles and all alloying
elements X in solid solution, from which possible ternary compounds can
form:

Feα + Xsol + Nsol → Fe-X-N (4.2)

Ferrite and the nitrogen impurity were extensively treated in Chapter 3
and those results are used in this chapter. The supercell approach, which
was used in Section 3.4.1 to describe the nitrogen impurity in dilute
concentrations, is once more applied to model the substitutional impurity
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as well.

The choice of supercell size in which to embed the impurity can have a
large impact on the calculated energy of solution. Larger cells increase
the distance and interaction between the periodic images, but come at a
computational cost that rapidly makes calculations unfeasible. Furthermore,
because numerical errors per atom increase for increasing supercell size,
there o�en is a residual uncertainty on the energy of solution that cannot
be resolved. In the case of the nitrogen impurity, this amounted to
10 meV/impurity, one of the largest uncertainties in the computationally
predicted Fe-N phase diagram (Section 3.4.1). In this chapter, the supercells
of 250 atoms were used as the reference state for the solute atoms. To
estimate the size of the supercell model uncertainty for ternary solutes,
however, we calculated all substitutional energies of solution in ferrite cells
of 54 128 and 250 atoms. The evolution of the (absolute) error for increasing
supercell size is shown in Figure 4.4, relative to the largest supercell size of
250 atoms. For most alloying elements, a decrease in the error is observed
for increasing supercell size. An average uncertainty of 17 meV/impurity
remains. The worst-performing elements are mostly the 5d elements. For
these, the average error for the 128-atom supercells is 20 meV/impurity,
whereas for all the other elements, that error is 15 meV/impurity. In that last
category, Ti, Al, Ag and Zr and Nb show the largest errors with an average
of 38 meV/impurity for a 128–atom cell.

The supercell size of 128 atoms is used to calculate the interaction between
nitrogen and a ternary substitutional solute in step 2.2 For most elements
the supercell error at 128 atoms is acceptably small. Throughout the
remainder of this chapter, however, it will be important to take into account
the (typical) size of the supercell errors when interpreting the results.

For the X–N interactions, three possible configurations are considered, i.e.
substitution of the alloying element X at the three Fe positions nearest to
the nitrogen interstitial impurity. The X–N configurations are shown in
Figure 4.5, with the substitutional impurity shown in blue and its connectivity
to the nitrogen atom (green) indicated with a bond.

2. In our calculations, the computational resources required for a cell of 250 atoms are about 10
times larger than for a cell of 128 atoms.
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Figure 4.4: Evolution of the error on the energy of solution with respect
to supercell size. With increasing supercell size (right to le�),
the relative error to the reference (250–atom supercell) generally
decreases. Three alloying elements that showed unusually large
errors are labeled: Ti, Ag and Au.

(a) nearest neighbor (b) second nearest neigh-
bor

(c) third nearest neighbor

Figure 4.5: Three configurations for which the X–N interaction has been
calculated. The nitrogen atom is in its usual interstitial octahe-
dral configuration in all structures.(note the crystal orientation
is di�erent for each configuration)

4.3.3 Free energy at finite temperature of selected ternary
compounds

For those alloying elements that form binary or ternary α′′/γ′ compounds,
the free energy up to 1000 K is calculated for the most stable α′′ and γ′

configurations in step 3. These calculations rely on the same methodology
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as validated for the Fe-N binary system in Chapter 4 (Figure 2.3). Although
the ternary compounds are configurationally more complex and are less
symmetrical than Fe4N or Fe16N2, calculating the necessary contributions
to the total free energy does not necessitate any changes to the approach.

Having obtained the relevant free energies for the ternary structures for a
given alloying element X, the dissociation of the α′′ into the γ′ structure and
ferrite3

Fe16N2 → Fe4N + Fe (4.3)

as discussed in Section 3.3.4, is now generalized and evaluated for

Fe16−xXxN2 + Fe16N2 → Fe4−yXyN + Fe4N + Fe (4.4)

where Fe16−xXxN2 and Fe4−yXyN are the most stable (ternary) compounds
for the α′′ and γ′ structures, respectively. The presence of the binary phases
Fe16N2 and Fe4N, along with bulk Fe, is conditionally dependent on the
stoichiometry and therefore indicated in gray. These phases serve to balance
the stoichiometry of the dissociation. As such, all of the nitrogen and
ternary element X is considered to be in either the α′′ or γ′ phase.

Our aim in this analysis is to focus on how ternary alloying elements can
alter the thermodynamics of the precipitation process of ferrite→ Fe16N2 →
Fe4N. Hence, this analysis does not aim, to cover the full phase stability
spectrum as a function of ternary solute concentration. Indeed, this would
require free energy calculations for the ternary solute - a computationally
very expensive procedure which entails significant numerical uncertainties
(Section 3.4.2)- and all possible binary and ternary phases. Instead, we focus
only on the ground state structures in the α′′ and γ′ crystal structures.

4.3.4 The study set

All transition metals, barring the first and last column, are considered as
substitutional solutes in this chapter, supplemented with Si and Al (red in
Figure 4.6). For this entire study set, the solute impurity and the possible
α′′ and γ′ crystal structures are evaluated with DFT at 0 K for step 1. For

3. In principle, this balance has to account for a small portion of the nitrogen dissolving into
the ferrite as was done in Equation 3.3. However, for equilibrium nitrogen concentrations this
fraction is negligibly small.
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step 2, the calculation of X–N interactions, only the elements most relevant
for metallurgical purposes are considered (dark red in Figure 4.6), i.e. they
are commonly used in steel production. Calculation of the free energies
at finite temperatures (step 3) are only performed for the most relevant
elements that form in both the α′′ and γ′ crystal structures (dark red with
white highlight in Figure 4.6).

Figure 4.6: The possible alloying elements that are evaluated with DFT
calculations. For the elements indicated in light red, only 0 K
isolated impurities and crystal structures were performed. Dark
red indicates X–N interactions were studied as well. For, an
element with a highlighted name, finite temperature free energy
calculations were performed.

4.3.5 Technical details

The specifics of the DFT and Monte Carlo calculations performed for this
chapter are largely similar to those described in Section 3.2.

All DFT calculations for 0 K energies, Fel and Fvib were performed with
the Vienna Ab Initio Simulation Package (VASP), [68, 69] using VASP 5.4
recommended PAW potentials.[70, 71] The Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional was used in all cases.[64] The Brillouin
zone integration grid always contained at least 20 736/Natoms k-points,
with Natoms the number of atoms in the unit cell. For Fel, Fermi smearing,
with the smearing parameter σ determined by the required temperature
(Section 2.2.1), was used for the electronic self-consistent field cycle
with a convergence criterion of 10−9 eV. For geometric optimizations,
first-order Methfessel-Paxton smearing with σ = 0.2 eV was used for
electronic convergence.[117] A conjugate-gradient algorithm was used for
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the geometric optimization itself with a convergence criterion of 10−8 eV. An
energy cuto� of 500 eV was used for the plane wave basis sets, with the grid
for fast Fourier transform able to capture reciprocal vectors twice as large
as the vectors included in the basis set. For the energies of solution using
the supercell approach, where numerical errors need stringent control, and
for the final energies of the crystal structures at 0 K, 63 488/Natoms k-points
were used with an energy cuto� of 650 eV and tetrahedron smearing with
Blöchl corrections.[178]

The phonon spectra were constructed using the direct force constant method
(Section 2.2.2).[116] The supercells with atomic displacements of 0.01 Å were
set up using the phonopy so�ware package.[89] The forces in response to the
displacements were calculated with DFT using VASP. For these force calcu-
lations an additional support grid was used for the augmentation charges.
First-order Methfessel-Paxton smearing with σ = 0.2 eV was used for
electronic convergence.[117] In most cases, the simulated supercells were
made large enough so that the minimum distance between periodic images
was at least 11 Å. For FeMn7N and Fe2Ni6N, this was not feasible and this
distance was 7.2 Å along one direction. The diagonalization of the dynamical
matrix was performed with the phonopy so�ware again.

SPR-KKR version 6.3 was used with the PBE functional to compute
the Heisenberg coupling parameters (Section 2.2.3). The atomic-sphere
approximation and Lloyd’s corrections were applied. The number of E-mesh
points was 40 for all calculations. The Brillouin zone integration was
performed with at least 135 000/Natoms k–points for the γ′ structures and
35 280 for the α′′ structures. The structure constants Rmax and Gmax were
set to 2.9 a.u. and 3.3 a.u.−1 respectively. The electronic self-consistent
field cycle had a convergence criterion of 10−5 Ry.

The ALPS classical Monte Carlo calculations were performed with cluster
updates for temperatures ranging from 2 K to 1000 K or higher, with the
maximum temperature always exceeding TC by at least 10 % to accurately
determine the maximum in the magnetic heat capacity. Periodic boundary
conditions were used with a unit cell size of 2560 for Fe4N and 3888 for
Fe16N2. For initial thermalization, 30 000 MC steps were needed. The
production phases contained 1 500 000 MC steps for all materials.
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4.4 Results

4.4.1 γ′ and α′′ ternary compounds at 0K.

The possible formation of α′′ and γ′ ternary phases is assumed to start from
the elements in solid solution. The energy of formation Ef for those phases
is thus deduced from the transformation:

(4− x)Feα + xXsol + Nsol → Fe4−xXxN (4.5)

for the γ′ structure, and

(16− y)Feα + yXsol + 2Nsol → Fe16−yXyN2 (4.6)

for the α′′ structure.

The results for all elements that can lead to γ′ formation are summarized
in Figure 4.7, where Ef = 0 means the ternary compound has the same
energy of formation as Fe4N. Therefore, a driving force for formation is
present if Ef < 0. In the case of W, Re, Ru, Os, Co, Ir and Si there are no
crystal structures that will form based onEf. As such, these are not included
in Figure 4.7. The full numerical data set can be found in table form in
appendix a.

The DFT-obtained energies of formation for the most stable α′′ structures
at each stoichiometry (following the selection based on the CE model) are
shown in Figure 4.8. Ef = 0 means the ternary compound has the same
energy of formation as Fe16N2. The alloying elements for which no negative
Ef is obtained for any structure are not included in Figure 4.8. These were
the same as for the γ′ structure, with the addition of V, Cr, Rh and Pt. Ru,
which did not form any γ′ structure, does form α′′ structures.

Those ternary compounds that are experimentally observed to form
are confirmed to be stable by our results. Mn4N is an observed stable
phase,[156, 160] and precipitates in an Fe-Mn alloy.[179] We also find,
however, that Mn takes part in the possible formation of α′′ phases as
well, with Fe2Mn14N2 the most stable one. Experimentally, a multitude of
Fe4−xNixN compounds have been synthesized,[160–163] which is consistent
with our results, where all possible stoichiometries in the γ′ structure are
stable. Wiener et al. found that Fe3PtN can be synthesized as well, but
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Figure 4.7: Color chart for the energy of formation Ef for the ternary com-
pounds in the γ′ crystal structure. The ternary alloying element
is shown on the x-axis and the crystal structure on the y-axis
(cf. Table 4.1). Blue indicates a negative Ef, meaning there is a
driving force for forming the compound, whereas red indicates
that that structure will not form. Ef = 0 means the ternary
compound is as stable as Fe4N.

Fe3CoN can not.[160] We draw a similar conclusion from our 0 K results.

The first main conclusion from these results is that W, Re, Os, Co, Ir and Si
are completely non-bonding elements: Ef > 0 for all structures considered.
As such, these will not influence the precipitation of either the α′′ or the γ′

structure by forming ternary compounds. Similarly, the addition of V and Cr
results in very li�le driving force towards ternary compounds: there are no
stable α′′ structures and the γ′ compounds that can form have only a small
negative Ef. In light of the fact that both Cr and V form strongly bound
cubic CrN and VN precipitates, the formation of the ternary compounds will
not occur.[25, 180]

For those elements that do form ternary compounds, multiple stable struc-
tures with di�ering stoichiometries exist in most cases. This indicates that
the formation of ternaries is primarily determined by the element. Exceptions
to this rule are Cr, V, Pt and Rh, which only form in the Fe3XN stochiometry
for γ′ structures and form no α′′ structures. Ternary compounds with Al are
limited in substitutional concentration is well, with only Fe3AlN, Fe14Al2N2

and Fe12Al4N2 forming.
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Figure 4.8: Color chart for the energy of formation Ef for the ternary com-
pounds in the α′′ crystal structure. The ternary alloying element
is shown on the x-axis and the fraction of Fe sites occupied by the
ternary element on the y-axis. Blue indicates a negative energy
of formation, meaning there is a driving force for forming the
compound, whereas red indicates the structure will not form.
Ef = 0 means the ternary compound is as stable as Fe16N2.

When comparing di�erent structures (see Figure 4.1) for a given element, it
is observed that the I.A structure, whereby the ternary element substitutes
Fe at the corner position (1a) in the γ′ unit cell, is more stable than the I.C
structure. However, our results indicate 5 exceptions: Ti, V, Nb, Cr and Mn.
These atoms all have a larger atomic radius than Fe, which challenges the
proposition that the favoured substitution at the 1a site is a consequence
of the larger atomic radius of a substitutional atom.[165] So although the
1a site is larger in radius size (1.42 Å) compared to the 1c site (1.28 Å), the
interaction with the nitrogen atom is an important consideration as well.

If a certain element forms stable ternary compounds, the other elements in
the same group usually follow suit. Group 4 and 5 all form strongly bound
ternaries in both the α′′ and the γ′ structure, except for V, which only forms
Fe3VN. In groups 8 and 9, few ternary compounds are formed, with only Ru
resulting in Ru16N2 and Rh forming Fe3RhN. All elements in groups 10 and
11 form multiple stable nitrides in both the α′′ and the γ′ structure, with the
exception of Pt, which only results in γ′ formation. In groups 6 and 7, a more
varied behavior is observed. The 5d elements W and Re form no nitrides,
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but the others do.

4.4.2 Solute interactions in the ferrite matrix

Additionally to the formation of crystallographic ternary phases, we wish to
evaluate whether the solute atoms, i.e. nitrogen and a ternary substitutional
solute X, interact in the ferrite matrix. Using the supercell approach, we
calculated the energies of formation for the three configurations shown
in Figure 4.5. The alloying elements for which an a�ractive interaction is
obtained, are listed in Table 4.2, along with the magnitude of the formation
energy of the solute pair and the configuration(s) for which the stabilization
takes place (a, b or c, cf. Figure 4.5). Most of the a�ractive interactions
occur for configurations a and b. Only in the case of Ti a large stabilizing
e�ect is observed in configuration c and, even in that case, configuration b is
much more stable. The most significant chemical interactions between the
ternary substitutional solutes and nitrogen are thus accounted for within
these calculations.

Eight of the twelve evaluated ternary elements show some bonding with the
nitrogen interstitial in the ferrite matrix. However, most of these interactions
are negligible in size, when taking into account the typical numerical errors
using the supercell approach. These are on the order of 10 meV/atom, cf.
Section 4.3.2. Additionally, one has to account for the loss of entropy when an
X–N solute pair is formed out of two separate impurities. The configurational

Ternary element Ef (meV) Configuration
Pd -30 c
Mn -271 a
Cr -35 a
V -32 b
Ti -312, -103 b,c
Al -71 c
Cu -71 c
Nb -148, -26 b,c

Table 4.2: Stabilizing solute interactions between nitrogen and a ternary
solute in the ferrite matrix (in meV per solute pair). Le�ers a, b
and c in the final column indicate the configuration of the solutes
as shown in Figure 4.5
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free energy for nitrogen in concentration c in ferrite without any preferential
sites is

Fconf(c) = −kBT (1− ln(c) + ln(g)), (4.7)

where kB is Boltzman’s constant and g the number of interstitial sites per
Fe bulk atom. When nitrogen is pinned to the substitutional solute atom,
however, the configurational entropy changes. The number of configurations
for n interstitial nitrogen atoms with respect toN substitutional atoms in the
dilute limit is

W =
(g′N)!

(g′N − n)! (n)!
, (4.8)

where g′ is the symmetrical multiplicity of the nitrogen impurity site around
the substitutional impurity. For the three X–N configurations we consider,
g′ = 6,12 and 24 for configurations a, b and c, respectively. Using Stirling’s
formula, and introducing the X/N ratio c′ = n/N , the configurational free
energy per nitrogen atom is

F ′conf(c
′) = −kBT ln(W ) = −kBT

(
g′

c′
ln

(
g′

g′ − c′
)

+ ln

(
g′ − c′
c′

))
.

(4.9)

To grasp the possible loss in configurational free energy when a solute pair
is formed, the di�erence in Fconf for a nitrogen atom in the ferrite matrix
with one pinned to a solute atom is shown in Figure 4.9. For Fconf(c) a
typical concentration of c = 0.1 at.% is assumed. From this, it is clear that
in most situations, an X–N bonding of more than 100 meV is required to
stabilize it at relevant temperatures. This means only Mn, Ti and Nb have
a strong potential for nitrogen trapping in the configurations presently
evaluated, with Al and Cu possible acting as slight trapping sites if the ratio
of substitional impurities to the nitrogen atoms is su�iciently high (low c′).

That Ti shows a strong a�inity for N is already well–known through its
formation of Ti-N platelets,[153], the interaction of N with Ti plates,[181] and
previous DFT analysis of the interaction between the atoms in solution.[182].
It also helps explain why in our search for ternary compounds (Section 4.4.1),
Ti formed strongly bound ternary phases in both the γ′ and α′′ structures.

The same observation can be made for Mn and Nb. Mn has been reported to
act as a trapping site for nitrogen, with Kamminga et al. reporting a trapping
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Figure 4.9: The di�erence in configurational entropy between an impurity in
the ferrite matrix and one specifically pinned to a substitutional
impurity. A range of X/N concentration ratios c′ is shown for the
three di�erent configurations of the solute clustering.

depth of -0.30 eV, which is close to our energy of formation of -0.271 eV.[148]
In the same study, however, V was also identified as a trapping agent with
a depth of -0.55 eV, which is not confirmed by the present calculations. This
points towards a more complex cluster formation of V, Fe and N.

For most alloying elements besides Ti, Nb and Mn, there is a repulsive
interaction between the substitutional solute and nitrogen. Even for
those elements in Table 4.2 that have a small a�ractive interaction in one
configuration, the other configurations yield a large positive energy of
formation. Consequently, these alloying elements can reduce the solubility
of nitrogen in the material, certainly when their concentration is higher.
For V and Cr, the results are more mixed, as some configurations are stable
(Table 4.2) but others equally unstable. An overview of all calculated X–N
interactions is given in Appendix a.
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4.4.3 Influence of ternary alloying elements on the thermody-
namic balance between α′′ and γ′

The 0 K DFT results from the previous section warrant further investigation
for some elements. Ni, Nb, Cu, Mo, Al, Mn and Ti all lead to formation of
both α′′ and γ′ structures and are regularly used in common steel grades.
For those elements, we aim to calculate the free energy to evaluate which
phase is most stable at what temperatures. This is done using Equation 4.4,
where both nitrogen and the ternary element are considered in either the γ′

or α′′ phase.

Ni

Ni forms stable phases for a range of stoichiometries in the γ′ structure.
The energies of formation for Fe3NiN (both I.A and I.C), Fe2Ni2N (II.AC)
and FeNi3N (III.C) are all less than 0.1 eV apart. To evaluate how this close
balance evolves with increasing temperatures, we calculated the free energy
of all four phases, shown in Figure 4.10. Fe3NiN in the I.A structure and
Fe2Ni2N remain the most stable ones, with Fe3NiN-I.C becoming relatively
less stable. The la�er is in line with the experimental finding that Ni occupies
the corner position in the γ′ structure.[160]

Based on our calculations of the α′′/γ′ equilibrium, Fe4Ni12N possesses
stable ranges with respect to decomposition into γ′-FeNi3N, but not with
respect to Fe3NiN or Fe2Ni2N. Thus, adding Ni will result in a driving
force for γ′ precipitation at all temperatures. Although for strengthening
purposes, growth of the γ′ phase is generally undesired, Ni does have the
ability to improve the mechanical ductility of the normally bri�le Fe4N
phase.[162]

Nb

Fe8Nb8N2 and FeNb3N are the two most stable α′′ and γ′ phases, respec-
tively. In Figure 4.11, the driving force for decomposition (eV per nitrogen
atom) of the α′′ phase

3

8
Fe8Nb8N2 +

1

8
Fe16N2 → FeNb3N + 4Fe (4.10)

is shown, where negative values indicate a driving force for decomposition.
Above 300 K, the α′′ structure becomes the stable one, increasingly so for
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Figure 4.10: Free energies of the 4 di�erent Fe4−xNixN compounds. The to-
tal free energy of Fe2Ni2N at 0 K, as the most stable compound
at 0 K, is used as the zero reference. The di�erence between the
four compounds at 0 K stems from the di�erence in formation
energy from the solid solution as described in Section 4.4.1

higher temperatures. This points to the strong α′′–stabilizing e�ects of Nb,
which can result in the suppression of the γ′ phase. It is a notable fact
that the stabilization occurs for higher temperatures, which is the reverse
behavior compared with the binary Fe-N case.

Cu

In the case of Cu, the most stable α′′ phase is the binary Cu16N2 compound.
On the γ′ side, Cu4N and FeCu3N are the most stable compounds. Regardless
of the decomposition path considered for Cu16N2, it is more stable than
the γ′ structures at all temperatures. This means Cu-N precipitates can
form in an Fe16N2-like configuration, although the tetragonal la�ice has
a contracted c/a ratio (i.e. < 1), whereas Fe16N2 has an expanded one. The
formation of Cu16N2 might thus not necessarily have the same beneficial
precipitation strengthening e�ects.
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Figure 4.11: Driving forces for the decomposition of the α′′ Fe8Nb8N2,
Fe12Al4N2 and Fe4Mo12N2 phases into FeNb3N, Fe3AlN and
Mo4N, respectively. For negative values, there is a driving force
for decomposition towards γ′ structures. To compare with the
binary case, the decomposition energy for Fe16N2 into Fe4N is
shown as well.

Mo and Al

The stable compounds for Mo and Al are Fe4Mo12N2, Fe12Al4N2 for the α′′

structure and Mo4N, Fe3AlN for the γ′ structure. For both alloying elements,
the α′′ phase becomes stable around 580 − 600 K (Figure 4.11), once more
reversing the thermal stabilization compared to the binary Fe-N case. Above
that temperature, γ′ precipitation is thus suppressed. However, it is unlikely
that either of the α′′ compounds will form, in light of Mo-N and Al-N binary
nitrides that are known to be stable.

Ti

In the α′′ structure, Fe8Ti8N2 is clearly the most stable phase, whereas in the
γ′ structure, Fe2Ti2N and FeTi3N are close in Ef. At 0 K, the α′′ structure is
more stable by 12 meV/atom. Unfortunately, no finite temperature analysis
is possible, because all γ′ Fe-Ti-N compounds were mechanically unstable
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according to the calculated phonon spectra.4 It is possible that the α′′

structure remains stable at higher temperatures, as it has been shown that
addition of Ti might stabilize it up to 700 K.[168] However, this is only for
lower concentrations of Ti (< 5%) and it is not clear whether any ternary
crystallographic phase could be stabilized at all in light of the dominant
formation of Ti-N.

Mn

In the γ′ structure, Mn does not form a ternary compound but the known
stable Mn4N. In the α′′ structure, on the other hand, Fe2Mn14N2 is the most
stable phase. However, this phase is unstable with respect to decomposition
in Fe and Mn4N at all temperatures. This makes Mn4N the dominating
phase upon Mn alloying. Its experimentally measured Curie temperature of
720 K[156]-738 K[160] is confirmed by a DFT-obtained Curie temperature of
700 K.

4.5 Conclusions

The aim in this chapter was to chart how ternary elements, starting as
substitutional impurities in ferrite, can influence the thermodynamics of the
Fe16N2 and Fe4N precipitation. This was done by substituting the Fe atoms
in the α′′ structure of Fe16N2 and in the γ′ structure of Fe4N by a ternary
alloying element.

First, DFT calculations were used to evaluate which ternary phases have the
potential to form in the γ′ or α′′ structure (Figure 4.12). For the majority of
the elements, ternary phases in the γ′ structure can form. Fewer elements
resulted in formation of a ternary α′′ phase. Most notably, Cr and V, which
did form a γ′ ternary compound, did not do so in the α′′ crystal structure.
Three main groups can be identified:

1. V, Cr, Pt, Rh (weakly) form ternary compounds in the γ′ structure,
but none in the α′′ crystal structure. These elements will have very
li�le e�ect on the formation of either. Certainly no stable ternary α′′

compound can form.

4. This is suspected to be a numerical problem, for which no solution has been found.
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2. W, Re, Ru, Os, Co, Ir and Si do not form any ternary phases at all in
either crystal structure.

3. Ti, Zr, Hf, Nb, Ta, Mo, Mn, Tc, Ni, Pd, Cu, Ag, Au and Al all form both
stable γ′ and α′′ phases. Because of their metallurgical relevance,
Ti, Nb, Mo, Mn, Ni, Cu and Al warrant further investigation at finite
temperature.

No ternary formation

Formation in γ’ only

Formation in α’’ only

Formation in γ’  and α’’

Figure 4.12: Summary of the 0 K results, identifying each element as neutral
(light red), forming γ′ compounds (red), α′′ compounds (green)
or both (blue).

