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We present an improved electronic linear response model to incorporate polarization

and charge-transfer effects in polarizable force fields. This model is a generalization

of the Atom-Condensed Kohn-Sham DFT, approximated to second order (ACKS2):

it can now be defined with any underlying variational theory (next to KS-DFT) and

it can include atomic multipoles and off-center basis functions. Parameters in this

model are computed efficiently as expectation values of an electronic wavefunction,

obviating the need for their calibration, regularization and manual tuning. In the

limit of a complete density and potential basis set in the ACKS2 model, the linear

response properties of the underlying theory for a given molecular geometry are

reproduced exactly. A numerical validation with a test set of 110 molecules shows

that very accurate models can already be obtained with fluctuating charges and

dipoles. These features greatly facilitate the development of polarizable force fields.
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I. INTRODUCTION

A wide variety of molecular systems is studied with force-field (FF) simulations because

these methods enable an efficient sampling of the molecular configurations. Force-field ap-

plications usually do not involve chemical reactions but rather focus on supramolecular

processes, which are dominated by non-covalent interactions. Hence, an accurate model for

the non-covalent energy is indispensable for reliable predictions. Whereas many force-field

models are limited to additive two-, three or four-body terms in the energy expression, it is

well established that some types of interactions have a strong many-body character. Metallic

bonding is a classical example of a many-body interaction, for which specific force fields were

developed, e.g. the Embedded-Atom Method.1 Also non-covalent interactions contain con-

siderable many-body contributions, which are largely due to electronic polarization.2–7 The

mutual polarization of two molecular fragments results in an attractive force that is hard

to capture with few-body terms.8–11 To improve the accuracy of non-covalent interaction

energies, in the 1980s scientists started incorporating explicit treatments of electronic po-

larization into force fields, creating so-called polarizable force fields (PFFs).2,12–16 Beginning

in the mid-1990s, PFFs became a very active field of research, especially for biomolecular

simulations.17

Many authors have assessed the importance and effectiveness of PFFs in their simulations.

Often the simulation setup involves an inhomogeneous host-guest or solvent-solute system.

One of the earliest successes of PFFs was the proper description of solvated ions.3,18,19

For biomolecular simulations, the improved accuracy of PFFs is now well-established. For

example, the error in simulated pKa shifts of carboxyl groups in a serine protease inhibitor

decreases drastically (from 3.28 to 0.58 units) when switching from a regular FF to a PFF.20

In a different benchmark, it was shown that PFFs improve the correspondence of theoretical

protein-ligand structures with XRD reference data.21 Another recent study demonstrates

the improved structures and thermal equilibria of short solvated DNA helices obtained with

PFF simulations.22 The properties of guest molecules in porous materials are also actively

investigated with PFFs.23,24 For example, Cirera et al. studied the adsorption of water in

MIL-53(Cr) and found that the hydrogen bonding network was significantly affected by

the explicit treatment of polarization.25 An impressive non-standard use of PFFs is the

modeling of redox reactions in atomistic battery simulations.26,27 Even for gas phase dimers
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or oligomers, electronic polarization contributes significantly to the interaction energy,9,28,29

and such reference data is therefore often used to validate PFFs.18,21,30–32

For homogeneous systems, PFFs improve the correspondence between simulated and

experimental data. For example, PFF simulations of organic or ionic liquids showed an im-

proved correspondence of thermodynamic and structural properties with experiment, while

also reproducing gas-phase dimer properties.24,30,31,33–40 Also in the field of materials science,

PFFs are gaining attention, e.g. a polarizable Al-O potential was recently proposed that can

reproduce crystal energies, lattice constants and deformation energies of different AlxOy

crystal phases.41 Another nice example is a LiI PFF that was fitted to ab initio reference

data and that reproduces properties of both the liquid and crystal phases.42

It is clear from the successes described above that PFFs have the potential to be signif-

icantly more accurate than non-polarizable FFs. Yet, in some cases, PFFs perform worse

than more mature non-polarizable FFs, for a few of the thermodynamic and structural prop-

erties that are used to assess the FF.38,43–46 Although the inclusion of electronic polarization

improves the physics of the model, it becomes clearly more challenging to find the optimal

values of all parameters.

This paper will exclusively focus on the development of the polarization part of the PFF,

i.e. the part that approximates the electronic linear response of the system. For the sake

of clarity, we will refer to these energy terms as the electronic response force field (ERFF).

ERFFs form a research field on their own with specific challenges and methodologies. Below,

two major difficulties in the development of accurate ERFFs are reviewed: (i) the non-

trivial assignment of adjustable parameters and (ii) the systematic errors encountered in

conventional ERFFs with variable charges. Our long-term objective is to eliminate both

weaknesses by proposing improved analytic forms and by devising methodological tools that

facilitate the parameterization process. In this paper, we present for the first time an ERFF

that can correctly describe charge-transfer polarization in dielectric systems with all ERFF

parameters directly computed as expectation values of an electronic wavefunction. In the

limit of a complete ERFF basis set, the model exactly reproduces the DFT reference data.

The ERFF proposed in this work is free from adjustable parameters and hence no iterative

refinement or human intervention is needed to optimize them. Instead, the model defines

how the parameters can be computed deterministically.