Additionally, we sought to identify those ternary elements that could
possibly interact with nitrogen in solid solution and thus a�ect the solubility
or inhibit interstitial nitrogen di�usion by trapping. The solute interactions
for three di�erent configurations of the substitutional–interstitial complex
were calculated with DFT using the supercell approach. It was found that
very few ternary alloying elements show a strong bonding interaction with
nitrogen in solid solution. Only Ti, Nb and Mn form a strong solute complex
with the interstitial. Consequently, these three elements will inhibit the
di�usion of nitrogen in ferrite. However, the binding interaction also means
these elements can increase the solubility of nitrogen in ferrite, provided
there is no formation of secondary phases. All other elements decrease
the solubility of nitrogen, apart from V and Cr, which have a mixed character.

Finally, we calculated the free energy of the most stable γ′ and α′′ phases
for Ti, Nb, Mo, Mn, Ni, Cu and Al, which enables us to classify them further.
Mn and Ni drive the balance toward γ′ structures. As such, their presence
drives the precipitation of Mn4N, Fe3NiN and Fe2Ni2N. Cu stabilizes the
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α′′ structure at all temperatures. However, Cu forms a binary Cu16N2

structure of which the mechanical impact on the ferrite matrix is unknown.
For Mo and Al, the α′′ is stable above 600 K, but both these elements are
known to form other, stable nitrides at temperatures of 580 ◦C and 500 ◦C,
respectively. This makes it unlikely the α′′ structures could be metastable.

Nb does show promise as a candidate for stabilizing the α′′ structure, as
Fe8Nb8N2 is stable from 400 K upwards. This is especially the case since it
also shows a binding interaction with nitrogen in solid solution, potentially
increasing the solubility of nitrogen in the ferrite matrix.



5
Conclusions and perspectives

5.1 Conclusions

This PhD dissertation reported on a broad computational study of iron-
nitrogen phases with the aim to improve understanding and advance the
development of nitrided steels at low nitrogen concentrations. Nitriding
of steels is a treatment performed on the solid material, generally at
temperatures between 490 ◦C and 580 ◦C. It can result in the formation of a
hardened surface, which consists of iron-nitrogen phases. Underneath the
surface layer, di�used nitrogen is present as a solute in the ferrite matrix. For
pure Fe, upon cooling, secondary iron-nitrogen particles can precipitate if
the nitrogen concentration is su�iciently high and the cooling not too rapid.
In this di�usion layer, both nitrogen in solid solution and the precipitates
can improve the strength and fatigue resistance.

Given the appropriate nitriding conditions, i.e. the nitriding potential and
temperature, the formation of a compound surface layer can be avoided.
As such, nitrogen can be dissolved throughout the ferrite matrix and
through–thickness nitriding is achieved. Developing bulk nitrided steels
requires insight into the Fe-N phase diagram, however, on which current
knowledge is very limited. This is because for Fe4N and especially for Fe16N2,
homogeneous samples are di�icult to manufacture experimentally. As a
result, their properties are hard to measure experimentally. Yet, these are
precisely the phases that can form in through–thickness nitrided material,
with Fe16N2 resulting in precipitation strengthening. A be�er grasp on the

85
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thermodynamic behavior of these phases is thus crucial to be�er understand
their formation and formulate heat treatment protocols. The aim was to
use computer simulations to determine the phase equilibria in the Fe–N
system for a wide range of temperatures. When the goal is to perform
nitriding on more complex alloys, the e�ect of ternary alloying elements
must be taken into account as well. Meeting this problem by performing
an experimental investigation for each possible ternary element is costly
and time-consuming. As such, the goal was to use computer simulations
to predict which nitrogen–containing phases can form for di�erent alloy
compositions and under which temperature conditions.

To predict phase formation, the thermodynamic stability of that phase
must be addressed first. This requires calculating its free energy for the
relevant temperature range. Density-functional theory (DFT) calculations
were used to obtain both the free energy at 0 K and all relevant contributions
to the finite-temperature free energy. This theory strikes the balance
between a quantum mechanical treatment of the materials at an atomic
level and the need for calculating system sizes of 100–200 atoms per unit cell.

In the first step (Chapter 3), the free energy for ferrite, Fe4N, Fe16N2 and
nitrogen as an impurity in the dilute limit was calculated. This enabled
to establish the binary phase diagram for low nitrogen concentrations for
temperatures from 0 K to 865 K. The diagram was validated by comparing
the calculated limit of solubility of nitrogen in ferrite with the experimental
one available from literature (Figure 5.1). These calculations moreover
revealed new information concerning Fe16N2. First, this phase is known to
be metastable at temperatures below 470 K. The current results, however,
indicate that it also becomes stable with respect to decomposition into Fe4N
and ferrite below 400 K. Second, the experimental Curie temperature of
Fe16N2 (around 800 K) was found to be an underestimation, resulting from
its instability above 400 K. The calculated Curie temperature, in contrast,
is 1300 K. The thermodynamic data that were calculated for the binary
Fe–N phases can serve purposes beyond the phase stability. They can serve
as input for higher-order calculations, e.g. phase field simulations, as the
di�erences in free energies give the driving force for precipitation of either
Fe4N or Fe16N2.

When processing the DFT results for the Fe-N phases, two methodological
shortcoming were identified as the largest contributors to prediction
uncertainty. The ferromagnetic nature of these compounds can result in
non-negligible errors when calculating finite-temperature properties. This
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Fe16N2

Fe4N

Fe
[N]

Figure 5.1: (Color online) The DFT-obtained phase diagram of Fe[N], Fe4N
and Fe16N2. Experimental data for the limit of solubility of N in
Fe are included for comparison (circles).[23]

was most apparent for Fe4N, which is known to show a steep volume-
dependent increase in magnetization around the equilibrium volume.
Because this increase is very sensitive to the approximations used in DFT,
volume-dependent properties present a problem. Most noteworthy, the
thermal expansion coe�icient was underestimated with PBE-GGA and
overestimated with LDA, although this had li�le impact on the free energy
of Fe4N. Another methodological problem concerns the free energy of the
nitrogen impurity in ferrite. The supercell method that was used implies
significant numerical errors of up to 20 meV. Because these error bars
correspond with an uncertainty of 100–200 K on the transition temperatures,
they can significantly limit the predictive power of the DFT calculations.

Because the balance between Fe4N and Fe16N2 is crucial for the mechanical
properties of the ferrite matrix, with the la�er resulting in precipitation
strengthening, the further aim was to investigate how the addition of
ternary alloying compounds can influence this balance. This work on
possible ternary compounds involved three parts. First, an evaluation was
made as to which possible compounds can form in the crystal structure
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of Fe4N (γ′) and the crystal structure of Fe16N2 (α′′) at 0 K. The possible
phases in the α′′ and γ′ structure were found using the energy of formation
when adding either a transition metal element (except for the first and
last columns), Al or Si. From these results, it was possible to identify
those alloying elements that have the ability to stabilize either crystal
structure (Figure 5.2). In addition, supercell calculations were performed to
evaluate whether the ternary element can possibly influence the di�usion or
solubility of nitrogen in ferrite by interacting with the interstitial impurity
in solid solution. It was found that Ti, Mn and Nb interact with nitrogen to
potentially form an impurity cluster, which inhibits di�usion but increases
the solubility.

No ternary formation

Formation in γ’ only

Formation in α’’ only

Formation in γ’  and α’’

Figure 5.2: Summary of the 0 K results, identifying each element as neutral
(light red), forming γ′ compounds (red), α′′ compounds (green)
or both (blue).

In the final part of the research on ternary compounds, the goal was to
evaluate the balance between the α′′ and γ′ phases of those ternary alloying
elements that stabilized both and that are commonly used in steel alloys;
this was the case for Nb, Mo, Mn, Ni, Cu and Al. For these elements, the
free energy at finite temperatures was calculated in order to evaluate the
temperature-dependent relative phase stability. It was found that for Ni
and Mn the γ′ structures were most stable at all temperatures. For Cu, the
opposite was found and the α′′ phase turned out to be the most stable at
all temperatures. For Nb, Mo and Al, a transition was found to occur. At
low temperatures (below 350 K for Nb and below 600 K for Mo and Al) the
γ′ phase was more stable, but at higher temperatures the α′′ phase was
stabilized. This is the inverse thermal behavior compared to the binary case,
where Fe16N2 is stabilized below 400 K. Especially for Nb, this result points
towards a potentially interesting stabilization of the α′′ structure. As such, it
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is a candidate to improve the precipitation strengthening e�ects in nitrided
steels.

5.2 Perspectives

In this work, a DFT-based methodology has been applied and validated to
calculate the free energy of binary and ternary iron-nitrogen phases. The
calculated data can be used to model the Fe-N phases out of equilibrium with
accurate input data. For example, simulating the (rate of) growth of Fe16N2

and Fe4N phases in a ferrite matrix using phase field modeling can now
benefit from accurate free energies for any desired nitrogen concentration
or annealing temperature.

Using DFT to calculate the thermodynamic stability and properties also
revealed two main methodological challenges. First, the large uncertainty
in the prediction of the thermal expansion coe�icient of Fe4N showed how
magnetism, and especially its volume dependence, still presents a tall hurdle
for DFT calculations. There is at the moment no clear argument for any
exchange-correlation to be recognized as the superior one for magnetic
properties. This element of arbitrariness hampers the credibility of DFT
predictions. To address this issue, a continued development of functionals
that aim to improve the description of magnetic properties in a consistent
fashion is required.

The second main issue encountered was the large numerical uncertainty
when treating impurities in a crystal. These calculations are crucial to derive
solubilities, but the numerical impact of using the supercell method results
in error bars that o�en are too large when phase equilibria are concerned
(100–200◦C). A large–scale analysis of these errors is crucial for the further
use of the supercell method in all DFT research and would aid in tackling
them as well. In a similar way, the calculation of phonon spectra – or, more
generally, forces – could benefit greatly from an error analysis. Although the
numerical errors for calculating vibrational free energies are much smaller
than for impurity energies, computational di�iculties are o�en encountered
when obtaining phonon spectra. Because these can o�en result in incorrect
mechanical instabilities, it is paramount that more is learned about how
numerical issues on forces propagate towards phonon spectra and free
energies.
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Although a good description of the thermodynamics of the binary Fe-N
phases was achieved in this work, further research, both computational and
experimental, can still advance the insight into the materials properties.
Computationally, it would be interesting to calculate the magnitude of
the anharmonic contributions to the vibrational free energy. Also, the
impact of phonon-magnon interactions on the free energy should be
investigated. Experimentally, a renewed e�ort for measuring the expansion
coe�icients and bulk moduli of both Fe4N and Fe16N2 could provide
useful information. Because experimental data is so sparse, any additional
information can provide validation of the computational result, or unveil
theoretical shortcomings.

The results for the ternary compounds can serve as a first guideline of
what e�ect an alloying element can have on the precipitation behavior for
experimental research. The presence of Nb, for example, shows promise
if one wishes to increase the solubility and α′′ stability. An especially
interesting study would be evaluating whether the addition of Nb, Mo or
Al can result in the formation of ternary α′′ precipitates and thus increase
precipitation strengthening e�ects. Also, for those alloying elements known
to stabilize (ternary) compounds in the γ′ structure, assessing whether
these phases can perhaps improve the mechanical properties of the material
(in contrast to the binary Fe4N) is an interesting avenue of experimental
research.

The approach taken in this work for ternary formation serves as a first
estimate. The formation of the ternary phases from the elements in
solution was only considered at 0 K and the subsequent evaluation at finite
temperatures did not consider the elements in solid solution. A logical
next step from a modeling perspective, specifically for those elements that
showed to form ternary compounds with iron and nitrogen, is to include
other (known) crystal structures in the finite temperature analysis and model
the impurities in the ferrite matrix at finite temperatures. Ultimately, this
would enable the calculation of the full ternary phase diagram. Moreover,
the ternary compounds were considered as regular periodic crystals.
Including disordered structures can result in a more accurate description of
the possible precipitating phases.

Finally, this work focused on the thermodynamics of nitrogen-containing
compounds, isolated from the e�ects of carbon. Whether carbon is soluble
in any of the compounds discussed in this work, or if it prohibits their
formation, is a necessary evaluation to describe the complete metallurgical
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a b s t r a c t

Nitriding of steels has been widely used for almost a century. However, insight in two important
precipitating phases for low concentration through-thickness nitriding is still lacking, hindering further
development of the process. Due to their metastable nature, manufacturing large homogeneous samples
of Fe4N and Fe16N2 is very challenging. Consequently, measuring thermodynamic properties, such as heat
capacity and free energy, has proven difficult at best. In this work, we have calculated those thermo-
dynamic properties using density-functional theory (DFT) for Fe4N, Fe16N2 and ferrite with nitrogen in
solid solution. This information is a prerequisite to improve the accuracy of larger-scale modeling ap-
proaches of iron nitrides. We used the free energies to construct the temperature/concentration phase
diagram for low nitrogen concentrations from 0 K to 865 K. Both the range of metastability for Fe16N2 and
the nitrogen solvus confirm the experimental data. On the other hand, it was concluded that the
experimental Curie temperature for Fe16N2 is severely underestimated because of the thermodynamic
instability above 400 K.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Nitrogen is present in all steels as a residual element. In some
cases, nitrogen is even added intentionally as an alloying element.
Nitriding is a gaseous thermochemical treatment that is widely
used to improve the surface properties of parts and components
made in forging and tool steel [1e5]. Indeed, during nitriding, a
compound layer at the surface and a diffusion zone underneath are
formed. In contrast, through-thickness nitriding for improvement
of bulk properties is rarely considered. By selecting the appropriate
nitriding conditions, the formation of a compound layer at the
surface can be avoided and, for pure a� Fe or for ferritic steels with
no nitride forming elements present, the absorbed nitrogen will be

in solid solution during nitriding. If the cooling is fast enough, the
nitrogen will stay in solid solution up to room temperature,
resulting in a solid solution strengthening of 50MPa per 0:01 wt%
of added nitrogen [6]. For low nitrogen concentrations, slow cool-
ing can lead to bulk precipitation of Fe4N or Fe16N2 [7].

The knowledge of the thermodynamic stability and nucleation
rate of precipitates or phases is essential to fully understand the
thermal andmechanical properties of themanufactured steel. With
respect to these aspects, the Fe-C system is relatively well studied,
but such information is not generally available for the Fe-N system,
due to the metastability of the Fe-N phases or the unavailability of
the phases in pure form [8]. Because experimental data on phase
equilibria in the Fe-N system are often limited to narrow temper-
ature ranges, a computational approach offers a complementary
approach.

Thermodynamic properties such as the heat capacity and the
thermal expansion are essential to describe the iron nitrides in
large-scale approaches, such as phase field models [9], but they
require the knowledge of free energies for each phase. Previous
derivations of the free energy for Fe4Nwere based on solvus lines in

* Corresponding author. Center for Molecular Modeling, Ghent University,
Technologiepark 903, 9052 Zwijnaarde, Belgium.
** Corresponding author. Center for Molecular Modeling, Ghent University.
Technologiepark 903, 9052 Zwijnaarde, Belgium.

E-mail addresses: sdwaele.dewaele@ugent.be (S. De Waele), stefaan.cottenier@
ugent.be (S. Cottenier).

Contents lists available at ScienceDirect

Journal of Alloys and Compounds

journal homepage: http: / /www.elsevier .com/locate/ ja lcom

https://doi.org/10.1016/j.jallcom.2018.09.356
0925-8388/© 2018 Elsevier B.V. All rights reserved.

Journal of Alloys and Compounds 775 (2019) 758e768

Publications in International Peer–Reviewed Journals 99



the phase diagram [10] or the cluster variation method (CVM)
combined with the Debye-Grüneisen model [11]. In contrast to
such (semi-)empirical methods, using density-functional theory
(DFT) provides a non-empirical approach for modeling the iron
nitrides [12,13]. This avoids the process of extrapolating phase
stability from narrow temperature ranges and provides insight into
the relative stability of Fe with N in solid solution (Fe[N]), Fe4N and
Fe16N2 from 1000 K down to 0 K. On the other hand, the complexity
and size of crystal structures that are feasible to tackle with DFT
calculations are limited. Consequently, this work is restricted to the
line compounds Fe4N and Fe16N2 and does not take into account the
disorder associated with possible off-stoichiometries [14,15]. To
capture said off-stoichiometric disorder, a dedicated approach,
such as the Gorsky-Bragg-Williams method [16], as employed by
Kooi et al. [17], the cluster variation method used by Pekelharing
et al. [18,19], the use of special quasirandom structures [20] or the
cluster expansion model [21] would be necessary. However, re-
ported off-stoichiometries are related to the equilibrium with a
gaseous nitrogen environment while the focus of this article is on
through-thickness nitriding and bulk phase equilibria. Our excel-
lent agreement with experimental results (see Sec. 3)suggests that
in such cases the impact of off-stoichiometries is less pronounced.

To obtain the free energies for Fe and iron nitrides, all relevant
contributions should be taken into account: electronic, vibrational,
magnetic and configurational. The electronic free energy is ob-
tained using finite-electron temperature DFT [22], the quasi-
harmonic approximation is used to compute the vibrational free
energy and a rescaled Monte Carlo approach is applied for the
magnetic excitations [23,24]. The free energies can subsequently be
used to evaluate the phase equilibria between the various phases,
yielding the temperature/composition phase diagram of Fe4N,
Fe16N2 and bcc Fe[N] for N concentrations below 1 at:%.

2. Methodology

The free energy is determined for bcc iron (Fe), iron with N in
solid solution (Fe[N]), Fe4N and Fe16N2. The iron nitride Fe16N2 is
ferromagnetically ordered and has the space group I4=mmm [25].
The nitrogen atoms occupy the regular octahedral interstitial po-
sitions ð0:0;0:0;0:0Þ and ð0:5;0:5;0:5Þ in a distorted bcc iron
supercell (Fig. 1a), which is the 1b Wyckoff position. This regular
ordering of the nitrogen atoms causes a macroscopic tetragonal
distortion. Fe4N is a ferromagnetic material as well, but in contrast
to Fe16N2 it has a cubic crystallography with space group P m 3 m
[26]. The iron atoms form a face-centered cubic sublattice, with the
nitrogen atom occupying the ð0:5;0:5;0:5Þ 1b Wyckoff position
(Fig. 1b).

To completely describe the equilibria between these phases, the
defect free energy of nitrogen in solid solution is needed as well. As
an impurity in body-centered iron, nitrogen forms an interstitial
defect in an octahedral configuration (Fig. 1c) [27]. In this position,
the nitrogen impurity aligns with its nearest iron neighbors. This
causes a local tetragonal distortion, where especially the aligned
iron atoms undergo a large displacement from their original bcc
position. For every Fe host atom, there are 3 interstitial octahedral
sites.

To determine the volume- and temperature-dependent Helm-
holtz free energy F for every phase, the electronic, vibrational and
magnetic excitations are determined. For bcc Fe with N in solid
solution, the configurational contribution as a function of the N
concentration c must be taken into account as well. The common
assumption is that these contributions are all adiabatically decou-
pled, i.e. FðV ; T; cÞ can be written as [28].

FðV ; T; cÞ ¼ FelðV ; TÞ þ FvibðV ; TÞ
þFmagðV ; TÞ þ Fconf ðT; cÞ; (1)

where Fel, Fvib, Fmag and Fconf are the electronic, vibrational, mag-
netic and configurational contributions, respectively. For the Fe[N]/
Fe4N and Fe[N]/Fe16N2 phase equilibria, the nitrogen concentrations
in iron are below 1 at.% [29]. Consequently, Fconf can be calculated
from the configurational entropy for a dilute solution [30],

Fconf ðT ; cÞ ¼ �kbT ½c� c lnðcÞ þ c lnðgÞ �; (2)

where kb is the Boltzman constant, c is the nitrogen concentration
and g ¼ 3 the number of interstitial sites per host atom. Including
all contributions eventually allows the derivation of the equilib-
rium volume V0ðTÞ at a given pressure P and temperature T:

vFðV ; TÞ
vV

¼ �P; (3)

which ultimately yields the free energy under ðP; TÞ conditions.

2.1. Electronic free energy

The electronic contribution FelðV ; TÞ is obtained from a set of DFT
calculations at different volumes and electron temperatures [22].
After an initial optimization of the atomic positions and volume,

Fig. 1. Crystallography of the three considered Fe-N phases with the Fe atoms shown
in red and the N atoms in green. (For interpretation of the references to colour in this
figure legend, the reader is referred to the Web version of this article.)
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the total energy is calculated for volumes ranging from 94 % to
106 % of the initial equilibrium volume and for electron tempera-
tures between 2 K to 1000 K. Following the approach proposed by
Grabowski et al. [31], the electronic free energy is separated into
two contributions:

FelðV ; TÞ ¼ E0ðVÞ þ ~FelðV ; TÞ: (4)

The different contributions to FelðV ; TÞ are subsequently
parametrized into an analytical form, which facilitates the deriva-
tion of entropy and heat capacity. The energies for the different
volumes at the lowest temperature (T ¼ 2 K) are used to fit the 0 K
volume-dependent behavior E0ðVÞ to a Birch-Murnaghan equation
of state [32]. This determines the equilibrium volume, internal
energy, bulk modulus and the derivative of the bulk modulus with
respect to the pressure. For the temperature dependence one uses

F� elðV ; TÞ ¼
1
2
kbT

(X3
i¼1

ðai þ VbiÞTi
)

�
ð
dε½f ðT ; εÞln f ðT ; εÞ þ ð1

� f ðT; εÞ Þlnð1� f ðT ; εÞ Þ�;
(5)

which is based on the general electronic entropy [33].

~FelðV ; TÞz� 1
2
TSelðV ; TÞ (6)

and

SelðV ; TÞ ¼ �kb

ð
dε NelðV ; T ; εÞ½f ðT ; εÞln f ðT ; εÞ þ ð1� f ðT ; εÞÞlnð1

� f ðT ; εÞÞ�
(7)

The function f is the level occupation described by the Fermi-
Dirac distribution. The electronic density of states Nel is replaced
by the energy-independent average

NelðV ; TÞ ¼
X3
i¼1

ðai þ VbiÞTi: (8)

Here, ai and bi are six fitting parameters that fully describe the
temperature-dependent part of Fel and the temperature-induced
volume dependence. The linear parametrization in volume com-
bined with the third-order polynomial parametrization in tem-
perature produces a maximum residual error of well below
0:1 meV=atom.

All calculations of Fel were performed with the Vienna Ab Initio
Simulation Package (VASP) [33,34], using VASP 5.4 recommended
PAW potentials [35,36]. For the Fe atoms, the PAW potential with 8
valence electrons was used ([Ar] 3d6 4s2), while for N the potential
with 5 valence electrons was used ([He] 2p3 2s2). These potentials
were recently shown to provide a similar precision as all-electron
calculations [37]. The Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional was used in most cases [38], but the local
density approximation (LDA) as parametrized by Perdew and
Zunger [39] was, where useful, evaluated as well. The Brillouin zone

integration grid always contained at least 27 648=Natoms k
!
-points,

with Natoms the number of atoms in the unit cell. Fermi smearing,
with the smearing parameter s determined by the required tem-
perature, was used for the electronic self-consistent field cycle with
a convergence criterion of 10�9 eV. A conjugate-gradient algorithm
was used for the geometric optimization with a convergence

criterion of 10�8 eV. An energy cutoff of 500 eV was used for the
plane wave basis sets, with the grid for fast Fourier transform able
to capture reciprocal vectors twice as large as the vectors included
in the basis set. These numerical settings ensured a computational
precision of at least 0:5 meV=atom. The input files for all the cal-
culations used in this work can be found in the supplementary
information.

2.2. Vibrational free energy of Fe[N], Fe4N and Fe16N2

The lattice vibrations are included using the quasiharmonic
approximation. To account for thermal expansion, phonon spectra
are computed for volumes relevant to the thermal expansion; i.e.
ranging from 99 % to 106 % of the equilibrium volume. The volume-
dependent frequencies uiðVÞ thus obtained are used to calculate
the vibrational free energy [28].

FvibðV ; TÞ ¼
1
3N

X3N
i¼1

(
1
2
ZuiðVÞ

þkBT ln
h
1� e�ZuiðVÞ=kbT

io (9)

Here, N is the number of sampled points in reciprocal space
multiplied by the number of atoms in the unit cell.

The phonon spectra were constructed using the direct force
constant method [40]. Various supercells with atomic displace-

ments of 0:01�A were set up using the phonopy software package
[41]. The forces in response to the displacements were calculated
with DFT using VASP. Compared to the calculations of Fel an addi-
tional support grid was used for the augmentation charges. More-
over, instead of Fermi smearing, first-order Methfessel-Paxton
smearing with s ¼ 0:2 eVwas used for electronic convergence [42].
The simulated supercells were made large enough so that the

minimum distance between periodic images was at least 11�A. The
diagonalization of the dynamical matrix was performed with the
phonopy software again, after which each frequency from the
different phonon spectra was fitted to a quadratic function of vol-
ume. This use of a second-order polynomial is sufficient to limit the
maximum residual error to 0:01 THz for all frequencies. Even for
the smallest frequencies, this results in an error below 1 % for the
vibrational free energy.

2.3. Magnetic contribution

Directly calculating magnetic free energies with DFT is not yet
possible. Instead, utilizing an atom-centered model has proven to
be a successful approximation for iron and its alloys. More specif-
ically, the Heisenberg model will be used as magnetic Hamiltonian
[24,43e49]

H ¼ �1
2

X
isj

Jij M
!

i,M
!

j (10)

The sum in Eq. (10) is taken for all atom pairs in the solid, with
Mi the local magnetic moments and Jij the Heisenberg exchange
coupling parameters. The former are easily obtained from DFT
calculations, but the latter require a somewhat more involved
derivation. There are multiple ways of obtaining the coupling pa-
rameters. In this work, a DFT calculation based on the Korringa-
Kohn-Rostoker Green's function method [50,51] was performed
using the SPR-KKR software [52,53]. This allows direct access to the
Jij using the formulation of Liechtenstein et al. [54].

To determine FmagðTÞ from Eq. (10), classical Metropolis Monte
Carlo (cMC) calculations were performed with the ALPS software
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[55e57]. To do this, the sum in Eq. (10) is truncated at a threshold
for the Jij. This truncation was determined by evaluating the mean-
field Curie temperature as a function of the threshold value. The
mean-field Curie temperature is equal to the largest eigenvalue of
the coupling parameters matrix J with [58].

Ja;b ¼
X
bi

Ja;bi
M
!

a,M
!

bi
(11)

Here, a and b are atoms in the crystallographic unit cell and bi are
all the periodic images of the atom b for which a Jij has been
calculated.

The use of cMC, in which the magnetizations in Eq. (10) are not
quantized, only approximates the correct quantum mechanical
result. However, performing Quantum Monte Carlo (QMC) [59] for
frustrated systems is generally infeasible because of the negative
sign problem [60]. To approximate the correct heat capacity, the
value derived from the cMC calculations via the fluctuation-
dissipation theorem [61,62] was transformed according to the
scaling proposed by K€ormann et al. [23]:

CV ;QMCðt; SÞ
CV ;cMCðt; SÞ

z

�
2ts=t

expðts=tÞ � expð�ts=tÞ
�
: (12)

Here, t is the normalized temperature T=TC;cMC , where the cMC
Curie temperature is determined by the peak in the heat capacity
CV ;cMC , and

1=tsz0:54Sþ 0:54; (13)

where S is the localized spin. For a systemwith more than one atom
in its unit cell, the average S is used. Finally, the rescaled heat ca-
pacity was numerically integrated to obtain the entropy and free
energy. The latter was fitted to a function of the form

FmagðTÞ ¼ A exp
�
B =T

�
þ CT4; (14)

where A;B and C are fitting parameters. This ensures interpolation
errors smaller than 0:1 meV=atom. Fmag is 0 at 0 K because the
energy of the ferromagnetic ordering is contained in the DFT
calculations.

The most significant contributions to Fmag are found around the
Curie temperature, where there is a peak in heat capacity. To
minimize the error at these conditions, the Jij are therefore recal-
culated at the volume associated with TC , obtained from Eq. (3).
This was done in an iterative way, until a self-consistent TC was
reached (Fig. 2). For numerical stability, the derivative of Fmag with
respect to volume was not included in the optimization.

Magnetic coupling parameters were obtained with spin-
polarized scalar-relativistic DFT calculations in SPR-KKR 6.3 using
the PBE functional. The atomic-sphere approximation was applied.
The number of E-mesh points was 40 for all calculations with a
minimum E-value of � 0:2 Ry. The Brillouin zone integration was
performed on a 57� 57� 57 grid for bulk Fe, a 36� 36� 36 grid
for Fe4N and 25� 25� 25 grid for Fe16N2 . The structure constants
Rmax and Gmax were set to 2:9 a:u: and 3:3 a:u:�1 respectively. The
electronic self-consistent field cycle had a convergence criterion of
10�5 Ry.

The ALPS classical Monte Carlo calculations were performed
with cluster updates for temperatures ranging from 2 K to 1000 K
or higher, with the maximum temperature always exceeding TC by
at least 10 % to accurately determine the maximum in the magnetic
heat capacity. Periodic boundary conditions were used with a unit

cell size of 1000 atoms for Fe, 2560 for Fe4N and 2250 for Fe16N2.
The nitrogen atoms were never accounted for in the Heisenberg
Hamiltonian, because their magnetic moments, and hence the
coupling parameters with neighbors, were negligible. For initial
thermalization, 30 000 MC steps were needed. The production
phases contained 1 500 000 MC steps for all materials. The input
files for all the calculations used in this work can be found in the
supplementary information.

The methodology described in this section does not take into
account explicit anharmonic contributions or electron-phonon
coupling. These were deemed to be of negligible magnitude,
because our temperature range of interest lies below half of the
melting temperature for the materials that were researched
[63,64]. The magnon-phonon coupling contributions were not
taken into account either. Based on the phonon mode softening for
iron at 773 K, their size was estimated to be 1� 2 meV=atom at the
most for our temperature range of interest.

Fig. 2. Flowchart indicating the different calculations performed to obtain the free
energy. Green indicates a DFT calculation, red an ALPS simulation, blue indicates use of
the phonopy software and purple is for standard post-processing. (For interpretation of
the references to colour in this figure legend, the reader is referred to the Web version
of this article.)
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3. Results and discussion

Because of their limited temperature range of stability and the
inability to manufacture isolated specimens, there is very little
thermodynamic data available for the Fe4N and Fe16N2 compounds,
especially for the latter. Apart from free energies and heat capac-
ities (Sec. 3.1), we have therefore also calculated structural prop-
erties, thermal expansion (Sec.3.2) and bulk moduli (Sec. 3.3),
which we have validated with the limited available experimental
datawhere possible. Themagnetic contribution to the heat capacity
is evaluated separately in Sec. 3.4 and the defect free energy of the
N interstitial is discussed in Sec. 3.5. Finally, all the calculated free
energies are combined into the phase diagram (Sec. 3.6).

3.1. Free energies and heat capacities

The calculated free energies and heat capacities are shown in
Fig. 3 for all three bulk phases at their equilibrium volume at zero
pressure. The vibrational, electronic and magnetic contributions
are plotted separately to indicate their size. The equilibrium vol-
umes at zero pressure are obtained from minimizing the free en-
ergy for the entire temperature range of 0� 1000 K. This
temperature interval was chosen because it is the most relevant for
nitriding ferritic steels [65].

For bulk Fe, ample experimental data are available over its entire
range of stability for the isobaric heat capacity CP. To assess the
accuracy of the DFT-derived free energy, it is compared to the data
derived from experimental phase equilibria and thermochemical
properties [66]. These experimental and our DFT free energies are
set equal at room temperature (298 K). The accuracy of the DFT
prediction is very good, with a difference of less than
0:1 meV=atom up to 750 K. This confirms the correctness of the

methodology, which was previously used to obtain the various
contributions to the free energy for Fe and Fe3C [23,24]. The
excellent accuracy is also the main argument for utilizing the same
approach for Fe4N and Fe16N2. As can be seen in Fig. 3a, for the free
energy of ferrite a somewhat more significant discrepancy starts to
occur beyond 850 K, leading to a difference in F of 6 meV=atom
between theory and experiment at 1000 K. This is because the
quasiharmonic approximation often overestimates anharmonic
contributions to the free energy, which typically become important
at about half of the melting temperature [63]. For the phase equi-
libria with Fe4N and Fe16N2, temperatures above 850 K are not
relevant, and the overestimation of the anharmonic contributions
poses no problem. In case of the heat capacity of Fe, comparing
experimental data [67] with calculated results shows a very good
correspondence up to 800 K (Fig. 3d). For higher temperatures,
towards the Curie temperature TC, where the transition between
the ferromagnetic and the paramagnetic state occurs, the heat ca-
pacity is somewhat underestimated.

For all three phases, the contribution of the electronic entropy to
the free energy is the smallest. For Fe, it amounts to a contribution
of 4 meV=atom at 750 K, which is nevertheless much larger than
the inaccuracy of 0:1 meV=atom at that temperature. This shows
the importance of taking all three excitations into account for all
materials. For Fe4N the magnetic contribution to the heat capacity
and free energy are larger than for bulk Fe. In contrast, Fe16N2 has a
smaller magnetic heat capacity because this material is predicted to
have the highest Curie temperature.

3.2. Thermal expansion

The (volumetric) thermal expansion coefficient is defined as

Fig. 3. The free energies F [top row, (a)e(c)] and isobaric heat capacities CP [bottom row, (d)e(f)] of the bulk phases Fe, Fe4N and Fe16N2 from 0 to 1000 K. The vibrational con-
tributions within the quasiharmonic approximation (QHA), the electronic contributions (elec) and the magnetic contributions (magn) are shown incrementally. For iron, the free
energy is compared to the one experimentally derived by Chen et al. [66] and the heat capacity is compared to the one recommended by Desai [67]. Inset in a: The difference
between the total calculated free energy and the experimentally derived free energy.
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aV ¼ 1
V

�
vV
vT

�
P
: (15)

It can be calculated from the derived equilibrium volumes over
sufficiently small temperature intervals (10 K), using finite differ-
ences. In Fig. 4 this calculated coefficient is shown for Fe, Fe4N and
Fe16N2 as a function of temperature.

The DFT expansion coefficient of bulk Fe compares very well
with experimental data, certainly considering the typical error of

0:7� 10�5 K�1 for expansion coefficients derived with QHA [69].
The slight bump in the experimental coefficient that is not
accounted for in the DFT result, stems from the volume dependence
of the magnetic heat capacity [68], which is not taken into account
in the calculations.

In the case of Fe4N, an average expansion coefficient was derived
experimentally from XRD measurements on powder samples [15].
It is seen that the DFT-obtained expansion severely underestimates
that experimental one. Possibly, inaccuracies might be present in
the experimental measurement because it was taken on a powder
sample created from a deposited layer, whereas the calculated
expansion is valid for an infinitely large bulk. Because the difference
between experiment and DFT is so large, however, a critical
assessment of the calculated result is needed to identify the various
sources of theoretical inaccuracies.

The argument made for bulk Fe, that the volume dependence of
the magnetic heat capacity is not accounted for in the QHAmethod
as employed in this work, can be made for Fe4N as well. This might
be even more pronounced since it has a lower Curie temperature;
TC ¼ 750 K compared to 1044 K for iron [70]. However, the error
with respect to the experiment is so large that it cannot be solely
explained by such a minor magnetic effect, which are usually sec-
ondary to lattice vibrational effects. If the deviation cannot be
attributed to the thermodynamic approach, it must be rooted in the
calculated energies and forces. For DFT calculations, the exchange-
correlation functional is the main source of deviations from
experiment. In this case, themain cause of the large deviation of the
PBE functional in predicting the thermal expansion of Fe4N is most
likely the material's unique magneto-volume behavior. A large in-
crease in magnetization occurs close to the equilibrium volume,
which PBE is unable to describe well. [71], This volume-dependent

magnetic effect can be explained by the covalent nature of the Fe-N
bond. As the bond length shortens, the overlap of the 2p orbitals of
the N atom with the 4s orbitals of the nearest-neighbor Fe atoms
increases, causing more electron transfer to the N atom [72]. This in
turn reduces the screening effect of the 4s shell on the 3d Fe elec-
trons, causing electron transfer from the 3d orbitals of the second
nearest-neighbor Fe atoms to those of the Fe atoms nearest to the N
atom. Ultimately, compression thus results in a lower magnetic
moment on the nearest-neighbor Fe atoms that bond with the N
atom [73]. It moreover causes the Fe4N to be very rigid in the di-
rection of the Fe-N bond, i.e. the <100> direction [74].

In an effort to verify that the functional is indeed the source of
the discrepancy of the Fe4N thermal expansion coefficient with
respect to experiment, the PBE exchange-correlation functional
was swapped for the LDA one. The latter functional differs from PBE
in that it positions the LDA equilibrium volume of Fe4N in the low-
magnetization regime rather than at the crossing between low and
highmagnetization [71]. As can be seen in Fig. 5, the LDA functional
does produce a much larger thermal expansion compared to the
PBE functional. As expected, the experimental value lies between
the LDA and PBE predictions, but the difference between them is
much larger than for metals without any covalent character [75].
Although the observed inaccuracy of the Fe4N thermal expansion
might also be due to experimental errors, the large impact of the
exchange-correlation functional on the calculated expansion coef-
ficient remains a methodological problem. At this point, it is not
clear whether there is another functional or another (feasible) level
of theory that can provide a better description of both the covalent
nature of the Fe-N bond, the unique magnetic behavior of Fe4N and
the Fe16N2 and bulk Fe phases.

Note that the large discrepancy between LDA and PBE regarding
the volume-dependent behavior is not reflected in the QHA free
energy. The LDA and PBE free energy only differ by about 3 meV/
atom at 400 K (see Fig. 1 in supplementary information), which
implies that phase stabilities are much more accurately obtained
than the thermal expansion.

3.3. Bulk modulus

The temperature-dependent bulk modulus, or inverse of the

Fig. 4. DFT-calculated volumetric thermal expansion coefficients of Fe (red), Fe4N
(blue) and Fe16N2 (green). For iron, the experimental data from Nix and MacNair
enable a comparison for almost the entire temperature interval [68]. For Fe4N, there is
only an average expansion coefficient between 293 and 773 K available. At all tem-
peratures, however, the DFT-derived expansion coefficient for Fe4N constitutes a se-
vere underestimation. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)

Fig. 5. A comparison between LDA (dotted lines) and PBE (solid lines) for the calcu-
lation of the bulk moduli B (red) and volumetric thermal expansion coefficients a

(blue) of Fe4N. For the bulk modulus, a large range of experimental values exists
(dashed red bar) [76,77]. For the thermal expansion, the value determined by Somers
et al. is an average for the temperature range 293 to 773 K [15]. (For interpretation of
the references to colour in this figure legend, the reader is referred to the Web version
of this article.)
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compressibility,

BðTÞ ¼ V0

 
v2F
vV2

!
T

jV¼V0
(16)

can be directly obtained from the above results and the derivatives
of the analytic expressions for the various contributions to the free
energy (Eqs. (5)e(9)). In Fig. 6 the bulk modulus is shown for all
three phases. As far as Fe is concerned, the calculated bulk modulus
at 0 K is too high by about 15 GPa compared to experimental data.
This is in contrast to the typical trend for PBE, which usually un-
derestimates bulk moduli by about 5% [78]. On the other hand, it is
typical for magnetic materials to buck this trend, as a generalized-
gradient approximation (GGA) such as PBE tends to overestimate
the magnetic energy [79]. The slope of the Fe bulk modulus is
reproduced quite well, with the experimental one being overall
slightly less steep compared to the DFT result. Much fewer data are
available on bulk moduli for Fe4N and Fe16N2, because these phases
usually only exist as precipitates or as a deposited layer. In fact,
there are no experimental data for Fe16N2 whatsoever and the
experimentally determined bulk moduli that are available for Fe4N
have a large spread (Fig. 6). A possible reason for these large
experimental deviations, is the difference in measurement meth-
odology. It varies from nanoindentation to high-pressure X-ray
diffraction (XRD) measurements, both on powdered samples and
on bulk-like samples [77]. The combination with the difficulty of
obtaining pure samples makes it very cumbersome to compare
different experimental procedures. The calculated Fe4N bulk
modulus falls in the range of the experimental values. The strong
dependence on temperature moreover confirms the volume-
sensitive behavior of Fe4N compared to the other two materials.
Just as was the case for the thermal expansion (Sec. 3.2), this
volume-sensitive behavior causes a large discrepancy between the
LDA and PBE functionals (Fig. 5).

3.4. Magnetic properties of the bulk phases

The magnetic contribution to the free energy is significant, even
at temperatures well below the Curie temperature (Fig. 3), and thus
requires a high degree of accuracy. It was found that this high ac-
curacy can be reached through the rescaling procedure of K€ormann
et al., provided the Curie temperature is predicted accurately [23].
For this reason, effective nearest-neighbor magnetic exchange

coefficients Jij are sometimes fit to the experimental Curie tem-
perature to obtain the magnetic heat capacity [20,24]. This work,
however, aims to use a methodology also able to predict the Curie
temperature. Therefore, the Jij were determined from first princi-
ples and the Curie temperaturewas identified as the temperature at
which the resulting heat capacity reaches its peak [85]. The quality
of the predicted Curie temperature is then a measure for the ac-
curacy of the magnetic free energy.

For Fe and Fe4N, the DFT-derived Curie temperature (Fig. 7)
corresponds very well with the experimental one. It is also evident
that the disappearance of the magnetization is a poor measure to
determine the transition to the paramagnetic state; this is an
experimental issue as well [86]. The finite size of the simulation
cells is responsible for some remanent magnetization above the
critical temperature. For Fe16N2 the experimental Curie tempera-
ture is much lower than the one derived from the simulations. The
experimental magnetization goes to zero when 800 K is reached,
but with the exchange coefficients and magnetization derived from
DFT, a critical temperature of about 1300 K is found. In an extensive
evaluation of different methods to obtain the Curie temperature for
Fe16N2, Ke et al. concluded that the experimental value is most
likely significantly too low [87]. Instead, it is proposed that Fe16N2
has a higher Curie temperature than the one experimentally
derived and also higher than the one found for Fe. For this reason,
unfilled symbols are used to show the experimental results for the
magnetization of Fe16N2 in Fig. 7.

3.5. Interstitial nitrogen defect

The defect free energy of interstitial nitrogen is obtained using
the supercell method. In this approach, the crystallographic unit
cell of the bulk material is multiplied and a defect is inserted. In the
case of the nitrogen interstitial, a N atom is inserted in the bulk Fe
supercell on an octahedral position (see Fig. 1c). The local distortion
caused by the defect is captured by optimizing all atomic positions.
It is debatable whether the volume and shape of the defect
supercell should be optimized as well. On the one hand, main-
taining the bulk geometry helps to isolate the defect from its pe-
riodic images, as it cuts out long-range elastic interactions.
However, this imposes a stress on the supercell which depends on
the N concentration. On the other hand, if one wishes to remove
those stresses by allowing full optimization of the shape and size of
the unit cell, a larger computational investment might be neces-
sary. Both approaches were evaluated for different supercell sizes.
The energy of solution Usol is obtained by subtracting the DFT-
obtained total energy of the defect-free supercell and the isolated
N2 molecule from the total energy of the supercell with the defect.
In Fig. 8 the dependence of Usol on the used supercell size is shown.
It shows that the constant-pressure (stress-free) and constant-
volume approach converge towards a common limit, ultimately
yielding the same defect energy as supercell size is increased. Using
a 250-atom supercell for either method a precision of the calcula-
tion of about 10 meV=defect can be achieved for Usol. The 250-atom
Usol ¼ 0:133 eV of the constant-volume approach was used in the
remainder of this work, because that approach converges some-
what more rapidly.

Insight in the phase equilibrium between Fe4N, Fe16N2 and Fe[N]
(Sec. 3.6) requires accounting for the entropy of the defect as well.
In Fig. 9 the configurational contribution is shown to be largest, but
both the vibrational and the electronic free energy have to be taken
into account as well. The electronic part can be obtained in a similar
way as for bulk materials. For the vibrational contribution, full
phonon spectra are calculated for the supercells containing the
defect and QHA is used. Because the presence of the N atom in the

Fig. 6. DFT-calculated (line) and experimental (symbol) bulk moduli B for Fe, Fe4N and
Fe16N2. For Fe, a combination of data from different authors is made to cover the
temperature range from 0 to 1000 K [81e84]. For Fe4N, the three experimental data
points are all at room temperature and cover a relatively large range (red symbols)
[76],[77],[80]. (For interpretation of the references to colour in this figure legend, the
reader is referred to the Web version of this article.)
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Fe matrix breaks most of the symmetry, a large number of force
calculations is then necessary to obtain the phonon spectra. Alter-
natively, the less expensive partial Hessian method can be used,
which only requires the frequencies of the N atom in a fixed Fe
matrix. The three frequencies obtained can be used to apply a
simplified form of Eq. (9). From Fig. 9 it can be seen the differences
between feasible supercell sizes are still quite large. An uncertainty
of 0:2 eV=defect remains for a 54-atom cell, which is as large as for
the partial Hessian method that is also not sufficiently precise. This
large uncertainty is not surprising; it is the same order of magni-
tude as for Usol (see Fig. 8). Ultimately, by using a highly converged
Usol 250-atom and the vibrational and electronic entropies from a
128-atom supercell, one expects a remaining uncertainty of
10 meV=atom for the vibrational contribution. Combined with the
uncertainty for 10K (Usol), this results in a total uncertainty of 14�
20 meV=atom.

3.6. Phase equilibria

With the free energies of Fe, Fe4N, Fe16N2 and Fe[N], all infor-
mation is available to predict their phase equilibria, resolving the
experimental uncertainties that have hindered insight and further
development of the Fe-N system. The question of the (meta)sta-
bility of Fe16N2, for example, is still a contemporary topic [90]. The
driving force DF for the formation of Fe16N2 from Fe4N and Fe[N] is

DFðTÞ ¼ FFe16N2
ðTÞ � 2� 18clim

1� 5clim
FFe4NðTÞ �

8
1� 5clim

FFeðTÞ;

(17)

if one assumes the transformation takes place in a large environ-
ment of bulk Fe with interstitial N present in equilibrium concen-
tration clim (see further). The free energy difference can be obtained
from the calculated free energies at equilibrium volumes V0 in this
work and is presented in Fig. 10. We find that Fe16N2 is stable at low
temperatures (DF <0) and decomposition becomes energetically
favorable above 390 K (DF >0). This is consistent with the experi-
mental finding that decomposition starts between 470 K and 520 K.
The experimentally higher decomposition temperature is
explained by the required activation energy for N diffusion [87,91].
In experiment too, there is an indication that Fe16N2 becomes
thermodynamically unstable around 400 K, i.e. before decomposi-
tion occurs. The temperature-dependent change in c=a ratio,
measured very precisely by Widenmeyer et al. [91], shows a sharp
rise starting from 400� 450 K (Fig. 10). Widenmeyer et al. pro-
posed that this stems from a loss of order of the N atoms on the
interstitial sublattice of Fe16N2, thus suggesting a transition to a
disordered Fe8N phase. As shown in Fig. 10, the temperature-
dependent QHA c=a ratio, derived from the c=a ratio of the cell
optimized at the temperature-dependent equilibrium volume, is
practically invariant with temperature. This strengthens the argu-
ment that the experimentally observed variation is caused by loss
of N ordering, as the Natoms were kept ordered on their sublattice
in the calculations. It also sheds a new light on the experimentally
derived Curie temperature for Fe16N2 [92]. The measured drop in
magnetization becomes more pronounced from 400 K onward
(Fig. 7), the point where Fe16N2 becomes thermally unstable ac-
cording to the DFT result. Consequently, the magnetizations
measured above 400 K, and the derived Curie temperature, should

Fig. 7. Calculated magnetization (M/M0) and magnetic contribution Cmagn to the heat
capacity for Fe, Fe4N and Fe16N2. Experimentally measured magnetizations and sub-
sequently derived Curie temperatures are included for all three phases (black)
[70,88,89]. The experimental data for the magnetization of Fe16N2 are shown in un-
filled circles to emphasize their problematic nature (see text). To compare the exper-
imental magnetizations with those derived from the classical Monte Carlo (cMC)

simulations, both are normalized to their respective magnetizations at 0 K. For the heat
capacity, both the direct result from the cMC simulations (blue) and the rescaled result
(rMC), (red) are presented, the latter serving as approximation for the quantum Monte
Carlo result. (For interpretation of the references to colour in this figure legend, the
reader is referred to the Web version of this article.)
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be associated with the disordered Fe8N structure.
To complete the phase diagram for Fe[N], Fe4N and Fe16N2, the

concentration limit of solubility climðTÞ can be derived from the
defect free energy of the N interstitial Fdef , the free energy of Fe, the
free energy of Fe4N and the free energy of Fe16N2:

4FFeðTÞ þ Fdef ðT ; climðTÞÞ ¼ FFe4NðTÞ: (18)

16FFeðTÞ þ 2Fdef ðT; climðTÞÞ ¼ FFe16N2
ðTÞ: (19)

The final phase diagram, with all three phase equilibria, is pre-
sented in Fig.11. The computationally derived solubility limit of N in
bulk Fe is compared to the experimental data assembled byWriedt
et al. [29]. In the case of the solvus, good correspondence with
experimental data is achieved by using the defect free energy from
the 128-atom supercell. The large discrepancy with the 54-atom
thus shows the importance of using this larger supercell. For the
phase boundary between Fe16N2 and its dissociation in Fe4N and
bulk Fe, no experimental data are available, but the accuracy is
expected to be very high. As discussed in Sec. 3.1, the free energy for
Fe is very accurate below half of its melting temperature. Because of
the similarity of Fe4N and Fe16N2 and the correct calculation of the
Curie temperatures, the same is expected for these bulk phases.

Fig. 8. Convergence of the N interstitial defect energy at 0 K as a function of inverse
supercell size. The absolute value of the defect energy is with reference to the N2
gaseous state: Fesolid þ 1

2N2/Fe½N�;solid. Inset: The convergence for the larger supercells
in more detail. A residual uncertainty of 10 meV=defect remains (blue rectangle). (For
interpretation of the references to colour in this figure legend, the reader is referred to
the Web version of this article.)

Fig. 9. A comparison of the different methods to obtain the finite-temperature ener-
getic contributions for N in solid solution in Fe. The configurational part, shown here
for a typical concentration of 0:1 at:% is always the largest, but both the electronic and
vibrational free energies cannot be neglected. In comparison with the 128-atom
supercell, the simple partial Hessian approach (see text) yields frequencies that are
overestimated, whereas a 54-atom supercell underestimates the frequencies. (For
interpretation of the references to colour in this figure legend, the reader is referred to
the Web version of this article.)

Fig. 10. Left axis (blue): from the DFT calculations, it can be concluded that Fe16N2

becomes thermodynamically unstable with respect to dissociation into Fe4N and bulk
Fe (solid line) above 390 K. Right axis (red): a comparison of the experimental c/a ratio
of Fe16N2 (circles) [91] with the one derived via the quasiharmonic approximation
(dashed line). The sharp increase starting at 400e450 K measured in experiment is not
observed computationally (see text for interpretation). (For interpretation of the ref-
erences to colour in this figure legend, the reader is referred to the Web version of this
article.)

Fig. 11. The DFT-obtained phase diagram of Fe[N], Fe4N and Fe16N2. Experimental data
for the limit of solubility of N in Fe are included for comparison (circles) [29]
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4. Conclusion

Despite the industrial importance of nitriding for the post-
treatment of steel, there is still a lack of understanding with
respect to the properties of the governing Fe-N phases. In this work,
we established the thermodynamic behavior of Fe16N2, Fe4N and Fe
with N in solid solution and used it to elucidate the Fe-N phase
diagram in the low-nitrogen limit (see Fig. 10). Phase equilibria
were determined using density-functional theory, which avoids the
need for any experimental input. This is particularly useful for Fe4N
and Fe16N, for which large homogeneous samples are not experi-
mentally available. Vibrational contributions to the free energy
were derived with the quasiharmonic approximation, while the
magnetic free energy was calculated usingMonte Carlo simulations
based on a Heisenberg model. Several potential sources of nu-
merical errors were identified in the process, leading in most cases
to limited errors. The largest error bar originates from the supercell
size used to model the free energy of interstitial nitrogen; this error
is about 14� 20 meV=defect at 0 K using a 128-atom supercell.

Using our calculations, we were able to determine the free en-
ergy, heat capacity, thermal expansion and bulk modulus of Fe,
Fe4N and Fe16N2 as a function of temperature. While experimental
data are available for Fe which allowed us to check the validity of
our first-principles approach, these quantities are mostly not
available for the Fe4N and Fe16N2 phases, as these materials are
experimentally hard to manufacture in bulk. Only for the thermal
expansion coefficient of Fe4N, a strong underestimation of the
experimental result was found. A comparison of the LDA and PBE
exchange-correlation functional revealed that the unique coupling
between magnetism and crystal volume exacerbates the impact of
functional inadequacies. A better description of the volume
dependence of Fe4N therefore requires the development of
improved exchange-correlation functionals, which are able to
capture both the covalent and magnetic characteristics correctly.
This is in line with the conclusion from Blanc�a et al. [71] Further-
more, minor improvements can be made by evaluating the
phonon-magnon coupling contributions for Fe4N and Fe16N2 and
explicit anharmonicity for the nitrogen defect.

Based on DFT-calculated free energies, the phase diagram of
Fe[N],Fe4N and Fe16N2 was constructed, yielding an accurate rep-
resentation of the nitrogen solvus and providing a closer view on
the stability of Fe16N2. We find Fe16N2 to be thermodynamically
stable at low temperatures and to decompose into Fe4N and Fe
around 390 K. Experimental dissociation happens above 470 K,
with the difference attributed to the required activation energy for
nitrogen mobility. In addition, we note that the experimentally
established Curie temperature for Fe16N2 cannot be attributed to
the pure Fe16N2 phase, but is affected by the experimentally
observed loss of nitrogen order between 400 and 450 K. This is also
supported by a comparison between experimental measurements
of the c/aratio as a function of temperature and our quasiharmonic
DFT results.

Our results fill in a long-standing gap in the knowledge on the
Fe-N system. The predicted free energies, heat capacities, equilib-
rium volumes and bulk moduli can now be used in larger-scale
approaches, such as phase field models [9]. These approaches can
aid in describing precipitation and transformation in the Fe-N
system from a more macroscopic point of view. This is essential
to increase the applicability of nitriding and lays the foundations to
understand ternary nitrogen-containing compounds.
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A B S T R A C T

The excellent mechanical properties of maraging steels are ascribed to nanometer-sized intermetallics which
precipitate during aging in the ductile very low carbon Ni-martensite. Their wear and fatigue properties can be
improved by nitriding. The non-equilibrium precipitation reactions in Fe-Ni-Co-Mo maraging steels are studied
during an aging heat treatment executed in a nitriding atmosphere. The precipitates formed during the initial
stages of precipitation are characterized with transmission electron microscopy and atom probe tomography.
Spherical intermetallic precipitates having a diameter of around 3 nm were detected in the aged, bulk material.
These ω-type precipitates formed during the early stages of aging, have a trigonal crystal lattice and their
chemical composition is close to (Fe,Ni)7Mo2. In the nitrided layer, Mo-N disc-shaped nitrides on the {100}
martensitic lattice having a diameter of 3 to 4 nm were found but their exact crystal structure could not be
determined with microstructural characterization techniques. Density functional theory calculations confirmed
that a single layer of Mo atoms, substituting Fe on the {100} plane of the Fe-matrix, is stable and showed that the
N atoms prefer to be in the Mo-layer, on the octahedral sites with Fe as nearest neighbors.

1. Introduction

One of the best combinations of high strength and toughness in
engineering alloys can be found in maraging steels. These very low
carbon Fe-Ni alloys are strengthened by homogeneously distributed
nanometer-sized intermetallics which are formed during the final aging
step [1]. After quenching, soft and ductile lath martensite containing a
high density of dislocations is formed. Nucleation of intermetallic pre-
cipitates during the aging step can occur quickly on these dislocations
and the growth can proceed by dislocations serving as diffusion chan-
nels for solute atoms from the matrix [2]. However, randomly dis-
tributed precipitates throughout the matrix were also reported in
maraging steels aged below 450 °C [3]. For several high performance
applications such as aerospace and tooling, Fe-Ni-Co-Mo maraging
steels are used due to their excellent mechanical properties and espe-
cially fatigue response even in the very high cycle fatigue domain [4].

A number of studies on aging in Fe-Ni-Co-Mo maraging steels have
been carried out [3,5,6], but the current knowledge concerning the

precursor phases formed during the early stages of precipitation is not
yet complete. Main difficulties in the characterization are the ultrafine
scale of the microstructure, absence of stable equilibrium phases and
closely matching crystal structures and interplanar spacings of the
phases [6]. Observed intermetallics in these Ti-free maraging steels are
initially the metastable and coherent ω-phase, followed by Ni3Mo at the
earlier aging stage [1,7], and more stable Fe7Mo6 after prolonged aging
[8].

Due to the absence of carbides, one of the limitations of maraging
steels is the moderate wear resistance in comparison to conventional
tool steels [9]. To improve their performance in severe loading condi-
tions, the case can be additionally hardened e.g. by nitriding. During
this low temperature thermochemical treatment, atomic N diffuses into
the material, resulting in an increased surface hardness, wear and fa-
tigue resistance. In general, a compound layer consisting of ε and/or γ’
Fe-nitrides and an underlying nitrogen diffusion zone are formed during
nitriding. The compound layer improves tribological and anticorrosion
properties but it can be undesirable due to its porosity and brittleness.
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Therefore, in many industrial applications the formation of this com-
pound layer is minimized or avoided by controlling the process para-
meters, especially the nitriding potential in the case of gas nitriding
[10,11].

Steels containing alloying elements with a high affinity for nitrogen
form finely dispersed and hard alloying element nitrides in the diffusion
zone. These nitrides effectively contribute to the strengthening, while
diffused nitrogen in the supersaturated diffusion zone is only re-
sponsible for a very small solid-solution strengthening effect [12]. Due
to the volumetric misfit between the matrix and these fine nitrides,
strain fields surrounding the precipitates develop. In order to coun-
teract the desired expansion, compressive residual stresses evolve and
contribute significantly to improving the fatigue resistance [13]. The
alloying elements are classified by the Me-N interaction parameter,
defined as the ratio (per unit volume of precipitate) of the Gibbs energy
of formation of the precipitate and the misfit-strain energy induced in
the precipitate/matrix system [10]. Alloying elements such as Ti, V and
Cr having a strong Me-N interaction can instantaneously precipitate
[14], while alloying elements such as Al, Si and Mo have a weaker
interaction because of a large volume misfit. The latter will only pre-
cipitate when the N supersaturation in the surface layer is high enough
[12] and the precipitation proceeds through a sequence of metastable
phases until the equilibrium phase is reached [15]. Besides, the pre-
cipitation can be enhanced by the presence of dislocations in the matrix
[10].

Several studies on nitriding of Mo-containing steels have been
conducted and many different compositions of intermediate and equi-
librium nitrides were identified. It is reported that during nitriding, the
morphology of the precipitates changes from thin coherent platelets
through semi-coherent plates to incoherent spheres [16]. The sequence
of precipitation is proposed in [15] as changing respectively from bct
(Fe,Mo)16N2 [17], to fcc (Fe,Mo)6N2 and finally fcc (Mo,Fe)2N or
(Mo,Fe)N. Different compositions for the metastable interstitial-sub-
stitutional solute-atom clusters FexMoyNz can be found [18]. However,
some authors suggest that the presence of Fe in the nitrides might be
due to the limited spatial resolution of the field ion microscopy-atom
probe analyses, on which most of the composition data are based
[19–21]. The interaction of nitride precipitation and precipitation of
intermetallic compounds in the depth direction, e.g. [22] will not be
discussed in this paper.

Although the nitriding process is very well studied, there is little
research on the precipitation behavior of Mo-nitrides in Mo-containing
maraging steels, especially for short nitriding times. This is also the case
for the formation of the precursor phases during aging in these steels.
Information about the degree of coherency and the composition of the
precipitates helps to understand the microstructure-property relation-
ships in nitrided maraging steels. In this study, the precipitates formed
during an aging heat treatment executed in a nitriding atmosphere
during the initial stages of precipitation, are characterized with trans-
mission electron microscopy (TEM) and atom probe tomography (APT).
Density functional theory (DFT) calculations are used to confirm and
specify the atomic structure of the nitrides.

2. Experimental Setup and Calculation Details

The studied maraging steel has the following nominal composition
(wt%): 18 Ni, 16.5 Co, 5 Mo and balance Fe. Thin strips of this steel
were 50% cold rolled from the as-delivered sheet and air-quenched
after annealing at 840 °C in a protective atmosphere. This heat treat-
ment generates a fully martensitic structure without retained austenite.
In order to determine the peak-hardness, aging heat treatments were
performed in a salt bath for various aging times at a temperature of
470 ± 5 °C. Vickers hardness was measured on a Zwick hardness tester
with a load of 200 g (HV 0.2). Based on these results, the nitriding
conditions were selected. After cleaning and degreasing, the as-quen-
ched samples were aged and simultaneously gas nitrided at 470 °C for

50 min in a N2-H2 atmosphere containing 7% NH3. The nitriding po-
tential was 3.8 atm−1/2.

Glow discharge optical emission spectroscopy depth profiles were
recorded with a Spectruma GDA 750 GD-OES analyzer. The samples for
electron backscatter diffraction (EBSD) examination were prepared by
electropolishing with A2 Struers electrolyte, followed by mechanical
polishing with OP-U for 40 min. EBSD data were collected by an
Oxford-HKL EBSD system attached to a FEI Nova 600 Nanolab Dual
Beam FIB-SEM (Focussed Ion Beam - Scanning Electron Microscope)
with field emission gun. The EBSD patterns were acquired with an ac-
celeration voltage of 18 kV, a beam current of 2.2 nA, and a step size of
60 nm. The EBSD data were postprocessed with the OIM-TSL Data
Analysis 7 commercial software.

Two different types of specimens were prepared for atom probe
tomography experiments. The first type of samples was prepared to
study the aged material. They were prepared from the central part of
the nitrided sample with a standard two-step electropolishing technique
[23]. The second type of samples was prepared in order to study the
nitrided layer. In this case site-specific sample preparation with the
focussed ion beam scanning electron microscope (FIB-SEM FEI Versa 3D
DualBeam) using the lift-out technique [24] was applied to extract
samples from the nitrided diffusion zone at the sample's surface. The
last step of the annular milling was done at 5 kV followed by a cleaning
step at 2 kV to minimize Ga implantation. The atom probe tomography
experiments were carried out on a local electrode atom probe (LEAP
3000X HR) from Cameca at a temperature of 60 K in voltage mode with
a pulse repetition rate of 200 kHz and a pulse fraction of 20%. The
Imago Visualization and Analysis Software (IVAS) version 3.6.6 was
used for data reconstruction and analysis. Several peak overlaps in the
mass-to-charge-state ratio spectrum are present in this highly alloyed
material. Peak deconvolution was considered for the overlapping peaks
based on the natural abundance of the present elements: for the Ni2+

and Fe2+ overlap at 29 Da, for Mo3+ and Ni2+ at 32 Da, for N+ and
Si2+ at 14 and 15 Da, and the N2

+ and Fe2+ overlap at 28 Da.
In order to study the aged material with TEM, the nitrided layers

were removed by grinding and polishing up to 60 μm, keeping the
central and aged material. Subsequently, the samples were thinned by
means of a twin-jet electropolishing setup (Struers Tenupol-5) using a
mixture of 4 vol% perchloric acid and 96 vol% acetic acid at room
temperature. In order to study the nitrided layer, the Focused Ion Beam
and lift-out method (FIB-SEM, FEI Nova 600 Nanolab DualBeam) was
applied on the outer layer of the nitrided part. High-resolution trans-
mission electron microscopy (HRTEM) and selected area electron dif-
fraction (SAED) were performed using an objective lens Cs corrected
JEOL JEM-2200FS FEG TEM operating at 200 kV. The images were
analyzed with the Digital Micrograph™ software (Gatan, USA). To in-
terpret the SAED patterns, diffraction patterns were simulated with the
JEMS software [25].

Density Functional Theory (DFT) [26,27] calculations were per-
formed at 0 K and zero pressure to study the atomic structure of the
nitrides. The ACONVASP software package [28] was used to construct
the starting unit cells. All DFT calculations were carried out on the
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Fig. 1. Vickers hardness of the studied maraging steel as a function of aging time at an
aging temperature of 470 ± 5 °C.
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Fig. 2. (a) Band slope parameter map. Dark pixels corre-
spond to distorted crystal lattices. (b) GD-OES N profile of
the studied nitrided maraging steel.

Table 1
Chemical analysis of the maraging steel (optical emission spectroscopy) and chemical analysis measured by APT (at.%).

at.% Fe Co Ni Mo C Al Si Cr Mn Cu

Comp. Bal. 16.25 18.03 3.23 0.024 0.054 0.091 0.066 0.075 0.072
APT 61.6 ± 0.25 16.5 ± 0.19 18.1 ± 0.42 3.4 ± 0.01 0.01 ± 0.002 0.06 ± 0.002 0.05 ± 0.06 0.09 ± 0.001 0.08 ± 0.001 0.05 ± 0.001

(a)
Ni Co Mo

(b)                   (c)                           

0

10

20

30

40

50

60

70

-3 -2 -1 0 1

C
on

ce
nt

ra
tio

n 
[a

t.%
]

Proxigram distance [nm]

Fe %

Ni %

Co %

Mo %

Fig. 3. Maraging steel aged at 470 °C for 50 min: (a) 3D reconstruction of the atom positions of Ni, Co and Mo; (b) Isoconcentration surfaces for 15 at.% Mo; (c) Proximity histogram
according to isosurfaces with 15 at.% Mo. Zero distance on the x-axis corresponds to the precipitate/matrix interface, positive values to the precipitate.
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GGA-PBE (Perdew-Burke-Ernzerhof parametrization of the Generalized
Gradient Approximation) [29] level of theory with the Vienna Ab Initio
Simulation Package (VASP) software [30–34], with VASP 5.2 re-
commended PAW (Projector Augmented Wave) potentials [35,36].
These potentials were recently shown to provide a similar precision as
all-electron calculations [37]. A −k -point mesh of 30 × 30 × 1 and cut-
off energy of 500 eV were used for optimizing the unit cells and atomic
positions, and a 40 × 40 × 1 mesh combined with a 650 eV cut-off
energy for obtaining the final energies. A convergence criterion of
10−8 eV was used for the electronic self-consistent cycle and of
10−6 eV for the structural optimization. For electronic convergence,
Methfessel-Paxton smearing [38] (σ= 0.2 eV) was used for structure
optimization and the tetrahedron method with Blöchl corrections [39]
for the final energies.

3. Results

3.1. Aging Response

Hardness measurements of the maraging steel aged for different
times at a temperature of 470 ± 5 °C are presented in Fig. 1. A hard-
ness plateau is visible after 20 min of aging and a remarkable increase
in hardness can already be observed after 5 min. The very fast aging
response is associated with the high Co content [8]. An aging time of
50 min was selected for this work, in order to have an adequate ni-
triding depth as well.

3.2. Thickness of the Nitrided Layer

The microstructure of the nitrided layer and the substrate, re-
presented with the band slope map derived from the diffraction pattern
[40,41], is shown in Fig. 2a. The band slope parameter represents the
intensity gradient observed at the margins of the Kikuchi lines in the
electron backscatter diffraction pattern (EBSP) [42]. Darker pixels in
the map have lower band slope parameter values which correspond to a
distorted matrix, in this case the nitrided diffusion layer. Fig. 2b dis-
plays the distribution of N through the sample thickness measured with
GD-OES. After nitriding, no compound layer was formed at the surface.
Only a diffusion zone and a transition zone from this diffusion zone to
the core material, with a total thickness of around 20 μm, are visible in
the GD-OES depth profile of N. The effective nitrided layer thickness
according to the band slope map is around 10 μm, which corresponds to
a threshold for N of around 1.2 at.%. Residual stress measurements by
the micro-slit milling method were executed on the nitrogen diffusion
zone of the same steel grade with different nitriding thicknesses and

Table 2
Chemical composition of the precipitates of aged maraging steel, based on the volumes in
the isoconcentration surfaces of certain at.% Mo.

at.% all Inside 15 at.%
Mo

Inside 18 at.%
Mo

Inside 21 at.% Mo

Fe 61.6 ± 0.25 18.9 ± 1.53 15.3 ± 3.20 13.7 ± 5.66
Co 16.5 ± 0.19 5.8 ± 0.42 5.2 ± 0.81 5.0 ± 1.35
Mo 3.4 ± 0.01 29.2 ± 0.79 32.9 ± 0.98 35.9 ± 1.93
Ni 18.1 ± 0.42 45.0 ± 2.95 45.3 ± 5.40 43.8 ± 10.12
Nix = …Mo 1.6 ± 0.14 1.4 ± 0.21 1.2 ± 0.34
Vol% 1.1 ± 0.15 0.4 ± 0.08 0.1 ± 0.04

(a)  (b)

(c) <100 >αα (d) <111 >α (e) <110 >α

< >α

Fig. 4. Maraging steel aged at 470 °C for 50 min: (a)< 100 > α HRTEM image, (b) The dark field micrograph from the circle in (e) showing the presence of precipitates, (c) SAED
corresponding to< 100 > α zone axis showing superlattice reflections, (d)< 111 > α zone axis diffraction pattern, (e)< 110 > α zone axis diffraction pattern.
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reported in [43]. Both the microstructure in the aged bulk material and
in the first 1–2 μm of the nitrided diffusion zone are studied.

3.3. Microstructure of the Aged, Not Nitrided Maraging Steel

3.3.1. APT Study of the Aged Steel
Table 1 lists the chemical composition of the steel measured both

with optical emission spectroscopy and with atom probe tomography. It
can be observed that these compositions match well. The three-di-
mensional reconstruction of the positions of Ni, Co and Mo atoms in the
aged sample based on the APT results is presented in Fig. 3a. Significant
clustering of Mo atoms is observed, whereas the clustering of Ni is also
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Fig. 5. Sample nitrided at 470 °C for 50 min: 3D reconstruction of the atom positions of (a) Ni, Co, Mo, N and MoN molecules; (b) Isoconcentration surfaces for 7.5 at.% Mo; (c) Proximity
histogram according to isosurfaces with 7.5 at.% Mo.

Table 3
Average chemical composition of the precipitates in the maraging steel nitrided at 470 °C
for 50 min, based on the volumes in the isoconcentration surfaces of certain at.% Mo.

at.% all Inside 7.5 at.%
Mo

Inside 9 at.% Mo Inside 10.5 at.%
Mo

Fe 58.4 ± 0.25 46.8 ± 0.69 43.2 ± 0.71 40.7 ± 0.32
Co 16.4 ± 0.13 9.8 ± 0.28 8.6 ± 0.24 7.9 ± 0.91
Mo 3.4 ± 0.10 14.5 ± 0.58 17.9 ± 0.71 20.6 ± 0.50
Ni 18.6 ± 0.25 16.2 ± 0.42 15.0 ± 0.64 13.4 ± 0.55
N 3.0 ± 0.16 12.1 ± 0.69 14.7 ± 0.76 16.8 ± 0.74
MoNx = … 0.84 ± 0.03 0.82 ± 0.02 0.80 ± 0.03
Vol% 1.23 ± 0.27 0.26 ± 0.06 0.05 ± 0.01
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apparent, but less pronounced. Isoconcentration surfaces of 15 at.% Mo
are used for visualization of the precipitates, which appear to be ran-
domly distributed in the matrix (Fig. 3b). The same type of nanometer-
sized precipitates are observed by TEM as spherical particles (see
Section 3.3.2), allowing for proper adjustment of the APT reconstruc-
tion parameters to obtain spherical precipitates [44]. The proximity
histogram in Fig. 3c, which is the average concentration profile over all
precipitates normal to the isoconcentration surface, shows that the
precipitates have a high Mo and Ni content, while Fe and Co contents
are quite low but do not drop to zero. In order to determine the che-
mical composition of the precipitates, the volumes in the iso-
concentration surfaces of 15, 18 and 21 at.% Mo are considered in
Table 2. The average volume of a precipitate is 18.7 nm3 (or a calcu-
lated diameter of 3.3 nm if it is assumed that all precipitates are
spherical) and the vol% of precipitates in the measurement is 1.1%,
based on the volumes in the isoconcentration surface of 15 at.% Mo. As
it can be seen from the result in Table 2, the vol% decreases quickly
when higher threshold values are considered, therefore 15 at.% Mo was
chosen for an estimation of the dimensions. In addition, due to eva-
poration aberrations a lot of Fe ions from the matrix are included in the
particles and the dimensions are overestimated.

3.3.2. TEM Study of the Aged Material
TEM images were acquired from the sample aged at 470 °C for

50 min. Imaging in high resolution (Fig. 4a) reveals regions having an
ordered structure with a periodicity of planes in the<110>direction
in every third atomic layer. No clear interfaces are visible in this bright
field image and the precipitates cannot be distinguished from the ma-
trix, which could be explained by their high density and coherent
boundaries. The dark field micrograph (Fig. 4b) taken using superlattice
spots, indicated with the circle in Fig. 4e, shows circular precipitates
having an average diameter of 2.3 ± 0.7 nm. This is slightly smaller
than the diameter deviated from APT measurements. The selected area
diffraction patterns in Fig. 4 c–e, reveal superlattice reflection spots,
such as the maxima at 1/3 and 2/3<110>directions in the<100
>bcc pattern of the matrix (Fig. 4c).

3.4. Microstructure of the Nitrided Layer After Simultaneously Aging and
Nitriding

3.4.1. APT Study of the Nitrided Zone
Fig. 5a shows the 3D reconstruction of Ni, Co, Mo and N atoms, as

well as MoN molecules. Clustering of MoN and a bit less pronounced
clustering of Mo can be observed. This can be explained by the rather
strong cohesive energy of the MoN pairs [45]. Isoconcentration surfaces
of 7.5 at.% Mo are used for visualization of the precipitates in Fig. 5b.
In this calculation the MoN molecules are broken down to their con-
stituent atoms. Peak overlap can occur for N2

+ and Fe2+ at 28 Da,
which could lead to an underestimation of the actual nitrogen con-
centration [46,47]. The mass spectra of the volumes inside the iso-
concentration surfaces of 7.5, 9 and 10.5 at.% Mo were analyzed. In
these nitrides, the observed ion abundances for 27, 28 and 28,5 Da fit to
the natural abundances of the isotopes of Fe. Therefore only a negli-
gibly small amount of N2

+ ions can be hidden beneath the Fe2+ peak at

(a) (b) (c)

(d) (e)

< >α

Fig. 6. Specimen nitrided at 470 °C for 50 min: (a) BF image showing nitride platelets embedded in a martensitic matrix; (b) SAED of (a), zone axis< 100> ; (c) DF image, aperture
indicated with circle in (b); (d) and (e) HRTEM and Fourier transform showing two sets of perpendicular platelets embedded in a martensitic matrix, zone axis< 100> .

Table 4
Atomic coordinates within the P-3 trigonal phase of (Fe,Ni)7Mo2 and (Fe,Ni)8Mo.

Ni7Mo2 (Ni8Mo) Wyckoff position a = aα 6
x

b = aα 6
y

c = aα
3

2
z

Fe, Ni (Mo) 1a 0 0 0
Fe, Ni 6 g 1/3 0 1/3
Mo (Fe, Ni) 2d 1/3 2/3 0
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28 Da. The proximity histogram (Fig. 5c), in this case the average
concentration profile normal to the isoconcentration surfaces of 7.5 at.
% Mo, shows that the precipitates are richer in Mo and N and leaner in
the other alloying elements and Fe. In order to determine the chemical
composition of the precipitates, the volumes in the isoconcentration
surfaces of 7.5, 9 and 10.5 at.% Mo are considered in Table 3. Being just
an indication for a possible precipitate, the ratio of N to Mo is calcu-
lated and is around 0.8. The average volume of a precipitate is
13.12 nm3 and the vol% of precipitates in the measurement is 1.23%,
based on the volumes in the isoconcentration surface of 7.5 at.% Mo.

3.4.2. TEM Study of the Nitrided Zone
TEM images of the nitrided diffusion zone are shown in Fig. 6. The

TEM bright field image (Fig. 6a) reveals interrupted lines parallel to
the<100>directions of the bcc matrix. Both streaks and additional
reflections can be found on the 001 diffraction pattern (Fig. 6b). The
dark field image from one of the additional reflections also reveals fine
platelets on the {100} bcc matrix planes (Fig. 6c). A large density of
small precipitates is also observed in HRTEM, as shown in Fig. 6d–e,
where two sets of perpendicular platelets embedded in a martensitic
matrix are visible. The diameter of the platelets lying on the {100}
planes of the martensitic bcc matrix is 3.7 nm ± 2.3 nm. The con-
tinuity of atomic planes across the platelets can be observed, indicating
full coherency with the Fe-matrix.

4. Discussion

4.1. Atomic Structure of the Intermetallics in the Aged Maraging Steel

A high density of precipitates is observed both by APT and TEM in
the maraging steel after only 50 min of aging. This can be explained by
the high Co content which reduces the solubility of Mo in the bcc
matrix, and therefore increases the driving force for the precipitation of
Mo-rich phases [8]. It is reported that during the early stages of aging,
short-range ordering results in Fe-Co regions and Ni-rich regions (Ni-

Mo-Ti) [48], which facilitates the precipitation of usually coherent and
Ni-rich intermetallic compounds Ni3Mo or Ni3Ti in a later stage of
aging.

The fraction of Fe which is observed with APT in the precipitates of
the aged material can differ slightly from the real fraction due to tra-
jectory overlaps and local magnification [49] and is expected to be
overestimated but not necessarily zero [50]. The superlattice reflection
spots in the SAED patterns in Fig. 4 can be explained in the real lattice
by an ordered arrangement of atoms of different atomic scattering
powers, where the ordered structure is derived from the bcc lattice. As
the atomic scattering factor depends on the atomic number, the com-
ponents of the alloy can be divided into a group of Fe, Ni and Co and a
group of Mo. The observed diffraction patterns were also reported in
[3,7,51,52] for similar alloys, and interpreted as the ordered hexagonal
ω-phase, sometimes called the S-phase, (Fe,Ni)8Mo or (Fe,Ni)7Mo2. The
precipitates of the ω-phase are reported to be small, quasi-spherical and
a precursor of Ni3Mo [53]. According to [51], the diffraction spots
belong to (Fe,Ni)7Mo2 with a hexagonal P63/mmc structure. However,
the current study shows that a better description of this (Fe,Ni)8Mo or
(Fe,Ni)7Mo2 phase is the trigonal P-3 structure with parameters:
a = 0.702 nm and c = 0.248 nm, as described in Table 4 and Fig. 7.
The a-axis of the superstructure corresponds to [ −112]α, the b-axis to
[−211]α, and the c-axis to [111]α. Yedneral and Perkas [54] proposed a
continuous evolution of A8B, through A7B2 up to A6B3 or the known
A2B ω-phase, with A = Fe, Ni, Co, and B = Mo. The rhombohedral A2B
ω-phase shows less superlattice spots in the diffraction pattern and does
not fit to the experimental diffraction pattern in this work. Both (Fe,-
Ni)8Mo and (Fe,Ni)7Mo2 lead to the same diffraction patterns. Multiple
variants of the omega phase were formed, as can be seen in Fig. 7 c and
e. Being only an indication for the composition of the precipitates
measured with APT, the ratio of Ni to Mo is around 1.6 and the ratio of
Fe and Ni to Mo is around 2.2. This is lower than what is expected from
the TEM analysis and can be explained by the continuous evolution
from A8B, through A7B2 up to A2B [54], where it seems that the com-
position of the precipitates is close to A2B. For higher threshold values

(a) (Fe,Ni)8Mo (b) (Fe,Ni)7Mo2

=Ni/Fe =Mo

(c) [1 1 2 6]super (d) [0 0 0 1]super (e)  [1 0 1 0]super [1 0 1 0]super

Fig. 7. Reconstructed atomic positions for (a) (Fe,Ni)8Mo: view along c-axis and perspective view, (b) (Fe,Ni)7Mo2: view along c-axis and perspective view, (c) simulated diffraction spots,
zone axis [ −1 1 2 6], (d) simulated diffraction spots, zone axis [0001], (e) simulated diffraction spots, two variants zone axis [−1 0 1 0] and zone axis [ −1 0 1 0].
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of Mo, the uncertainty of the Ni content increases (Table 3), which
could be linked to small deviations in the chemical composition of the
precipitates in the transition state. These observations confirm the ex-
istence of the known ω-phase.

4.2. Atomic Structure of the Nitrides

The small precipitates or clusters which are detected in the nitrided
diffusion zone are still in the early stage of precipitation. No inter-
metallics could be observed in the first few micrometers of the nitrided
layer. APT shows that the Fe content decreases in the nitrides but is
remarkably higher than in the intermetallic precipitates, probably due
to the trajectory overlap between the matrix and the very thin plate-like
precipitates. In this case, the influence from the matrix on the chemical
composition of the precipitates is considerable. It was observed that the

ion density is lower inside the particles, which is associated with the
higher evaporation field of the precipitates. For high field precipitates,
trajectory overlaps of around 1 nm are expected outside the precipitate
nearby the interface [55]. Besides, lateral surface diffusion of mainly
interstitial atoms on the APT tip can affect the N content of matrix and
precipitates. For very fine platelets, the local magnification effect can
lead to erroneous detection of large amounts of Fe in the platelets [47].
However, in the very early stage of precipitation the precipitates gen-
uinely still contain a lot of Fe. The observed precipitates could be Mo-
nitrides or FexMoyNz zones.

Streaks in the diffraction pattern in the< 001>direction (Fig. 6b)
are ascribed to both small dimensions of the scattering object of pre-
cipitates or GP zones and irregular spatial distribution between them
along the direction parallel to the streaks [56]. The additional reflec-
tions in the diffraction pattern can appear due to B2 ordering. The
observed precipitates could also be assigned to the FCC-Mo2N phase,
obeying the Baker-Nutting orientation relationship with the matrix:
{100}nitride//{100}α and<001> nitride//< 011> α [20,57]. How-
ever, the simulated diffraction pattern does not fit exactly with the
observed SAED pattern. Selg et al. [58] concluded that largely coherent
Mo2N-type nitrides develop in maraging steel upon nitriding, sur-
rounded by a tetragonally distorted matrix. Mobile and immobile excess
nitrogen is expected in solution-annealed maraging steel which is ni-
trided. The immobile excess nitrogen is adsorbed at the precipitate/
matrix interface, while the mobile excess nitrogen is dissolved in the
strained matrix. This excess nitrogen could explain deviation from a
specific stoichiometry in the early stages of precipitation. Individual
atomic columns composing the platelets in Fig. 6d–e indicate that the
platelets consist of a monolayer. However, according to these HRTEM
images the platelets could be up to three atomic layers thick but due to
the limited resolution they cannot be sharply visualized. The observed
structure is expected to be similar to a Mo2N monolayer which is co-
herent with the surrounding, tetragonally distorted Fe-matrix. This
possible structure was investigated further and is discussed below.

Since TEM and APT do not lead to an unambiguous conclusion re-
garding the nitrides, DFT calculations have been carried out. The main
objective is to obtain optimized structures which correspond to the
observed diffraction patterns. Additionally, the relative stabilities of
different coordinations of the N atoms can be determined. To isolate a
single precipitate in a three-dimensional periodic code, unit cells of 20
layers of Fe in the< 100>direction were constructed using the
ACONVASP software and a number of Fe atoms were replaced with one,
two or three consecutive layers of Mo atoms. This number of layers
separates the periodic repetition of the Mo precipitates by> 2.5 nm,
which is sufficient to cut out all electronic interactions. In a first step,
the atomic positions of those structures and the unit cell shape and
volume were allowed to relax using a conjugate-gradient algorithm.
This results in a fully optimized structure under zero pressure.
Secondly, N atoms were introduced into the different octahedral in-
terstitial sites available in the Mo layers, again fully optimizing the unit
cell. This enables to determine the energetically most favorable site for
N. Finally, Mo-N precipitates of varying thickness with a 1-1 stoichio-
metry, where the N atoms are placed in the most favorable octahedral
positions, were optimized and their cohesive energies were calculated.

When the N atoms are in the octahedral sites in the Mo plane, with
two Mo atoms of that plane as nearest neighbors, the difference in
cohesive energy ΔU corresponds to 197 kJ

mol N
in a monolayer, and to

130 kJ
mol N

in a triple Mo layer. This configuration is highly unfavored, as
can be expected on simple geometric grounds. The precipitate plane is
coherent with the bulk Fe matrix, which entails that the Mo atoms in
that plane are only the lattice parameter of bulk Fe apart. An en-
ergetically costly orthorhombic distortion takes place if the N atom is
inserted between those Mo atoms. If the two octahedral neighbors of
the N atom are coordinated perpendicular to the precipitate, the tet-
ragonal distortion already caused by the Mo precipitate atoms forms an

Table 5
Overview of Mo-N-Fe structures and corresponding cohesive
energies from DFT calculations, based on the equations in
the 2nd column. Structure 1 and 2 are Mo-N monolayers,
structure 3–5 correspond to double layers of Mo and N,
where structure 5 has a 1–1 stoichiometry. Structure 6–7
correspond to Mo-N triple layers, with structure 7 having the
1–1 stoichiometry. Structure 8 is an ordered structure of Mo-
N layers on every fourth layer of Fe.
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ideal position for the N atom. Table 5 shows the preferential octahedral
sites of the interstitial N atoms and their corresponding cohesive en-
ergies. For the energetic comparisons, bulk bcc Fe and bcc Fe with N in
the octahedral position were also optimized and the enthalpy of solu-
tion is calculated to be ΔU= 14 kJ

mol N
. It is clear that N has a higher

affinity for Mo than for Fe. In the case of a monolayer of Mo, the N
prefers to be in the Mo-layer, with Fe as nearest neighbors (cf. Table 5,
structure 1). However, a N atom positioned just outside the Mo layer
(cf. Table 5, structure 2) is energetically quite similar. The same con-
clusion can be drawn for the double Mo layer (cf. Table 5, structure 3
and 4 respectively). Structure 6, the triple Mo layer, has the lowest
cohesive energy. To assess the driving force for growth of the Mo-N
precipitates in the z-direction, the cohesive energy of the single-layer
structure (cf. Table 5, structure 1) is compared to the cohesive energy of
the double- and triple-layer structure (cf. Table 5, structure 5 and 7
respectively). The combination of two single layers into a double Mo-N
layer corresponds to a cohesive energy difference of ΔU = −26 kJ

mol N
(2 Fe19MoN ⇆ Fe18Mo2N2 + 20 Fe). For the combination of three single
layers into a triple layer, ΔU (3 Fe19MoN ⇆ Fe17Mo3N3 + 40 Fe) equals
−2 kJ

mol N
. It can be concluded that the driving force to create multiple

layers exists but is relatively small, which results in the predominance
of single-layer Mo-N precipitates for short nitriding treatments, as
evidenced by the TEM results (see Fig. 6d and Fig. 6e).

Fig. 8a shows that the simulated diffraction pattern of the Mo-N
monolayer in Fe (structure 1 in Table 5) corresponds well to the SAED
patterns in Fig. 6b. Also structures 2 to 7 lead to the simulated dif-
fractions pattern of Fig. 8a. The position of N has a limited impact on
the SAED, but the position of the Mo in the Fe-lattice can be linked to
B2 ordering and the corresponding additional reflections in the dif-
fraction pattern. However, extra satellites appear in the experimental
diffraction pattern which could be explained by an ordered structure of
the Mo-N layers which form on every fourth layer of Fe (cf. Table 5,
structure 8 and Fig. 8b). There is also an affinity of the Mo layers to
form this structure, but the driving force is not very large. A similar
structure of single-layered NbN GP zones in steel was reported in [59]
with an uncertainty of the position of the N atoms. The compression of
the lattice parameter of Fe in the direction perpendicular to the pre-
cipitate with the precipitate as nearest neighbor is 2.1% for the Mo-N
monolayer. The desired expansion of the nitrided layer as compared to
the unnitrided core leads to the compressive macrostress parallel to the
surface in the nitrided zone. The distorted Fe-matrix around the Mo-N
monolayers corresponds with the microstresses and gives rise to dif-
fraction line broadening (streaks in the SAED). This is also observed as
the lower value of the band slope parameter of the EBSD data from the
nitrided layer in comparison to the substrate (Fig. 2a).

5. Summary and Conclusions

Two high-resolution techniques, TEM and APT were used to study
the precipitates in aged and nitrided Fe-Ni-Co-Mo maraging steel. Ni-
Mo type intermetallics were found in the aged bulk material, while Mo-
N precipitates were detected in the nitrided zone nearby the surface.
These two different types of precipitates are uniformly distributed in
the matrix and both have a volume fraction of around 1% in the zone of
characterization.

The strengthening intermetallic precipitates formed during the early
stages of aging were identified with the aid of TEM as the known ω-type
precipitate, with chemical composition of (Fe,Ni)8Mo or (Fe,Ni)7Mo2
and a trigonal crystal lattice. However, the APT analysis shows that the
(Fe,Ni) to Mo ratio is lower than the one expected in the phase iden-
tified by TEM. This can be explained by the continuous evolution of
(Fe,Ni)8Mo through (Fe,Ni)7Mo2 up to the rhombohedral ω-phase
(Fe,Ni)2Mo, where the observed intermetallics are in the transition from
(Fe,Ni)7Mo2 to (Fe,Ni)2Mo, while the crystal structure still corresponds
to (Fe,Ni)7Mo2. The diameter of the spherical precipitates is around
3 nm.

The first few micrometers of the nitrided layer of the simultaneously
aged and nitrided maraging steel contain disc shaped precipitates on
the {001} martensitic lattice. The diameter of the discs is 3–4 nm, while
their thickness is estimated to be one atomic layer. APT reveals the
enrichment of the precipitates in Mo and N. However, some influence of
the matrix on the chemical composition is present since the precipitates
are very small. DFT calculations were performed to compare different
configurations of the N atom in Mo-N precipitates of varying thickness.
The energetically most favorable position of the N atom is the octahe-
dral position inside the Mo layers, with the nearest neighbor pair or-
iented perpendicular to the precipitate plane. The low driving force to
stack the Mo-N layers agrees with the predominance of single-layer
precipitates observed in TEM.
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Density-functional theory (DFT) predictions of materials properties are becoming ever more widespread. With
increased use comes the demand for estimates of the accuracy of DFT results. In view of the importance of
reliable surface properties, this work calculates surface energies and work functions for a large and diverse test
set of crystalline solids. They are compared to experimental values by performing a linear regression, which
results in a measure of the predictable and material-specific error of the theoretical result. Two of the most
prevalent functionals, the local density approximation (LDA) and the Perdew-Burke-Ernzerhof parametrization
of the generalized gradient approximation (PBE-GGA), are evaluated and compared. Both LDA and GGA-PBE
are found to yield accurate work functions with error bars below 0.3 eV, rivaling the experimental precision.
LDA also provides satisfactory estimates for the surface energy with error bars smaller than 10%, but GGA-PBE
significantly underestimates the surface energy for materials with a large correlation energy.

DOI: 10.1103/PhysRevB.94.235418

I. INTRODUCTION

Due to ever increasing hardware performance and algorithm
efficiency, the capabilities of quantum-based computational
materials physics continue to grow rapidly. Methods that
solve the Schrödinger equation to improve the understanding
of materials consequently gain ever more prominence as
their reach in system size expands. Density-functional theory
(DFT) [1,2] has become one of the most prevalent of these
methods. One of the areas in which DFT is being applied, is
the modeling of surfaces and interfaces of crystalline solids [3],
with an increased emphasis on a computational screening
to identify interesting materials without experimental input
[4–6]. The usefulness of DFT simulations therefore depends on
their accuracy, i.e., the deviation with respect to experimental
results. A number of studies have attempted to assess the accu-
racy of DFT-predicted surface properties [7–18]. Most of these
studies, however, only consider a limited set of test surfaces,
which brings into question the transferability and statistical
significance of the accuracy estimate. The present work uses a
test set of elemental materials, spanning most of the periodic
table, for a statistical analysis of the agreement between DFT-
calculated and experimentally measured surface properties. It
makes use of the framework established by Lejaeghere et al.,
who estimated the accuracy of DFT predictions for structural,
elastic, and thermal properties of crystalline solids [19,20]. In
the same spirit, the objective is to characterize the DFT value as
a predictor for the experimental result. This leads to an estimate
of the accuracy of DFT-predicted surface properties, the
identification of experimental outliers and a protocol to correct
calculated quantities a posteriori for predictable deviations.

The surface properties considered in this benchmark study
are the surface energy and work function of crystalline solids.
The surface energy is the energy required to create a surface
from the bulk crystal. It is an important thermodynamic quan-
tity governing the equilibrium shape of monocrystals [21–23],
brittle fracture [24], or the rate of sintering [25]. The work
function is the minimum energy required to extract an electron
from the bulk of a material to the surrounding vacuum. It is one
of the principal quantities governing thermionic emission [26]
and band bending at semiconductor contacts [27]. Because

of their fundamental importance, many experimental data are
available for both quantities.

Both the work function and surface energy can be derived
directly from periodic DFT calculations. This is in contrast
to the experimental difficulties encountered when measuring
these properties (see Sec. II A). Theoretical predictions
of work functions and surface energies therefore offer a
convenient and complementary method to cumbersome
experiments. Nevertheless, these predictions are not perfect,
due to approximations that are meant to make the theory
tractable. This work aims to provide a confidence interval for
DFT-based surface properties, in order to correctly interpret
them with respect to their experimental counterparts.

DFT surface calculations were performed for all group 1
through group 15 elemental materials lighter than Po, except
for B, Mn, N, P, and the lanthanides. For N, P, the lanthanides,
and materials in groups 16–18, there is very little to no
experimental surface information available. A comparison
between DFT and experiment is therefore not possible. B
and Mn were not considered either, because they both have
a very complex unit cell from which surface construction
is computationally very cumbersome. For all surfaces both
the LDA (in the Perdew-Zunger parametrization) [28] and
PBE [29] exchange-correlation functionals were evaluated,
as these are two of the most prevalent functionals in the
field of solid-state DFT. Additionally, a comparison between
both functionals provides insight into how DFT-calculated
surface properties depend on the level of theory. In Sec. II
the experimental data, details of the calculations and statistical
concepts necessary for comparing theory and experiment, are
presented. Section III discusses the result of this comparison by
evaluating the predictable errors, analyzing the residual errors,
and validating the derived correction protocol from theory to
experiment.

II. METHODOLOGY

A. Experimental data

The definition of the surface energy is thermodynamically
straightforward, but measuring the surface energy of a solid
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is extremely difficult and prone to a large imprecision.
The experimental challenge is underlined by the myriad of
different methods that have been proposed to determine the
surface energy. These vary from cleavage experiments [24]
for brittle materials, the zero-creep method for more ductile
materials [30,31], the analysis of the equilibrium shape of
crystallites [22,23], or contact angle measurements of liquid
droplets [32]; to less direct solutions such as measuring
the elastic modulus [33], the electrical conductivity [34],
or even the speed of acoustic waves [35] in submicrometer
powder assemblies. These experiments often suffer from a
low precision and inaccuracies due to surface contaminants,
but more importantly from a benchmark point of view,
each method is biased towards a certain class of materials.
This inconsistency severely hampers a uniform quantitative
comparison across the entire test set of materials evaluated in
this work.

Because of the above-described difficulties involved in
obtaining the surface free energy of a solid, Tyson and
Miller [36] derived a semiempirical approach that uses the
liquid surface tension, which can be measured much more
accurately. Because the derivation applies to all elemental
materials, a consistent database is obtained. Moreover, the
transparency of the method by Tyson and Miller makes it
possible to estimate a consistent experimental error bar for
the surface energies they present, which is necessary for
the comparison with DFT predictions. To motivate how the
experimental error bars are determined, a short overview of
the considerations of Tyson and Miller is necessary.

Tyson and Miller first derived the equality

γSV = γSL + γLV, (1)

which is valid at melting temperature. γSV is the solid-
vapor interface energy, which is a synonym for the surface
free energy being sought for, γSL is the solid-liquid interface
energy, and γLV the liquid-vapor interface energy (i.e., the
surface tension). Although it ignores anisotropic effects of γSL

or γSV, Eq. (1) adequately represents the average energetic
tradeoffs involved in surface formation.

To obtain the relation between the known liquid surface
tension γLV and the desired solid surface energy γSV, Tyson
and Miller then introduced two new ratios, the product of
which is the ratio of γSL and γSV:

γSL

γgb

γgb

γSV
= γSL

γSV
= α, (2)

where γgb is the grain boundary energy for an average
high-angle grain boundary. The ratio γSL/γgb was determined
to be 0.45 ± 0.05 by extrapolation of dihedral angle data of
liquid precipitates at grain boundaries in binary alloys [37].
The second ratio γgb/γLV was derived from measurements
of dihedral angles at thermally etched grain boundaries and
estimated to be 0.33 ± 0.04 (see Tyson and Miller). Combining
Eqs. (1) and (2), one obtains

γSV

γLV
= 1

1 − α
. (3)

This results in γSV/γLV = 1.18 ± 0.03 as an estimate for
a general material. In principle, however, the ratio should
be determined for every individual material. This suggests

Svib,max

Sconf,max

FIG. 1. The surface entropy S as a function of temperature in the
simplified model of Tyson and Miller [36]. The first linear increase is
due to the activation of surface-related vibrational contributions. The
second linear increase is associated with surface roughening.

the error margin of ±0.03 given by Tyson and Miller is
somewhat optimistic. Other authors [36] proposed alternative
values for the ratio γSV/γLV in the range 1.09–1.33, which
means a somewhat larger uncertainty of about ±10% should
be taken into account for the derived values of γSV at melting
temperature.

The conversion from the liquid-vapor to the solid-vapor
interface energy is only applicable at the melting temperature
Tm. To compare with DFT data, γSV must be transformed
to a surface energy at 0 K. Two entropic contributions were
singled out by Tyson and Miller as the most important
factors for the temperature dependence of γSV: the vibrational
entropy Svib, and the configurational entropy Sconf. The former
includes all vibrational modes associated with the surface,
whereas the latter aims to describe the surface roughening
observed when the material is heated. For both contributions a
simplified approximation was proposed [38]. Svib was assumed
to increase linearly from 0 to 0.8 R (where R is the universal gas
constant) between 0 K and the Debye temperature TD ≈ 0.2Tm.
Surface roughening, on the other hand, becomes significant
from T = 0.5Tm to T = Tm and causes a linear increase in
Sconf from 0 to R in that temperature interval. The entire
temperature-dependent evolution of the surface entropy is
depicted in Fig. 1. If the effective [39] surface area A for
a surface of general orientation is approximated as A ≈
1.612N1/3V

2/3
m [38], with N as Avogadro’s number and Vm the

molar volume, the temperature-dependent transformation is

γSV(0) = γSV(Tm) −
∫ 0

Tm

S(T )

A
dT

≈ γSV(Tm) + RTm

A
.

(4)

The transformation of γSV from Tm to 0 K utilizes a rough
approximation for the surface entropy. Other estimates of
Svib and Sconf suggest a large uncertainty of ±50% should
be attached to the RTm/A value [38]. However, as this
term only contributes about 10% of the total surface energy
(RTm/A ≈ 0.1γSV) [36], the dominant part of the uncertainty
remains the conversion from γLV to γSV. The total error bar on
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the experimental surface energy of a material i is then

σi,expt =
√

(0.1γSV)2 + (0.5 RTm/A)2 ≈ 0.112γSV. (5)

It must be emphasized that the entire derivation of Tyson
and Miller revolves around averages. A material-independent
conversion from γLV to γSV is applied and the temperature
effect is estimated by employing a simplified model for
the entropy. The only material-specific properties used are
surface tension at the melting temperature γLV(Tm) and molar
volume Vm. This means no crystallographic or anisotropic
information is present. Moreover, many materials undergo
a phase transformation between 0 K and Tm. This begs the
question which phase should be associated with the data
by Tyson and Miller. A decisive argument to identify the
most appropriate surface is the ratio γgb/γSV. As measure-
ments of this ratio are performed at room temperature, the
preferred crystallographic structures are those stable at room
temperature. Moreover, work functions are typically measured
for those room temperature allotropes as well. Using these
when comparing both experimental surface energies and
experimental work functions to the DFT-predicted values (see
Sec. III), serves to maintain consistency in this accuracy
assessment.

Work function measurements are more precise than surface
energy measurements. The main source of inaccuracies lies
in the presence of surface defects. Adsorbed impurities or
structural surface defects can strongly alter the measured work
function. For the elemental materials, the work function data
compiled by Michaelson [40] forms the largest reference set.
However, a rigorous discussion of experimental precision is
lacking. A review encompassing fewer elemental materials
but a larger amount of data was more recently presented
by Kawano [41]. Because more experimental results are
available for each material, it is possible to determine reliable
experimental error bars for the work functions reviewed by
Kawano. The standard deviations on sets of experiments for
the same surface are at most 0.18 and 0.25 eV for anisotropic
and polycrystalline samples, respectively. For materials with
limited experimental data, a safe value of 0.32 eV was applied.
There are a number of materials (As, Ba, Bi, Cd, Hg, Mg,
Sn, Tl, Zn, and Zr) for which a work function was given
by Michaelson, but the data were judged to be of unknown
reliability. The accuracy with which the work functions of
these materials is predicted by DFT is evaluated, but they are
not incorporated in the statistical analysis.

B. DFT calculations for surfaces

A crystalline solid is usually modeled computationally
by applying three-dimensional (3D) periodic boundary con-
ditions. A surface of the material is created by inserting
a vacuum region within a periodic cell. This essentially
mimics a cleavage procedure and creates periodically repeated
slabs of N atomic layers, which have two surfaces of an
imposed crystallographic orientation (Fig. 2). The surface
energy Esurf = γA corresponds to the energy required to create
a slab surface of area A. It is obtained from the DFT calculation
by subtracting the bulk energy per layer (Ebulk) N times from
the total slab energy (Eslab) and dividing by two to account for

FIG. 2. To model a surface on the atomic scale in a 3D periodic
code, slabs of atomic layers are constructed. As an example the {100}
surface of a face-centered cubic material is shown. The slab unit cell
is indicated by the red box.

the presence of two identical surfaces at both sides of the slab:

Esurf = 1
2 (Eslab − N × Ebulk) = γA. (6)

To differentiate the normalized surface energy from Esurf,
it is usually indicated by γ (as was done in Sec. II A) and
expressed in J/m2.

To correctly model a real surface, no interaction ought
to be present between surfaces of neighboring slabs and
the center of the slab should behave as bulk material. The
first condition is fulfilled by making the vacuum region
sufficiently large. The second condition is fulfilled when the
work function and surface energy are converged with respect
to slab thickness. Using Eq. (6) in this convergence test has
a potential computational pitfall, however. Because the bulk
and surface energies stem from different DFT calculations,
possible numerical discrepancies, caused by different �k-point
sampling for example, are enlarged by a factor N , the
thickness of the slab [Eq. (6)]. A number of solutions have
been proposed to avoid this divergence with respect to slab
thickness. Boettger [42] proposed to derive the energy of a bulk
layer by subtracting the energy of a slab with N − 1 layers from
that of a slab with N layers. Fiorentini and Methfessel [43] put
forward the idea of performing a number of slab calculations
and deriving the bulk energy from a linear fit to the energies.
Another possible solution is to create a bulk unit cell which
matches the orientation of the slab. This would allow for a
perfect match in �k-point meshes.

By evaluating all of the above-described approaches to
improve convergence of Eq. (6), it was concluded that none of
them improved on simply performing a very precise bulk and
slab calculation. Recently Singh-Miller et al. [14] came to the
same conclusion when reviewing these different methods. The
alternative methods are mainly useful when fine �k meshing is
unfeasible due to hardware limitations. When it is possible to
apply highly converged sampling in reciprocal space, however,
sticking to a simple bulk calculation is sufficient and avoids
additional difficulties. It is, for example, not clear how thick
the slab should be when using the Boettger method. Neither
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is it easy to determine which thickness range is suitable for
deriving the bulk energy from a linear fit, as per the method
by Fiorentini and Methfessel.

A calculation of an atomic slab model is inherently limited
to a surface of a specific orientation. How does one compare the
corresponding anisotropic surface energy prediction by DFT
with experimental data? Since Tyson and Miller presented
their experimental data as valid for a surface of “general
orientation,” the ideal solution would be to calculate a number
of different orientations sufficiently large to integrate over the
two-dimensional orientation space. For materials with cubic
symmetry, however, the {100}, {110}, and {111} surfaces actu-
ally suffice to perform the integration. By applying the terrace-
ledges-kinks (TLK) description of a general surface [44], a
ledge (or step) energy can be fitted to the transformation from
one orientation to the other, and can subsequently be used to
interpolate the surface energy to a general orientation. This
approach produces good results for cubic materials because
the above-mentioned simple surfaces already cover a total of
26 orientations. For materials with hexagonal, rhombohedral,
or tetragonal symmetries a significantly larger number of DFT
calculations is needed. Fitting the ledge energy is only valid
for interpolating between two simulated orientations with a
limited angular separation. Moreover, additional simulations
involve more vicinal surfaces, requiring larger slab unit cells
and thus a higher computational cost. For the sake of simplicity
and consistency across different crystal structures, the basic
arithmetic mean of three low-index surfaces was used (see
further). Comparing this simple approach with the more
accurate results from the TLK approach for the cubic materials,
a decrease in surface energy of about −5.5% is observed. This
shift is, however, almost completely material independent,
ranging from −5.66% to −5.19%. For a comparison to
experimental data, the near-constant deviation means the
simple arithmetic mean is as valuable as the TLK approach
(see Sec. II C).

Whereas the DFT surface energy is derived from the
comparison of a bulk and a slab calculation [Eq. (6)], the
work function can be directly obtained solely from the slab
calculation. The work function is

� = Vvac − EF, (7)

where EF is the Fermi energy and Vvac corresponds to the
local one-electron potential at a point in the vacuum where
it becomes constant (i.e., where it is no longer affected by
the presence of the surface). To obtain better convergence of
the work function with respect to slab thickness, the method
of macroscopic averages was proposed by Fall et al. [45]. In
this method, the Fermi energy from a bulk calculation is used
instead. However, for the simple nonpolar slabs in this work,
their method does not result in a more reliable work function,
provided the slab used for the calculation is sufficiently
thick.

For many materials there is only a polycrystalline work
function available, which corresponds to a surface containing
different facets of varying crystallographic orientation. In a re-
view of photoelectric experiments for obtaining work function
data, Helander [46] concluded it is the facet with the lowest
anisotropic work function which determines the measurement.
This is confirmed by the review by Kawano, where there

are both polycrystalline and anisotropic data available for 14
materials. The work functions for polycrystalline samples are
on average only 90 meV higher than those of the surface
orientation with the lowest work function.

The slab unit cells were constructed from optimized bulk
geometries with the use of the ACONVASP software package
and are provided in the Supplemental Material [47,48]. For
the elemental materials with cubic crystal structures, the {100},
{110}, and {111} surfaces were taken into account. For the hcp
and rhombohedral structures, the {0001}, {1010}, and {1120}
surfaces were simulated. The {100}, {110}, and {001} surfaces
were selected for the tetragonal materials and the {100}, {010},
and {001} surfaces for orthorhombic Ga. The surface atoms
were allowed to relax to acquire an optimized surface structure
for all materials. The (2 × 1){111} and the (2 × 1){100}
surface reconstructions for the diamond structures were also
included. There are a number of possible reconstructions for
the diamond structures, which were computationally evaluated
by Stekolnikov et al. [49]. As the (2 × 1) reconstructions
were always either the most stable or at most 6% higher in
surface energy, these were the ones included in the present
DFT calculations. For materials with more than one atom in
the primitive unit cell, some surface orientations have more
than one possible termination. In these cases, the energetically
most favored termination—the one with the lowest surface
energy—was applied to both ends of the slab. For Fe, Co,
Ni, and Cr, magnetization of the surface was taken into
account.

The Vienna ab initio simulation package (VASP) soft-
ware [50–53] was used with VASP 5.2 recommended PAW
potentials [54–56] for all LDA and PBE calculations. These
potentials were recently shown to provide a similar precision
as all-electron calculations [57]. Convergence tests were
performed to determine the most appropriate meshing in
reciprocal space, plane-wave cut-off energy, slab thickness,
and number of surface layers allowed to relax. To efficiently
determine the optimal settings, four electronically different
materials were selected for each crystal structure (see Sup-
plemental Material for convergence tests [48]). The most
stringent settings required for this group of four materials were
applied to all other materials with the same crystal structure.
The numerical precision associated with these settings was
60 meV for work functions and 5% for surface energies in
the worst cases, significantly lower than the experimental
error bars discussed in Sec. II A. The plane-wave cut-off
energy was set at 400 eV for all materials except for
Li (800 eV) and C (600 eV). A convergence criterion of
10−8 eV was used for the electronic self-consistent cycle
and of 10−6 eV for the structural optimization. The vacuum
spacing between slabs was always chosen to be approximately
20 Å wide. The exchange and correlation contributions to the
local one-electron potential were not taken into account to
determine Vvac, as these converge to zero sufficiently far from
the surface. During structure relaxations, Methfessel-Paxton
smearing of first order [58] (σ = 0.01 eV) was used. During
all other calculations, the tetrahedron method with Blöchl
corrections was used [59] for all other calculations. All
final slab geometries, settings, DFT results, and experimental
data used for comparison are available in the Supplemental
Material [48].
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C. Statistical analysis

When presenting results of experimental measurements, it
is common practice to provide confidence intervals. Guidelines
for the determination of such intervals are summarized in
the Guide to the Expression of Uncertainty in Measurement
(GUM) [60]. Published computational results, on the other
hand, are rarely accompanied by an error bar. Indeed, deter-
mining such an interval is not straightforward, as Civalleri
et al. [61] illustrated by showing how the comparison of com-
putational methods is affected by the chosen error measure.
A formal framework proposed by Irikura et al. [62] aims
to adhere to international standards as recommended by the
GUM by removing the bias in the error. For a DFT-predicted
materials property this entails selecting a representative test
set and determining the average error. This predictable part
of the DFT error can subsequently be distinguished from a
material specific error and utilized to transform the calculated
result to the expected true value, serving as an a posteriori
calibration. This decomposition of the computational error
has been applied to DFT results [19,20,63] and was recently
reviewed by Pernot et al. [64]. Note that, whereas the present
work discusses computational errors in terms of predictable
and material-specific contributions, literature sometimes refers
to systematic and random errors. Here the terms systematic
and random are avoided, since all computational results are
intrinsically deterministic.

To find the predictable error, the discrepancy between the
DFT results and experimental data must be analyzed for trends.
This boils down to a search for a general transfer function f

which maps the computational results Xi onto the experimental
values Yi . The preferred option is a simple model for f with
only a few parameters which are intuitively easy to understand.
Because of the simple form of f and the complex nature of
the errors, there will always remain some amount of scatter
ε between the transformed DFT results Ŷi = f (Xi) and the
actual experimental results Yi :

Yi = f (Xi) + εi = Ŷi + εi . (8)

The residual errors εi are the material-specific part of the
error. They represent a true measure of the inadequacy of the
method, as they cannot be removed by correcting for an overall
bias. If εi were zero for all materials i, there would be a perfect
mapping between DFT and experiment. This is why an average
of three different anisotropic DFT-predicted surface energies is
equally valuable as an isotropic surface energy derived by the
more accurate TLK approach, as discussed in Sec. II B. The
discrepancy between those two methods is entirely material
independent and thus predictable. Consequently, the residual
errors εi are the same for both methods.

Determining Ŷ = f (X) is most conveniently achieved by
proposing a function with p parameters (β0,β1, . . . ,βp) = �β
and subsequently minimizing the sum of squares of the residual
errors (SSR). For a zero-centered normal distribution of the
residual errors εi , this yields the maximum likelihood estimate
(MLE) for �β [65],

SSR =
n∑

i=1

(Ŷi − Yi)
2 =

n∑
i=1

[f (Xi, �β) − Yi]
2. (9)

FIG. 3. An illustration of the meaning of the SER. It is a variable,
residual error (green dotted line) on top of a predictable deviation
(solid blue line).

The SSR is a metric for the total absolute deviation from
the proposed model f (X, �β). Divided by the statistical degrees
of freedom ndf = n − p, it also forms an unbiased estimator
for the variance σ 2

ε on the εi . Its square root is referred to as
the standard error on the regression (SER) [65] (Fig. 3):

SER = σ̂ε =
√

SSR

n − p
. (10)

When there is an additional uncertainty on the experimental
values Yi , the residual error in Eq. (8) decomposes into εi =
εi,DFT − εi,expt. If all experimental values are equally precise,
Eq. (9) and the fitting procedure can be used unaltered. If, on
the other hand, εi,expt differs for different Xi the MLE metric
to obtain �β slightly changes [65]:

SSR =
n∑

i=1

(
f (Xi, �β) − Yi

σi,expt

)2

=
n∑

i=1

wi[f (Xi, �β) − Yi]
2.

(11)
The added weights wi = 1/σ 2

i,expt warp the SSR metric,
emphasizing more precise experimental data. This in turn
alters the interpretation of the SER. Multiplied by the local
experimental deviation σi,expt, it is now an estimate of the
local residual error εi . Because the experimental imprecision
is likely uncorrelated with shortcomings of the DFT model,
one can write

σ̂ 2
ε,i = σ 2

i,expSER2 = σ 2
i,expt + σ̂ 2

i,DFT. (12)

Note how Eq. (12) implies that the SER can never be
expected to be smaller than one, as deviations caused by
experiment are always present. The SER thus becomes a
measure of the relative contribution of the DFT model to
the total uncertainty. This confirms the importance of the
discussion on experimental errors in Sec. II A. This is not
only true for the quantities discussed in this work. Recently,
Kirklin et al. [66] concluded that the mean absolute error
on experimental formation energies was of comparable size
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(0.082 eV/atom) to the average absolute difference between
DFT and experiment (0.096 eV/atom).

By determining the parameters �β, a protocol can be
created to transform any DFT-predicted value to the expected
experimental one. The SER × σi,expt obtained via �β then serves
as an error bar on this prediction. However, there are a
number of important assumptions involved in the application
of the least-squares method and the subsequent residual
error analysis. First, the value of the derived function f (X)
depends on the soundness of the experimental data and the
representativity of the test set for a general material. The
meticulous determination of material-dependent experimental
error bars (Sec. II A) and the large and varied test set should
address those concerns. Second, all derived quantities in this
section assume a zero-centered normal distribution for the
residual errors (Ŷi − Yi)/σi . By analyzing the residual errors,
this assumption can be evaluated (Sec. III).

III. RESULTS

A. The character of the predictable error

In Sec. II C the transfer function f between theory and
experiment, which contains the predictable error, was dis-
cussed for a general situation. To determine the most suitable
form of f , Bayesian model selection (BMS) was used. The
probabilities of different polynomial degrees were compared,
by evaluating the model probability as described by Mana
et al. [67], and are presented in Fig. 4. For the work function
data, a linear form f (Xi) = Ŷi = β0 + β1Xi is the most likely
model. For the surface energy data, on the other hand, adding

(a) (b)

(c) (d)

FIG. 4. Results of the Bayesian model selection (BMS) analysis.
Left: LDA work functions (a) and surface energies (c). Right: PBE
work functions (b) and surface energies (d). A linear fit is clearly
the most likely model for both LDA and PBE work functions. For
surface energies, the different error character of group 1 and group 2
materials as opposed to the d block and p block materials result in
the quadratic model competing with the linear model.

a quadratic degree of freedom is an equally likely possibility.
The possibility of a quadratic dependence is, however, chiefly
caused by a different error behavior for some materials classes.
The residual errors for the group 1 and group 2 materials
are distinctly different from the other materials. Combined
with their low surface energies (see Fig. 6), this causes the
apparent quadratic dependence. When separate BMS analyses
are performed, one for the 10 group 1 and group 2 materials
and one for the 33 other materials, the linear form turns out
to be the more probable model except for the PBE surface
energies for the group 1 and group 2 materials, shown with
the red columns in Fig. 4(d). In this case, the influence of the
aberrant behavior of Be heavily influences the small group
of only ten materials. Because the error on the DFT surface
energy for a general material is not actually quadratic, but
rather consists of two linear contributions, no quadratic term
was added to f . This approach serves to make the statistical
analysis on the current test transferable to a general material.

B. Outlier analysis

In Sec. II C it was stressed that one of the inherent
assumptions of the present statistical analysis is the zero-
centered normality of the residual errors. Since all data sets
contain fewer than 100 materials there are no meaningful
quantitative tests available to check for normality. The most
effective ways to check for non-normal behavior are then the
simple histogram and the quantile-quantile plot (QQ plot).
The latter is constructed with Blom’s method for normal
scores [68]. Both graphical tools also assist in spotting outliers
in the data set. Excluding such outliers merely on the grounds
of an aberrant residual error is unjustified, however. Indeed,
as the residual error contains material-specific inaccuracies
of the DFT result, outliers may provide information on the
shortcomings of the theoretical prediction.

Be Ti

(a)

Be
Ti

(b)

(c) (d)

FIG. 5. Analysis of the residual errors for LDA work functions:
histograms with fitted normal distributions before (a) and after (c) the
removal of the outliers Be and Ti, accompanied by QQ plots before
(b) and after (d) outlier removal.
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In the histogram and QQ plot of the residuals [69] for
the LDA work function (Fig. 5), two clear outliers can be
observed: Be and Ti [see also Fig. 6(a)]. The same outliers
can also be identified in the PBE work function data set
[Fig. 6(b)]. The large residual error is most likely due to
the surface crystallography of the samples used to measure
the experimental work functions. Section II A stated that for
a given material, the lowest anisotropic DFT work function
corresponds to the polycrystalline result. This requires of
course that the surface orientation with the lowest work
function is present in the polycrystalline sample, a condition
which seems unfulfilled in the case of Be and Ti. This is
especially the case for Be, for which there are alternative work
function data available [70,71] that vary significantly from the
value of Michaelson. Both materials were therefore excluded
from the analysis. Figure 5 demonstrates the importance of
removing both outliers. The reduced data in Fig. 5(d) fit

significantly better to a normal distribution than the full set
in Fig. 5(b). For LDA and PBE the SER drops from 1.46 to
1.23 and 1.49 to 1.29, respectively. This reduction of the SER
is not merely a consequence of outlier removal, it also indicates
a much improved regression result for the remaining data. The
DFT-predicted work functions of Zr and As also show quite
a large discrepancy with respect to the experimental values
(Fig. 6). These were materials for which the work function was
presented as uncertain by Michaelson [40], therefore they carry
no weight in the statistical analysis. As such, it is expected
that the DFT prediction is more accurate than the uncertain
experimental values for those materials.

Among the residual errors for the LDA surface energies,
Cr and Ge are two clear outliers (see Fig. 6(c) and the
Supplemental Material [48]). For both of these materials,
the disagreement between theory and experiment is due to
the breakdown of the approach of Tyson and Miller [36] to

LDA Work Function

(a)

PBE Work Function

(b)

LDA Surface Energy

(c)

PBE Surface Energy

(d)

FIG. 6. Linear fits of experimental values to DFT predictions for all four evaluated data sets. Left: LDA work functions (a) and surface
energies (c). Right: PBE work functions (b) and surface energies (d). For clarity, an inset is provided of the low surface energy range for both
LDA (c) and PBE (d). The data points are color coded per material class [legend in (a)]. The linear fit is indicated by a red dashed line, with
the first bisector in black, corresponding to the ideal theory, serving as reference. Materials of particular interest are indicated with a label.
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obtain reliable experimental surface energies. Cr is the only
material in the present test set which is antiferromagnetic [72];
no magnetic surface effects are included in the derivation by
Tyson and Miller however. In the case of Ge, the significant
surface reconstruction is probably the cause of the very large
residual error. The approach by Tyson and Miller focuses
specifically on metals, without taking surface reconstruction
into account. For Si, of which the surface energy was also
overestimated but not such a significant outlier, it is possible
to consult additional experimental results, derived via other
methods, to shed some light on this problem. Eaglesham
et al. [73] derived surface energies for the low-index surface
orientations of Si from the equilibrium shape of crystallites,
combined with the cleavage energy for the Si{111} plane
measured by Jaccodine [74]. With the latter value measured
at −196 ◦C and the crystallite equilibrium shapes used to
extrapolate the {111} surface energies to the other orientations,
the values presented by Eaglesham et al. are good candidates
for comparison with 0 K DFT values. These experimental
values are in much better agreement with the DFT values than
the semiempirical results obtained by Tyson and Miller [36].
The DFT surface energies are still larger than the experimental
values, but only by about 3%–11% for PBE and 16%–23%
for LDA. Moreover, the anisotropy found by Eaglesham
et al. [73] in the crystallite shape, is reproduced by the DFT
calculations. When alternative experimental data for Si{110}
are also included into the comparison, it is found that no
experimental method renders surface energies as low as the
one presented by Tyson and Miller, although they range from
1.43 to 5.38 J/m2 [75]. From this it can be concluded that
the semiempirical derivation used by Tyson and Miller is
unsuitable for obtaining the surface energy of the Si and Ge
semiconductors. Excluding both Cr and Ge from the test set
again ensures zero-centered normality of the residuals and
improved regression results with lower SERs. To maintain
consistency when comparing the LDA and PBE functionals,
Cr and Ge are also removed from the PBE surface energy data
set, although in this case they are less distinct outliers. This is
not because these materials perform better with PBE than with
LDA, but because PBE is less accurate for surface energies
than LDA (see Sec. III C).

C. Regression analysis

Table I presents the error estimates resulting from the linear
regressions for LDA and PBE work functions and surface
energies. All four linear fits are shown in Fig. 6, with data
points of particular interest accompanied by a label. The
weighted residual errors for the work function and surface
energies are indicated with a color code in Fig. 7, with darker
shades highlighting larger residual errors. Some experimental
work functions were deemed unreliable by Michaelson [40],
so these carry zero weight in the regression analysis.

Both LDA and PBE produce very similar residual errors
for work functions when compared to experiment. Regardless
of the chosen functional, the SER is smaller than

√
2 [see

Eq. (12)], which means that the DFT inaccuracy, after
correcting for predictable errors, is expected to be smaller
than the typical experimental uncertainty. These predictable
errors differ somewhat between LDA and PBE, with a simpler

TABLE I. Error estimates from the linear regression between
experimental and DFT values, for all four data sets. The coefficients
β0 and β1 are accompanied by an expected error, obtained from the
diagonal elements of the covariance matrix (see the Appendix A). A
95% confidence interval is provided for the SERs (see the Appendix A
for derivation).

β0 (eV) β1 SER

�LDA 0.22 ± 0.09 0.94 ± 0.02 1.221.47
1.05

�PBE 0.30 ± 0.09 0.99 ± 0.02 1.291.55
1.11

β0 (J/m2) β1 SER
γLDA 0.00 ± 0.01 0.93 ± 0.02 1.361.74

1.12

γPBE 0.03 ± 0.01 1.12 ± 0.02 2.342.98
1.92

character of the predictable error for PBE, as it solely consists
of a 0.3 eV constant offset.

Although PBE is the higher level of theory, it does not
appear to improve surface energies; LDA is clearly the
more accurate functional in this respect, as evidenced by its
significantly smaller SER. The predictable error derived from
the regression shows an 11% underestimation of the surface
energy by PBE (β1 = 1.12), but an overestimation of 8%
by the LDA functional (β1 = 0.93). Such trends are to be
expected: creating a surface can be crudely approximated by
the breaking of atomic bonds [76] and it is a well-established
observation in solid-state DFT that the LDA functional
overestimates bond strength, whereas PBE underestimates
it [77]. Consequently, the predictable errors on the DFT surface
energy are transferable from predictable errors on the DFT
cohesive energy [19], a bulk property. Such a connection is
also present for the residual error. The Pearson correlation
coefficient between the residual errors for the surface energy
and the relative residual errors [78] for the equilibrium volume
is −0.81. This suggests that the error on DFT surface energy
predictions very often coincides with an error in predicting the
correct equilibrium volume. Such a relation is not observed
for work function errors.

The magnetic materials, Fe and especially Cr, are among
the worst performing materials, their surface energies being
severely overestimated by DFT. This ties in to the discussion
of the validity of the approach by Tyson and Miller [36] when
magnetic materials are concerned (Sec. III B). The surface
energies for Fe, Co, and Ni are slightly improved by using
PBE, but it is hard to discern whether this is due to improved
DFT modeling or the manner in which the experimental
data are derived. The surface energies of Ge and Si are
also overestimated by both functionals, even though the DFT
values presented in this work are somewhat lower than those
presented by previous authors [49,79].

The SER for LDA surface energies is markedly lower than
for PBE results, making the former stand out as the functional
of choice for predictions of the surface energy. The worse
general accuracy of PBE surface energies is mainly due to the
poor description of materials in the right part of the d block
and of some of the p metals. These materials are labeled in
Figs. 6(c) and 6(d), and the trend can be clearly seen in Fig. 7.
The loss of accuracy of PBE with respect to LDA for surface
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FIG. 7. Overview of the residual errors of the materials for which a comparison with experiment can be made. Top: LDA (a) and PBE (b)
work functions. Bottom: LDA (c) and PBE (d) surface energies. A darker shade represents a larger absolute value of the weighted residual
error εi . There are four shades in total, corresponding with the intervals 0–1, 1–2, 2–3, and 3–∞ (see legend). Be and Ti were removed from
the work function data set, Cr and Ge were removed from the surface energy data set (see Sec. III B). Materials for which no comparison is
made have a gray symbol. Mn, Be, Se, and Te were not calculated because of their crystallographic complexity. There are experimental work
function data for Zr and As, but the accuracy of these values is unconfirmed [40].

energies has been discussed by both Kurth et al. [80] and
Staroverov et al. [77], who evaluated the surface energy for
a jellium surface. The separate contributions of the exchange
and correlation energy to the surface energy were compared
to highly accurate random-phase approximation (RPA) cal-
culations that included a short-range GGA correction. They
concluded that the reason why LDA provides more accurate
surface energies than PBE is entirely fortuitous. Correlation
contributions, such as dispersion, are inaccurate for both LDA
and PBE, but the overestimation of the exchange contribution
to the surface energy within LDA cancels that inaccuracy to a
large degree. This explains why materials in the right part of the
d block suffer from worse surface energy predictions within
PBE, as the correlation energy offers a large contribution
to the total energy for these materials. This is for example
apparent from the extreme case of Hg [81]. In the case of
the p metals, the overestimation of the exchange energy
also corrects for the absence of dispersion contributions. A
well-known example where this correction is relevant is the
c/a of graphite, which is predicted very accurately by LDA
but is overestimated by PBE [82,83]. When, as a test, all
materials from group 12 onwards (those with a full d shell or
a partially occupied p shell) and noble metals Pt, Ag, and Au
are excluded from the test set, PBE and LDA perform equally
well (Table II). For both functionals the SER is reduced to
0.98 and 1, respectively, suggesting their inaccuracy is very
similar when the materials with a large correlation energy
are excluded. Because these materials are outliers due to
theoretical shortcomings in the DFT functionals, and not due to
inaccuracies in the experimental result, they were not excluded
from the test set.

Due to the deficient description of both exchange and
correlation by semilocal functionals, an improved prediction
of the surface energy can be achieved by describing both of
them at a higher level. One of the possible approaches is
quantum Monte Carlo (QMC), which was used by Alfè and
Gillan [84] to calculate the surface energy of the MgO {100}
surface. By comparing the QMC result to the DFT-LDA and
DFT-PBE results, respectively, they concluded that LDA yields
a better result. An alternative approach is to use exact exchange
(EXX) combined with the many-electron perturbation theory
extension known as the random phase approximation (RPA)
to go beyond DFT [85,86]. Both Lazar and Otyepka [17] and
Schimka et al. [87] recently obtained very accurate surface
energies by using the EXX+RPA approach. By comparing
their highly accurate calculated values with surface energies
from cleavage experiments, they suggested the problem of
unreliable surface energies as obtained by (semi)local DFT
has been solved [77,80].

TABLE II. A comparison between the linear fits of LDA and
PBE surface energies to experimental ones when Pt, Ag, Au, and all
group 12 through group 15 materials are removed from the data set.
Removing these materials with large correlation contributions results
in LDA and PBE having a very similar accuracy.

β0 (J/m2) β1 SER

γLDA 0.00 ± 0.01 0.90 ± 0.02 1.001.37
0.79

γPBE 0.02 ± 0.01 1.06 ± 0.03 0.981.35
0.77
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However, EXX+RPA calculations are computationally
very expensive. The current analysis highlights the problem-
atic materials classes for which such an investment would be
cost effective.

D. Validation of the model

In the previous section, predictable errors were derived that,
when corrected for, enable a better agreement with experiment.
These predictable errors remain to be validated. This means
that the ansatz that the test set is representative for a general
material should be evaluated. In a first step, this can be done
internally (within the test set). By leaving one material out
of the test set and repeating the linear regression between
theory and experiment, the sensitivity of the regression to a
single data point can be assessed. None of the four data sets
contain a data point of which the removal significantly impacts
the parameters �β. Not even the PBE surface energy of Hg, the
removal of which results in a lowering of the SER to 2.00, alters
the regression coefficients more than the expected deviation
(Table I).

To externally validate the derived regression results, binary
materials can be considered. As an example, DFT-predicted
work functions of ZrC{100} [88] and Cu3Pt{111} [89] are
transformed using the regression results from Table I, provided
with an error bar and compared to experimental results. The
same comparison is made for the surface energy of MgO
{100}, although the experimental data in this case originate
from cleavage experiments [24,90,91]. The transformed DFT
results and the corresponding experimental data are presented
in Table III.

The error bars in the first and second column are calculated
by propagating the expected error on β0 and β1 (which are
small), combined with σi,DFT, which is derived from the SER
and Eq. (12). To apply Eq. (12), σi,expt must be known. This is
of course not practically possible when DFT is used to predict
a work function or surface energy. The standard experimental
errors that were discussed in Sec. II A can be used for this

TABLE III. Comparison of the transformed DFT-predicted sur-
face energy of MgO {100} and work functions of ZrC{100} and
Cu3Pt{111} surfaces to experimental data. Error bars are derived
by propagating the error on the coefficients �β and deriving σi,DFT

from the SER. The direct results from DFT calculations are
given in parentheses. The experimental error bars on the surface
energies are those presented by the original authors. For the work
functions, however, no such experimental error bar was given. The
general experimental error of ±0.32 eV, derived from the data by
Kawano [41], is given here.

γLDA (J/m2) γPBE (J/m2) γexpt (J/m2)

MgO 1.16 ± 0.12 1.03 ± 0.24 1.15 ± 0.08 [90]
(1.25) (0.896) 1.20 ± 0.12 [24]

1.33 ± 0.06 [91]
�LDA (eV) �PBE (eV) �expt (eV)

ZrC{100} 4.31 ± 0.25 4.32 ± 0.29 3.85 ± 0.32 [88]
(4.35) (4.06)

Cu3Pt{111} 5.18 ± 0.26 5.22 ± 0.29 5.40 ± 0.32 [89]
(4.93) (5.32)

purpose: σexpt = 0.32 eV for work functions and σexpt = 0.11γ

for surface energies, with γ the transformed DFT result.
For MgO and Cu3Pt the transformed theoretical results are

in excellent agreement with experiment, although the error bar
for γPBE is rather large due to the larger SER. The transformed
work function of Cu3Pt is closer to the experimental value
for both LDA and PBE than the bare calculated value. In the
case of the surface energy of MgO, it is unclear whether the
transformation is an improvement because of the large spread
in experimental data. In contrast, the predicted work function
of ZrC does not agree all that well with experiment. There is
only one experimental value available for the {100} surface,
but quite a few more are amassed for polycrystalline ZrC in
the Kawano review [41]. They are spread out between 3.2
and 4.48 eV, which indicates that precise ZrC work functions
are hard to obtain. In this light, as in the case of As and Zr,
the theoretically predicted 4.32 eV might serve as a superior
assessment of the ZrC{100} work function.

IV. CONCLUSION AND OUTLOOK

By comparing 43 experimental surface energies and 73
work functions to their DFT-predicted counterparts, the accu-
racy of the PBE and LDA functionals was quantified for surface
properties. The deviation between the theoretical predictions
and experiment was separated into a predictable and a residual
contribution. The predictable error was determined with a
weighted linear regression, fitting to a linear trend, and is
valid for a general material. The residual error, on the other
hand, stems from material-specific deviations from the general
trend. It was quantified by the standard error on the regression
(SER), which is derived from the residual errors for the
entire test set. The SER is regarded as a good measure of
theoretical inaccuracy and was used to assess the quality of
DFT predictions with different functionals. The comparison of
the DFT-predicted surface energies and work functions with
experimental data is summarized in Fig. 6. The residual errors
for both functionals are indicated with a color code in Fig. 7.

Both the LDA and PBE functional yield a SER smaller than√
2 when the DFT-predicted work functions are compared to

experiment. This means that, after correcting for predictable
errors, both levels of theory are likely to yield work function
results of comparable—even slightly better—quality than ex-
perimental results, as the error due to theoretical inaccuracy is
expected to be smaller than the one resulting from experimental
imprecision. The predictable part of the error has a very simple
form for the PBE functional, as it only consists of a 30 meV
constant offset. Both LDA and PBE, however, are excellent
tools to predict the work function of a crystalline solid.

For surface energy predictions, there is a large discrepancy
between the SER of the LDA and PBE functionals. This is
mainly caused by poor performance of the PBE functional.
Although it is a higher level of theory, it severely underesti-
mates the surface energy of materials for which correlation
contributions are important. In contrast, the LDA functional
provides more accurate predictions for such materials. This
agreement is, however, entirely fortuitous, as was discussed
by Kurth et al. [80] and Staroverov et al. [77]. As such, LDA
emerges as a more accurate method for calculating surface
energies.
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It would be very insightful to extend this research to
other functionals, especially for surface energies. Other
parametrizations of the GGA, such as the revised PBE
(revPBE) [92] or PBEsol functional [93], are tuned for a
better prediction of surface properties and could provide
more accurate surface energies. More recent GGA functionals,
such as the TM functional by Tao and Mo [94], might
also provide improved surface energies. However, significant
improvements, especially for correlation-governed materials,
probably require a higher level of theory. The use of the
random-phase approximation (RPA) could solve the severe
underestimation of the surface energy for those materials, as
was recently suggested in reports by Schimka et al. [87] and
Lazar and Otyepka [17].

This research was limited to the VASP software package and
the use of its recommended PAW potentials. A comparison
with different simulation packages, as was performed by
Lejaeghere et al. [19,57] for bulk properties, could uncover
computational shortcomings not associated with the exchange-
correlation functional. In addition, the inclusion of spin-
orbit coupling, or even of fully relativistic effects, could
provide valuable insights into DFT-related shortcomings for
the heavier materials.

During this research, over 300 anisotropic work func-
tions and surface energies were calculated. Most predictions,
however, cannot be directly compared to experimental data.
Moreover, for some materials the experimental values are
scarce or unreliable, e.g., the work functions of As, Zr, and ZrC.
In such cases, DFT results may provide a reliable estimate,
after correcting for predictable errors. In addition, the devel-
opment of more advanced experimental methods, especially
for measuring surface energy, could provide a wealth of
information to analyze the DFT shortcomings more precisely.
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APPENDIX: WEIGHTED GENERAL
LINEAR REGRESSION

This Appendix serves to provide all the statistical formulas
used in this work. The estimators for the parameters �β are

found by minimizing Eq. (11). The result can be elegantly
contracted in matrix form:

�β = (XT · W · X)−1 · (XT · W · �Y ).

For a fit to a polynomial of degree p, the (i,m) element of
X is Xm−1

i (Xi being the ith individual data point) and W is
a square diagonal matrix with dimensions (p + 1) × (p + 1)
and W(i,i) = wi . �Y is the column matrix with experimental
values Yi .

As �̂Y = X · �β, the residuals �ε = �Y − �̂Y can be expressed in
terms of X, W, and �Y as �ε = (1n − P) · �Y with the hat matrix
P,

P = X · (XT · W · X)−1 · XT · W.

From the residuals, the SSR can be obtained as SSR = �εT�ε.
The covariance matrix V from which the expected errors on

the parameters can be derived for the general linear regression
case is

V = (XT · W · X)−1.

A confidence interval for the SSE can be determined
from SSE/σ 2, which is χ2 distributed with n − p degrees
of freedom. From this, an interval for the SER can be derived.

Algebraically, a weighted linear regression is equivalent to
a normal linear regression after the transformation

X′ = W1/2 · X,

�Y′ = W1/2 · �Y .

This allows the use of the BMS algorithm as described by
Mana et al. [67], where the conditional likelihood of a certain
model M, defined by the matrix X, given the data �Y can be
calculated with

Prob(M| �Y )

∝ 	
(

n−l
2

)
	

(
l
2

)
| �̂Y ′|l|ε′|(n−l)

−
	

(
n−l

2

)
	( n

2 )2F1
(

l
2 , n−l

2 ; n+2−l
2 ; |ε′|2

| �̂Y′|2
)

| �̂Y ′|n
,

where 	 is the gamma function, 2F1 is the regularized
hypergeometric function, l is the number of parameters that

are fitted in the regression (l = p + 1), and �̂Y ′ and ε′ are
the predictions and the residuals resulting from the normal
linear regression using X′ and �Y ′. If the model search space
is restricted, the above equation can be used to assign a
probability to each model.
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[59] P. E. Blöchl, O. Jepsen, and O. K. Andersen, Phys. Rev. B 49,
16223 (1994).

[60] BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP, and OIML
(2008).

[61] B. Kirchner, G. Maroulis, R. Paul, S. Roy, P. Sarkar, A. Savin,
G. Wu, and M. Springborg, Chemical Modelling: Applications
and Theory (Royal Society of Chemistry, London, 2012).

[62] K. K. Irikura, R. D. Johnson, III, and R. N. Kacker, Metrologia
41, 369 (2004).

[63] G. Hautier, S. P. Ong, A. Jain, C. J. Moore, and G. Ceder, Phys.
Rev. B 85, 155208 (2012).

[64] P. Pernot, B. Civalleri, D. Presti, and A. Savin, J. Phys. Chem.
A 119, 5288 (2015).

[65] N. R. Draper and H. Smith, Applied Regression Analysis, 3rd
ed., Wiley Series in Probability and Statistics (John Wiley and
Sons, New York, 1998).

235418-12

136 Paper III



ERROR ESTIMATES FOR DENSITY-FUNCTIONAL THEORY . . . PHYSICAL REVIEW B 94, 235418 (2016)

[66] S. Kirklin, J. E. Saal, B. Meredig, A. Thompson, J. W. Doak, M.
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1 Experimental data

All experimental data that were used in the main manuscript are bundled in this section. Work functions for which only

one experimental value was found were assigned an experimental error of 0.32 eV. Those that were deemed unreliable by

Michaelson [1] have been indicated with an asterisk (∗). When no crystallographic orientation is provided, the work function

measurement was performed on a polycrystalline sample.

Table 1: The experimental work functions (Φ) and surface energies (γ) and their uncer-

tainties used in the comparison with their DFT-calculated counterparts.

Φ(eV) γ(J/m2) Φ(eV) γ(J/m2)

Li 2.90 ± 0.32 0.522 ± 0.05 Ir 5.27 ± 0.32 3.048 ± 0.33

Na 2.75 ± 0.32 0.261 ± 0.03 Ir {111} 5.77 ± 0.03

K 2.30 ± 0.32 0.145 ± 0.02 Ir {100} 5.72 ± 0.25

Rb 2.16 ± 0.32 0.117 ± 0.01 Ir {110} 5.42 ± 0.32

Cs 2.14 ± 0.32 0.095 ± 0.01 Ni 4.87 ± 0.25 2.380 ± 0.26

Be 4.98 ± 0.32 1.628 ± 0.21 Ni {111} 5.28 ± 0.14

Mg 3.66 (∗) 0.785 ± 0.08 Ni {100} 5.23 ± 0.20

Ca 2.87 ± 0.32 0.502 ± 0.06 Ni {110} 4.64 ± 0.17

Sr 2.59 ± 0.32 0.409 ± 0.05 Pd 5.24 ± 0.31 2.003 ± 0.22

Ba 2.70 ± 0.32 0.380 ± 0.04 Pd {111} 5.55 ± 0.20

Sc 3.50 ± 0.32 Pd {100} 5.59 ± 0.26

Y 3.10 ± 0.32 Pd {110} 5.08 ± 0.23

Ti 4.33 ± 0.32 1.989 ± 0.21 Pt 5.27 ± 0.26 2.489 ± 0.26

Zr 4.05 (∗) 1.909 ± 0.20 Pt {111} 5.86 ± 0.18

Hf 3.90 ± 0.32 2.193 ± 0.23 Pt {100} 5.82 ± 0.13

V 4.30 ± 0.32 2.622 ± 0.28 Pt{110} 5.61 ± 0.20
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Φ(eV) γ(J/m2) Φ(eV) γ(J/m2)

Nb 4.02 ± 0.18 2.655 ± 0.29 Cu 4.51 ± 0.14 1.790 ± 0.19

Nb {111} 3.86 ± 0.33 Cu {111} 4.91 ± 0.05

Nb {100} 3.95 ± 0.12 Cu {100} 4.57 ± 0.09

Nb {110} 4.83 ± 0.14 Cu {110} 4.48 ± 0.20

Ta 4.25 ± 0.06 2.902 ± 0.32 Ag 4.36 ± 0.26 1.246 ± 0.13

Ta {111} 4.00 ± 0.07 Ag {111} 4.56 ± 0.11

Ta {100} 4.17 ± 0.32 Ag {100} 4.50 ± 0.32

Ta {110} 4.81 ± 0.16 Ag {110} 4.16 ± 0.26

Cr 4.50 ± 0.32 2.354 ± 0.27 Au 5.31 ± 0.24 1.506 ± 0.16

Mo 4.60 ± 0.16 2.907 ± 0.32 Au {111} 5.29 ± 0.11

Mo {111} 4.09 ± 0.23 Au {100} 5.41 ± 0.32

Mo {100} 4.40 ± 0.13 Au {110} 5.31 ± 0.32

Mo {110} 4.96 ± 0.11 Zn 4.33(∗) 0.993 ± 0.10

W 4.55 ± 0.05 3.265 ± 0.37 Zn {0001} 4.90 ± 0.32

W {111} 4.38 ± 0.12 Cd 4.22(∗) 0.762 ± 0.08

W {100} 4.57 ± 0.13 Hg 4.49(∗) 0.605 ± 0.06

W {110} 5.31 ± 0.32 Al 4.23 ± 0.44 1.143 ± 0.12

Re 4.95 ± 0.13 3.626 ± 0.40 Al {111} 4.28 ± 0.11

Re {0001} 5.13 ± 0.12 Al {100} 4.36 ± 0.32

Fe 4.66 ± 0.21 2.417 ± 0.26 Al {110} 4.21 ± 0.15

Fe {111} 4.81 ± 0.32 Ga 4.20 ± 0.32 0.881 ± 0.09

Fe {100} 4.59 ± 0.26 In 4.12 ± 0.32 0.700 ± 0.07

Fe {110} 5.19 ± 0.06 Tl 3.84(∗) 0.602 ± 0.06

Fe-gamma 4.72 ± 0.25 C {0001} 4.70 ± 0.10

Ru 4.75 ± 0.33 3.043 ± 0.33 Si 4.60 ± 0.28 1.135 ± 0.14

Ru {0001} 5.39 ± 0.15 Si {111} 4.79 ± 0.15

Os 4.84 ± 0.07 3.439 ± 0.38 Si {100} 4.71 ± 0.08

Co 5.00 ± 0.32 2.522 ± 0.27 Si {110} 4.84 ± 0.10

Rh 4.90 ± 0.32 2.659 ± 0.29 Ge 5.00 ± 0.32 0.877 ± 0.10

Rh {111} 5.50 ± 0.14 Sn 4.42(∗) 0.709 ± 0.07

Rh {100} 5.29 ± 0.14 Pb 4.25 ± 0.32 0.593 ± 0.06

Rh {110} 4.77 ± 0.08 As 3.75(∗)

Sb 4.55 ± 0.32 0.596 ± 0.08

Sb {100} 4.70 ± 0.32

Bi 4.22(∗) 0.489 ± 0.05
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2 Computational settings and results

The settings and results given in this section apply to the structures supplied in the file “slab cifs.rar”. It is important to

note that the number of layers is given here. This can differ from the number of atoms in the slab unit cell depending on

the crystal structure of the material at hand. The general computational settings that are (almost) material-independent are

given first.

Cut-off energy:

400 eV for all materials except for Li (800 eV) and C (600 eV).

Convergence criterion for the electronic self-consistent cycle:

10−8 eV

Convergence criterion for the structural optimization:

10−6 eV

Precision:

The VASP-tag “PREC” was set to “ACCURATE”. This results in a grid spacing of 1/(2 Gcut) for the fast Fourier trans-

formation and 1/(4 Gcut) for the description of the augmentation charges, where Gcut is the cut-off electronic wave vector.

Projection operators were applied in reciprocal space.

Table 2: The material-dependent computational settings and results for the DFT-calculated work func-

tions (Φ) and surface energies (γ). The integration grid in reciprocal space (~k-mesh), thickness of the

slab and the number of layers free to relax have the largest impact on computational precision. The PAW

potentials used follow the VASP 5.2 recommendations.

Layers Free

~k-mesh in slab layers ΦPBE(eV) ΦLDA(eV) γPBE(J/m2) γLDA(J/m2) PAW file

Li {111} 31x31 22 4 2.830 2.925 0.537 0.599 Li sv 23 Jan 2001

{100} 39x39 19 1 3.018 3.135 0.463 0.520

{110} 47x47 15 1 3.225 3.359 0.493 0.561

Na {111} 25x25 22 4 2.614 2.756 0.249 0.295 Na pv 05 Jan 2001

{100} 33x33 19 1 2.651 2.796 0.221 0.264

{110} 39x39 15 1 2.815 2.962 0.210 0.253

K {111} 27x27 22 4 2.206 2.362 0.130 0.162 K sv 06 Sep 2000

{100} 21x21 16 1 2.217 2.372 0.116 0.145

{110} 33x33 15 1 2.358 2.52 0.106 0.133

Rb {111} 19x19 22 4 2.118 2.291 0.101 0.166 Rb sv 06 Sep 2000

{100} 25x25 19 1 2.115 2.291 0.091 0.151

{110} 29x29 15 1 2.239 2.412 0.081 0.134

Cs {111} 19x19 22 4 1.978 2.168 0.080 0.113 Cs sv 08 Apr 2002

{100} 25x25 19 1 1.970 2.161 0.072 0.101

{110} 21x21 15 1 2.070 2.245 0.061 0.087

Be {0001} 21x21 18 3 5.321 5.556 1.803 2.089 Be 06 Sep 2000

{1010} 29x17 20 2 4.484 4.644 1.938 2.211

{1230} 17x17 15 2 3.830 4.035 2.128 2.381

{1231} 21x21 20 5 4.482 4.679 2.461 2.751

Mg {0001} 21x21 18 3 3.705 3.871 0.448 0.644 Mg 05 Jan 2001

{1010} 25x25 16 5 3.652 3.814 0.581 0.736

{1230} 13x13 15 2 3.487 3.643 0.688 0.853
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Layers Free

~k-mesh in slab layers ΦPBE(eV) ΦLDA(eV) γPBE(J/m2) γLDA(J/m2) PAW file

Ca {111} 19x19 15 3 2.923 3.012 0.465 0.560 Ca pv 06 Sep 2000

{100} 19x19 17 3 2.765 2.848 0.458 0.539

{110} 21x13 15 3 2.810 2.949 0.540 0.634

Sr {111} 15x15 13 3 2.522 2.668 0.350 0.437 Sr sv 07 Sep 2000

{100} 15x15 13 4 2.452 2.563 0.346 0.414

{110} 21x13 13 3 2.550 2.663 0.410 0.498

Ba {111} 21x21 22 4 2.319 2.575 0.390 0.495 Ba sv Ba 06 Sep 2000

{100} 27x27 19 1 2.323 2.54 0.321 0.412

{110} 33x33 15 1 2.385 2.584 0.313 0.410

Sc {0001} 21x21 18 3 3.334 3.556 1.271 1.458 Sc sv 07 Sep 2000

{1010} 29x17 20 2 3.563 3.772 1.207 1.391

{1230} 13x13 15 2 3.180 3.346 1.264 1.445

{1231} 21x21 20 5 3.416 3.389 1.385 1.584

Y {0001} 21x21 18 3 3.178 3.443 1.007 1.148 Y sv 06 Sep 2000

{1010} 29x17 20 2 3.315 3.471 0.974 1.126

{1230} 13x13 15 2 3.005 3.196 1.017 1.164

Ti {0001} 21x21 13 2 4.420 4.674 1.952 2.211 Ti pv 07 Sep 2000

{1010} 29x17 20 2 3.896 4.226 2.016 2.000

{1230} 11x11 15 3 3.190 3.446 1.880 2.176

{1231} 19x19 12 3 3.512 3.797 2.031 2.320

Zr {0001} 21x21 18 3 4.179 4.455 1.576 1.782 Zr sv 07 Sep 2000

{1010} 29x17 20 2 3.837 4.164 1.650 1.856

{1230} 13x13 15 2 3.089 3.391 1.651 1.898

Hf {0001} 21x21 14 3 4.339 4.581 1.726 1.937 Hf pv 06 Sep 2000

{1010} 29x17 20 2 3.939 4.207 1.867 2.081

{1230} 13x13 15 2 3.123 3.378 1.845 2.101

V {111} 23x23 22 3 3.872 4.227 2.705 3.098 V pv 07 Sep 2000

{100} 27x27 18 1 3.741 4.068 2.380 2.815

{110} 35x35 13 1 4.744 5.017 2.379 2.740

Nb {111} 25x25 25 4 3.838 4.146 2.345 2.715 Nb pv 08 Apr 2002

{100} 33x33 16 1 3.547 3.859 2.302 2.736

{110} 21x21 11 1 4.489 4.770 2.068 2.381

Ta {111} 25x25 22 4 3.923 4.221 2.742 3.058 Ta pv 07 Sep 2000

{100} 39x39 15 1 3.830 4.121 2.490 2.881

{110} 33x33 19 1 4.728 4.982 2.354 2.648

Cr (AFM) {111} 31x31 22 2 3.741 3.411 Cr pv 07 Sep 2000

{100} 41x41 19 1 3.681 3.130

{110} 25x25 15 1 4.803 2.849

Cr (NM) {111} 31x31 22 2 4.090 4.392 3.570 4.082 Cr pv 07 Sep 2000

{100} 41x41 19 1 4.017 4.355 3.748 4.192

{110} 25x25 15 1 4.824 5.127 3.313 3.760

Mo {111} 27x27 22 4 4.030 4.343 2.998 3.443 Mo pv 08 Apr 2002

{100} 35x35 19 1 3.835 4.355 3.190 3.637
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Layers Free

~k-mesh in slab layers ΦPBE(eV) ΦLDA(eV) γPBE(J/m2) γLDA(J/m2) PAW file

{110} 41x41 15 1 4.519 4.862 2.772 3.117

W {111} 21x21 21 4 4.134 4.414 3.555 3.958 W pv 06 Sep 2000

{100} 33x33 19 1 4.096 4.440 4.034 4.427

{110} 31x31 15 1 4.777 5.050 3.282 3.655

Tc {0001} 21x21 18 3 4.636 5.005 2.226 2.714 Tc pv 06 Sep 2000

{1010} 29x17 20 2 4.472 4.810 2.543 3.041

{1230} 13x13 15 2 4.239 4.560 2.662 3.199

{1231} 21x21 20 5 4.082 4.420 2.852 3.419

Re {0001} 17x17 15 3 4.907 5.227 2.639 3.089 Re 17 Jan 2003

{1010} 29x17 12 2 4.680 4.986 2.913 3.381

{1230} 9x9 11 2 4.492 4.769 3.111 3.613

Fe-α {111} 31x31 22 3 3.862 4.541 2.712 3.472 Fe 06 Sep 2000

{100} 41x41 19 2 3.894 4.410 2.530 3.442

{110} 47x47 12 0 4.743 5.275 2.455 3.173

Fe-γ {111} 27x27 15 3 5.205 5.507 2.467 3.296 Fe 06 Sep 2000

{100} 25x25 13 3 4.739 5.180 1.906 3.840

{110} 33x21 18 3 3.897 4.721 2.410 3.814

Ru {0001} 21x21 18 3 4.993 5.372 2.675 3.239 Ru 06 Sep 2000

{1010} 29x17 20 2 4.784 5.148 2.986 3.584

{1230} 13x13 15 2 4.430 4.780 3.405 4.076

{1231} 21x21 20 5 4.383 4.739 3.328 4.003

Os {0001} 21x21 18 3 5.302 5.638 2.997 3.494 Os pv 20 Jan 2003

{1010} 29x17 20 2 5.062 5.386 3.403 3.956

{1230} 13x13 15 2 4.782 5.071 4.091 4.719

Co {0001} 21x21 18 3 4.925 5.386 2.128 2.768 Co 06 Sep 2000

{1010} 29x17 20 2 4.703 5.136 2.267 2.954

{1230} 13x13 15 2 4.389 4.806 2.461 3.253

{1231} 21x21 20 5 4.328 4.764 2.622 3.408

Rh {111} 25x25 14 3 5.138 5.536 2.000 2.558 Rh 06 Sep 2000

{100} 23x23 14 3 5.068 5.472 2.340 2.960

{110} 27x17 14 3 4.583 4.961 2.388 3.045

Ir {111} 25x25 15 3 5.514 5.860 2.297 2.817 Ir 06 Sep 2000

{100} 23x23 14 3 5.565 5.914 2.850 3.435

{110} 27x17 19 3 4.970 5.314 2.881 3.512

Ni {111} 29x29 11 3 5.020 5.497 1.916 2.506 Ni 06 Sep 2000

{100} 27x27 13 3 4.901 5.328 2.209 2.855

{110} 33x21 15 3 4.488 4.949 2.262 2.945

Pd {111} 25x25 14 3 5.244 5.651 0.253 0.402 Pd 05 Jan 2001

{100} 23x23 14 3 5.090 5.521 0.305 0.470

{110} 27x17 16 3 4.834 5.216 0.322 0.483

Pt {111} 25x25 15 3 5.691 6.046 1.434 1.984 Pt 05 Jan 2001

{100} 23x23 15 3 5.673 6.040 1.834 2.405

{110} 27x17 20 3 5.281 5.633 1.858 2.465

Cu {111} 25x25 13 3 4.749 5.170 1.271 1.761 Cu 05 Jan 2001
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Layers Free

~k-mesh in slab layers ΦPBE(eV) ΦLDA(eV) γPBE(J/m2) γLDA(J/m2) PAW file

{100} 23x23 13 3 4.492 4.880 1.420 1.951

{110} 27x17 22 3 4.369 4.751 1.508 2.054

Ag {111} 25x25 14 3 4.345 4.843 0.717 1.145 Ag 06 Sep 2000

{100} 23x23 15 3 4.223 4.676 0.802 1.268

{110} 27x17 19 3 4.113 4.552 0.858 1.352

Au {111} 21x21 13 3 5.114 5.528 0.699 1.123 Au 06 Sep 2000

{100} 19x19 13 3 5.082 5.460 0.857 1.334

{110} 27x17 22 3 4.961 5.329 0.882 1.389

Zn {0001} 21x21 18 3 4.075 4.442 0.308 0.506 Zn 06 Sep 2000

{1010} 29x17 20 2 4.334 4.702 0.747 1.102

{1230} 13x13 15 2 4.026 4.299 0.965 1.389

{1231} 21x21 20 5 4.126 4.432 0.943 1.356

Cd {0001} 21x21 18 3 3.811 4.208 0.207 0.373 Cd 06 Sep 2000

{1010} 29x17 20 2 4.085 4.493 0.442 0.746

{1230} 13x13 15 2 3.902 4.209 0.562 0.935

Hg-α {001} 13x13 23 3 4.497 4.732 0.129 0.740 Hg 06 Sep 2000

{100} 9x15 26 7 4.235 4.627 0.013 0.652

{110} 21x13 17 2 4.134 4.522 0.127 0.530

Hg-β {001} 23x23 19 7 4.332 4.953 0.075 0.512 Hg 06 Sep 2000

{100} 21x25 22 4 4.482 4.842 0.090 0.510

{110} 19x19 14 7 4.260 4.673 0.087 0.369

Al {111} 35x35 19 3 4.047 4.216 0.816 0.972 Al 04 Jan 2001

{100} 33x33 19 3 4.255 4.415 0.940 1.106

{110} 39x25 21 3 4.045 4.207 0.998 1.173

Ga {001} 11x11 18 2 4.014 4.328 0.572 0.735 Ga d 06 Sep 2000

{100} 7x11 13 1 4.225 4.556 0.503 0.576

{010} 13x13 16 5 4.608 4.961 0.891 1.042

In {001} 13x13 22 1 3.881 4.216 0.306 0.498 In d 06 Sep 2000

{100} 17x11 21 1 3.791 4.125 0.366 0.536

{110} 13x13 22 1 3.921 4.301 0.362 0.762

Tl {0001} 19x19 16 2 3.561 3.981 0.264 0.428 Tl d 06 Sep 2000

{1010} 23x13 20 1 3.556 3.975 0.234 0.403

{1230} 13x13 16 3 3.516 3.941 0.277 0.459

{1231} 21x21 20 5 3.517 3.948 0.296 0.488

Graphite {0001} 23x23 17 1 4.565 4.759 0.119 0.431 C 08 Apr 2002

+D3 {0001} 23x24 17 1 4.459 0.163

Diamond {111} 9x17 14 3 4.357 4.541 4.050 4.501 C 08 Apr 2002

{100} 7x13 14 3 5.626 5.626 5.198 5.697

{110} 11x11 12 3 5.299 5.563 5.437 5.903

Si {111} 9x17 14 3 4.667 4.811 1.361 1.513 Si 05 Jan 2001

{100} 7x13 14 3 4.563 4.712 1.406 1.572

{110} 7x7 12 2 5.002 5.229 1.528 1.705

Ge {111} 9x17 14 3 4.381 4.551 0.890 1.156 Ge d 06 Sep 2000

{100} 7x13 14 3 4.482 4.722 1.003 1.269

6
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Layers Free

~k-mesh in slab layers ΦPBE(eV) ΦLDA(eV) γPBE(J/m2) γLDA(J/m2) PAW file

{110} 11x11 12 3 4.743 4.993 1.235 2.007

Sn-α {111} 9x17 14 3 4.148 4.372 0.540 0.700 Sn d 06 Sep 2000

{100} 7x13 14 3 4.231 4.494 0.628 0.804

{110} 9x9 12 2 4.398 4.706 0.786 0.998

Sn-β {001} 11x11 19 3 4.015 4.260 0.507 0.732 Sn d 06 Sep 2000

{100} 7x13 16 1 3.954 4.199 0.369 0.576

{101} 15x15 14 4 4.009 4.280 0.421 0.624

{110} 11x15 16 2 4.217 4.493 0.478 0.705

Pb {111} 21x21 22 3 3.763 4.080 0.253 0.402 Pb d 06 Sep 2000

{100} 19x19 15 3 3.796 4.101 0.305 0.470

{110} 25x25 15 3 3.727 4.029 0.322 0.483

As {001} 17x17 18 1 4.407 4.706 0.093 0.336 As 06 Sep 2000

{100} 11x5 19 4 4.525 4.865 0.539 0.808

{110} 17x13 17 3 4.756 4.939 0.657 0.857

Sb {001} 17x17 20 2 4.238 4.501 0.162 0.427 Sb 06 Sep 2000

{100} 11x5 19 5 4.388 4.721 0.475 0.734

{110} 13x9 17 3 4.414 4.618 0.488 0.793

Bi {001} 17x17 20 2 4.066 4.367 0.198 0.395 Bi d 06 Sep 2000

{100} 11x5 19 5 3.968 4.305 0.293 0.655

{110} 13x9 17 1 4.140 4.394 0.508 0.751

3 Computational precision

The aim of this section is to provide an overview of the computational imprecision for those materials for which extensive

convergence testing was performed.

Table 3: The precision associated with the settings chosen for the test materials.

Both ∆Φ and ∆σ are in meV - σ being the surface energy per surface atom. The

imprecision caused by the choice of cut-off energy was only evaluated for the first four

materials, because of its negligible contribution.

~k-points Layers Cut-off Free Layers Total

Element Slab ∆Φ ∆σ ∆Φ ∆σ ∆Φ ∆σ ∆Φ ∆σ ∆Φ ∆σ

{111} 10 4 25 4 0.1 2 4 0 27 6

Al {100} 18 3 30 4 0.1 2 0 0 35 5

{110} 10 5 20 20 0.1 2 3 2 23 21

{111} 15 4 1 2 0.3 2 4 1 16 5

Au {100} 6 2 6 4 0.3 2 10 1 13 5

{110} 3 5 10 2 0.3 2 1 0 10 6

{111} 15 4 1 2 0.5 2 4 0 16 5

Cu {100} 5 2 15 1 0.5 2 3 0 16 15

{110} 5 2 10 6 0.5 2 1 0 11 7

{111} 5 2 10 0 0.1 1 4 1 12 2

Sr {100} 10 2 5 1 0.1 1 1 0 11 2
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{110} 7 2 20 2 0.1 1 1 0 21 3

{111} 4 1 25 15 4 4 26 16

Nb {100} 7 2 10 10 7 13 14 17

{110} 5 4 5 4 10 5 12 8

{111} 10 1 35 5 5 1 37 5

K {100} 4 2 15 2 1 0 16 3

{110} 5 0 15 0 1 0 16 0

{111} 3 1 60 10 10 3 61 10

V {100} 3 1 8 4 10 5 13 6

{110} 5 1 2 4 3 1 6 4

{111} 4 1 35 10 10 8 37 13

W {100} 6 1 20 6 6 9 22 11

{110} 5 1 3 25 1 1 6 25

{0001} 6 0.5 6 2 3 0 9 2

Ti {1010} 5 2 9 4 8 1 13 5

{110} 4 0 14 3 6 5 16 6

{0001} 6 2 30 1 3 1 31 2

Tl {1010} 5 3 40 8 3 0 40 9

{110} 3 3 20 5 5 1 21 6

{0001} 8 3 5 3 2 10 10 11

Re {1010} 10 1 9 10 5 2 14 10

{110} 4 6 25 8 15 10 29 14

{0001} 3 5 4 1 0 0 5 5

Mg {1010} 6 3 30 3 6 5 31 7

{110} 9 0 50 5 3 4 51 6

8
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4 Statistical analysis for all linear fits

Be Ti

(a)

Be

Ti

(b)

(c) (d)

Figure 1: Histograms of the residuals for LDA work functions before [a] and after [c]

outlier removal (Be and Ti), accompanied by QQ-plots before [b] and after [d] outlier

removal.
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Figure 2: Histograms of the residuals for PBE work functions before [a] and after [c]

outlier removal (Be and Ti), accompanied by QQ-plots before [b] and after [d] outlier

removal.
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Cr

Ge

(a)

Cr

Ge

(b)

(c) (d)

Figure 3: Histograms of the residuals for LDA surface energies before [a] and after

[c] outlier removal (Cr and Ge), accompanied by QQ-plots before [b] and after [d]

outlier removal.
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Figure 4: (Color online) Histograms of the residuals for PBE surface energies before

[a] and after [c] outlier removal (Cr and Ge), accompanied by QQ-plots before [b] and

after [d] outlier removal. Hg, for which the PBE surface energy is underestimated

considerably, is not visible in the QQ-plots.
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158 Formation energy of solute complexes

This appendix contains the thermodynamic data for the research presented
in Chapter 4. First, the solute interactions for all configurations as described
in Section 4.3.2 are presented. Then, the 0 K energy of formation for the
ternary compounds are listed in Table a.2 for the γ′ structures and Table a.3
for the α′′ structures. For the la�er, only the formation energy for the most
stable structure given a certain stoichiometry is presented.

Formation energy of solute complexes

The solute interactions are determined using the supercell approach. This
means that they are derived from the DFT calculations for a pure 128 atom
bcc Fe supercell (Fe), one 128 atom Fe supercell with an interstitial nitrogen
impurity (FeN), one supercell with 127 Fe atoms and a ternary solute X (FeX)
and one supercell with both impurities (FeX-N):

Ef = EFeX-N + EFe − EFeX − EFeN (a.1)

For each ternary element X, three interaction energies with nitrogen are
given, as they are listed in Figure 4.5.

Ternary element X Ef (eV)
Ti 0.149

-0.312
-0.103

V 0.076
-0.032
0.045

Nb 0.674
-0.148
-0.026

Cr -0.035
0.098
0.105

Mo 0.612
0.078
0.066

Mn -0.271
-0.098
0.073
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Co 0.222
0.202
0.038

Ni 0.312
0.234
0.030

Pd 1.168
0.315
-0.030

Pt 1.502
0.608
0.033

Cu 0.418
0.167
-0.071

Al 0.295
0.241
-0.071

Si 0.397
0.734
0.031

Table a.1: Solute interaction energies between a nitrogen impurity in three
di�erent configurations with respect to a ternary solute X.

Energy of formation of Ternary structures at 0K

The formation energies of the crystals in this section use the elements in a
ferrite matrix as thermodynamic reference. As such, it is derived from:

Ef = EFe4−xXxN − (4− x)EFe − xEXsol
− ENsol

(a.2)

for the γ′ structures, and

Ef = EFe8−yXxN − (8− y)EFe − yEXsol
− ENsol

(a.3)

For the α′′ structures. For the former, the energy of formation is included for
all 6 ternary structures and the binary compound X4N. As a reference, the
formation energy for Fe4N is given as well. For the α′′ structures, however,
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only the 9 most stable structures in the series Fe8−yXyN are included for
each element. Here as well, the formation energy of Fe16N2 is included as a
reference.

Ternary element X Ef (eV)
Fe4N -0.296
Ti -0.744

-0.926
-0.603
-1.590
-1.638
-0.610
-0.839

Zr -1.556
-1.459
-1.729
-3.572
-4.044
-3.264
-4.807

Hf -1.432
-1.080
-1.069
-1.073
-3.266
-2.240
-3.277

V 0.230
-0.378
0.046
-0.251
-0.147
0.226
0.435

Nb -0.391
-0.664
-0.671
-1.380
-1.323
-1.485
-1.447

Ta -0.336
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-0.499
-0.216
-1.029
-0.622
-0.848
-0.851

Cr 0.269
-0.359
0.275
-0.273
-0.178
-0.088
-0.035

Mo 0.471
-0.086
-0.117
-0.257
-0.152
-0.533
-0.441

W 0.692
0.144
0.359
0.456
0.947
0.208
0.733

Mn -0.375
-0.574
-0.465
-0.849
-1.120
-1.555
-1.961

Tc 0.484
-0.021
0.157
-0.009
-0.113
-0.083
-0.454
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Re 0.949
0.549
0.974
1.053
2.093
1.236
1.524

Ru 0.040
-0.027
0.329
0.245
0.398
0.514
0.512

Os 0.504
0.576
1.275
1.659
2.755
2.140
2.896

Co -0.093
-0.152
0.076
-0.035
0.283
0.374
0.811

Rh -0.455
0.052
0.124
0.508
1.026
0.930
1.570

Ir 0.002
0.729
1.302
2.051
3.802
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3.442
4.845

Ni -0.498
-0.469
-0.528
-0.278
0.111
-0.434
-0.129

Pd -1.151
-0.094
-0.946
0.109
0.502
-0.820
-0.599

Pt -0.722
0.711
0.601
1.989
3.740
2.137
3.934

Cu -0.942
-0.261
-1.138
0.015
0.395
-1.380
-1.509

Ag -1.780
-0.165
-2.551
-0.468
-0.841
-3.735
-4.697

Au -1.446
0.581
-0.803
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1.162
1.991
-0.672
-0.249

Al -0.638
0.330
0.917
0.844
1.648
2.291
3.104

Si 0.559
1.762
3.489
4.113
6.639
6.268
8.302

Table a.2: Formation energy for all ternary γ′ phases. For each ternary
element X, there are 7 structures included: I.A, I.C, II.AC, II.CC,
III.A, III.C and IV. The Ef are presented in that order.

Ternary element X Ef (eV)
Fe16N2 -0.386
Ti -0.656

-1.044
-1.289
-1.781
-0.322
1.067
2.173
2.736

Zr -1.190
-2.234
-3.688
-5.324
-4.165
-4.421
-4.719
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-5.871
Hf -0.938

-2.026
-2.494
-3.615
-3.184
-1.867
-2.720
-3.497

V -0.283
-0.260
0.102
0.065
0.696
1.283
2.070
2.858

Nb -0.593
-1.369
-1.222
-1.932
-1.629
-1.540
-1.366
-1.323

Ta -0.600
-1.395
-1.273
-1.887
-0.967
-0.520
-0.285
-0.259

Cr -0.123
-0.230
-0.007
0.155
0.392
0.436
0.556
0.670
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Mo -0.104
-0.361
-0.072
-0.251
-0.307
-0.565
-0.279
0.023

W 0.047
-0.373
0.147
0.230
0.240
0.188
0.725
1.174

Mn -0.529
-0.657
-0.983
-1.849
-2.258
-2.626
-2.830
-2.319

Tc 0.104
0.109
-0.321
-0.743
-0.696
-0.949
-1.082
-1.432

Re 0.431
0.539
0.492
0.670
0.776
0.694
0.905
0.860

Ru -0.073
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0.117
0.094
-0.163
-0.251
-0.553
-0.882
-1.296

Os 0.257
0.733
0.657
0.800
0.963
1.003
1.032
1.022

Co -0.186
-0.026
0.139
0.325
0.466
0.495
0.960
1.378

Rh -0.216
-0.129
0.076
0.041
0.219
0.585
1.055
1.548

Ir 0.094
0.508
0.963
1.438
2.168
2.841
3.952
5.363

Ni -0.381
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-0.520
-0.690
-0.882
-0.894
-0.993
-0.758
-0.544

Pd -0.724
-1.112
-1.404
-1.723
-1.986
-2.226
-2.188
-2.266

Pt -0.344
-0.385
-0.016
0.414
1.105
2.477
3.257
5.254

Cu -0.786
-1.403
-1.659
-1.992
-2.558
-2.834
-3.429
-3.968

Ag -1.146
-2.373
-3.520
-5.423
-6.982
-8.666
-10.333
-12.077

Au -1.126
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-1.797
-2.061
-3.024
-4.338
-3.732
-4.350
-4.158

Al -0.637
-0.676
-0.359
0.087
1.262
2.826
3.985
6.047

Si 0.001
0.551
1.394
2.613
4.538
5.861
9.281
14.325

Table a.3: Energy of formation for all ternary α′′ phases. For each ternary
element X, there are 8 structures included for each possible sto-
ichiometry in the primitve cell of the α′′ structure. The iron
content thus decreases from 0.875 to 0 for each element.
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The calculations performed for this thesis were carried out on the
infrastructure of the Flemish Supercomputer Center (VSC). More
specifically, the Tier–2 cluster in Ghent and the Tier–1 cluster (in both
Ghent and Leuven). In this Appendix we present an overview of the Tier–1
projects with the total amount of core days (the use of one processor core
for a period of 24 hours) and the total use time on the Ghent Tier–2 clusters.

Tier–1 projects

• 2016: Error estimates for ab initio predictions of surface energy and
work function. 16 000 core days.

• 2016: Error estimates for ab initio predictions for point defects in the
Fe-N system. 48 352 core days.

• 2017: Analysis of the o�-stoichiometry of Fe3N1+y with Density-
Functional Theory in the Fe–N system. 120 960 core days.

• 2017: Analysis of the o�-stoichiometry of Fe3N1+y with Density-
Functional Theory. 96 768 core days.

• 2018: Assessing DFT reproducibility using a systematic benchmark set:
Chemical variety. 61 936 core days.

• 2019: The influence of ternary alloying elements on the thermo-
dynamic balance between iron-nitride compounds in nitrided steels.
125 748 core days.
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Tier–2 Usage

(a) Tier–2 usage year-by-year in total core days used.

(b) Tier–2 usage per cluster in total core days used.

Figure b.1: Overview of the use of the Tier–2 cluster in Ghent from 2015–
2019
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Free energy of Fe4N: LDA and PBE comparison

As referenced in the main manuscript of paper III, the di�erence between the
free energy of Fe4N calculated with the LDA and PBE functionals is shown
in Fig.c.1. The di�erence in free energy between LDA and PBE is shown up
to 450 K, above which LDA Fe4N becomes mechanically unstable.

Figure c.1: (Color online) Di�erence in free energy between the LDA and
PBE exchange-correlation functional. Above 450 K, LDA Fe4N
becomes mechanically unstable.

Magnetic contributions

In Table 1, a comparison between VASP and SPR-KKR is presented for the
local magnetizations of the iron atoms at the VASP equilibrium la�ice con-
stants.

To illustrate the impact of the exchange interactions, the convergence of the
mean-field Curie temperature (TC,MF) with respect to the cut-o� radius for
the interactions is shown in Figure c.2.

la�ice constants (Å) MVASP(µB) MKKR(µB)

Fe 2.84 (2.87)[183] 2.18 (2.22)[184] 2.33 (2.22)[184]
Fe4N 3.80 (3.80)[185] 2.50 (2.25)[185] 2.43 (2.25)[185]
Fe16N2 5.70 (5.72)[23] 2.40 (2.48 - 3.5)[186] 2.42 (2.48 - 3.5)[186]

6.23 (6.29)[23]

Table c.1: La�ice parameters for Fe, Fe4N and Fe16N2. Magnetic moments
for all three compounds at those la�ice parameters for both the
VASP code and the SPR-KKR code.
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(a) Fe (a = 2.861)

(b) Fe4N (a = 3.812)

(c) Fe16N2 (a = 5.742)

Figure c.2: Calculated mean-field Curie temperatures TC for Fe, Fe4N and
Fe16N2 as a function of cut-o� radius for the exchange inter-
actions. The size of the cut-o� radius is relative to the la�ice
parameter a.
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Vienna Ab Initio Simulation Package (VASP)

The Vienna Ab Initio Simulation Package (VASP) is used to perform
simulations at the atomic scale. The crystallographic unit cell is the basic
input for these simulations, besides the computational se�ings. From there,
the electronic structure, i.e. the density, is calculated, along with the energy
of the input system, the forces on the atoms and the stress tensor of the unit
cell. From those forces and the stress the tensor, the input crystal structure
can be optimized towards an equilibrium structure, where all forces on the
atoms and stresses are zero.

In this dissertation, we used VASP to perform DFT calculations with the
aim of obtaining energies, optimizing structures and calculating forces on
perturbed structures. The la�er are the input necessary to obtain a phonon
spectrum.

Phonopy

Phonopy is a python-based open source package to perform phonon
calculations. It can be used to obtain phonon band structures, phonon
density of states, the group velocity and thermal properties derived
from phonon frequencies. These can be derived within the harmonic
approximation or the quasiharmonic approximation. An interface with a
calculator that determines the forces on the atoms is required.

We used phonopy to set up the supercells in which the atomic displacements
are applied. An important step with respect to computational e�iciency,
as the so�ware only performs symmetrically inequivalent atomic
displacements. Thus the minimum amount of calculations is determined to
obtain the phonon spectrum for a given unit cell. A�er the forces on the
atoms in the supercells was calculated (VASP), phonopy is used to combine
these forces into the dynamical matrix and diagonalize it for the given
q–points.

Spin-Polarized Relativistic Korringa-Kohn-Rostoker (SPR–KKR)

The Spin-Polarized Relativistic Korringa-Kohn-Rostoker (SPR–KKR)
so�ware package has been developed at LMU MÜNCHEN. Like VASP, it is
capable of performing DFT calculations to obtain the electronic structure of
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a material. Because it employs a sca�ering formalism, the package places a
strong emphasis on response functions and spectroscopic properties.

The SPR–KKR package is more suited to obtain the Heisenberg exchange
constants compared to VASP. Indeed, it has a built-in subroutine for
obtaining these constants, as they are directly deducible within the KKR-
Green’s function formalism. Therefore, in this dissertation this so�ware was
used to obtain the Heisenberg exchange constants for all magnetic materials.

ALPS

The Algorithms and Libraries for Physics Simulations is a broad open
source e�ort based on C++ libraries to deliver simulations codes for strongly
correlated quantum mechanical systems. It enables to perform both classical
and quantum Monte Carlo simulations for solving a variety of Hamiltonians.

We use it to determine the magnetic heat capacity for a range of
temperatures for ferromagnetic compounds. The input takes the form
of a graph for the Heisenberg exchange constants, which is set up from the
SPR–KKR output data. From there, for each desired temperature a classical
Monte Carlo simulation is performed for a su�icient amount of steps to
obtain the heat capacity at that temperature.
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