The iterative calibration of adjustable ERFF parameters, e.g. atomic dipole polarizabil-
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ities, is well-known and becomes labor-intensive and ill-posed for complex systems with a

large number of parameters. Such least-squares fits are usually carried out with ab initio

data computed for a set of reference molecules of interest, e.g. the dipole polarizability ten-

sor and/or the response of the electron density or electrostatic potential (ESP) to a probe

such as a point charge.21,24,30,31,39,47–53 An alternative is the dipole-matching technique,19,54

which is the ERFF analogon of force-matching.55 The main disadvantage of these iterative

calibration techniques is that regularization must be used to prevent parameters from con-

verging to nonphysical values during the calibration,21,30,47,56 which necessitates a non-trivial

human judgment to fix certain degrees of freedom in the parameters. When a large number

of systems must be parameterized, this becomes intractable and, depending on the type

of regularization, it may also undermine the reproducibility, the physical interpretation, or

the optimality of the parameters.57 To overcome such issues, several authors use physical

arguments to fix some parameters a priori and to calibrate only the remainder of the ERFF

parameters.51,56 There are also a few attempts to eliminate these issues entirely with a di-

rect approximation of all ERFF parameters as expectation values of density response basis

functions, e.g. using a Jellium model42,58 or by partitioning the non-interacting response

in Hartree-Fock theory59,60 (used in the NEMO method61,62). Besides the relatively direct

calibration of ERFF parameters with ab initio linear response data, it is also common to

fit all parameters in the whole PFF to more diverse experimental and/or ab initio reference

data.22,24,37,44,63–65

To avoid the empirical calibration of ERFF parameters, we will compute them exactly

from the electronic wavefunction obtained with an underlying variational electronic structure

theory. In this approach, the ERFF is an electronic linear-response model in which all

parameters are well-defined in terms of the underlying theory. In the limit of a complete

basis, the ERFF exactly reproduces the response properties of the underlying theory. This

choice seriously affects the perspective on force-field development. Usually, one considers

the force-field model to be a set of equations in which adjustable parameters must be fixed

a posteriori. In this work, the ERFF model defines both the equations and the values of

the parameters for any given molecular geometry. Several authors have already followed

this approach to construct an ERFF in the context of Density Functional Theory (DFT)

but they still resorted to an approximate model for, or to an empirical calibration of, the

parameters.14,42,58,66–69

4



While the direct computation of ERFF parameters is clearly an attractive feature, some

challenges still remain. For example, there is no computational gain compared to ab initio

molecular dynamics when the ERFF parameters must be recomputed from an ab initio

theory at every time step. For a practically feasible force field, some additional effort is

required to approximate the geometry dependence of the parameters with simple functional

forms.36,42,70 In this work, we mainly focus on a new ERFF model and the validity of the

parameters derived from an underlying theory. Simple functional forms to approximate the

geometry dependence of such parameters are the topic of ongoing research.

A second limitation of conventional ERFFs is that the inclusion of variable atomic charges

leads to systematic errors, particularly for dielectric systems. By conventional, we mean that

no special constraints or restraints are imposed on the charges and only pairwise (damped

or screened) classical electrostatic interactions between the charges are in effect, e.g. as in

the Electronegativity Equalization Method (EEM),14,71 Charge Equilibration (QE, Qeq15 or

CHEQ36), Fluctuation Charges (FlucQ),16 and the Chemical Potential Equalization (CPE)

approaches.66 A first systematic error is the cubic scaling of the dipole polarizability with

system size, while for dielectric systems one expects a linear scaling. In other words, for

extended systems, one always obtains a metallic behavior.72–76 EEM also fails to reproduce

other response properties of organic molecules, such as the dipole derivatives.77 A second

systematic error is the non-integer charge on dissociated fragments,78,79 unlike the behavior

one expects in the dissociation limit.80 The most pragmatic solution is to relinquish variable

charges altogether but this also excludes the possibility of describing non-local polarization

(charge-transfer) effects4,29,79,81–83 in an ERFF. When a molecular system is composed of a

well-defined collection of molecules, e.g. a molecular liquid, one may impose constraints on

the total charge of each molecule.35,74,84 However, this is merely an ad hoc solution that is not

applicable to many cases of interest, e.g. reactive force field simulations85,86 or computations

on extended and periodic systems.

To obtain qualitatively correct ERFFs with fluctuating charges for dielectric systems, it

is well-known that one must somehow limit the distance over which charge can be trans-

ferred between atoms.72–76 We recently showed that such restraints on charge-transfer can

be justified with a quantum mechnical model: they effectively account for the non-local

effects of the electronic kinetic energy.79 We condensed the Kohn-Sham DFT equations87

to atomic degrees of freedom, i.e. relative populations and relative Kohn-Sham potentials,
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and approximated the energy to second order in these variables. This lead to the Atom-

Condensed Kohn-Sham DFT model approximated to Second order (ACKS2),79 which is a

straightforward extension of the Electronegativity Equalization Method (EEM)14 with an

electronic kinetic energy term. We also showed that the ACKS2 model is isomorphic to

the Split-Charge Equilibration (SQE).73,75 Some authors suggested correcting for kinetic,

exchange and correlation effects with local (short-ranged) Hückel-type corrections to the

electrostatic interactions.42,66,69 However, such corrections cannot alleviate the systematic

errors found in ERFFs with variable charges, i.e. the metallic behavior of any large system

and the erratic dissociation limits.72–76 In this paper we will derive a generalization of the

ACKS2 model for any underlying variational level of theory. We will also introduce more

general density and potential basis functions as to allow for atomic multipoles33,51,58,88 and

variable off-center charges.64,89,90 This second generalization introduces an additional matrix

of parameters (the overlap between density and potential basis functions), which equaled

the unity matrix in our previous work.79

Another new aspect of this paper is the numerical validation of the generalized ACKS2

model using a test set of 110 molecules with chemical formula C4O2H8. In this test we

maintain a backward compatibility with the original ACKS2 paper (and thus also the SQE

model) in the sense that density and potential basis sets are kept bi-orthogonal. The ac-

curacy of the ACKS2 model is tested by checking the dipole polarizability tensors against

reference data obtained with the coupled-perturbed Kohn-Sham (CPKS) method.91,92

Unlike some previous work on PFFs, mostly related to EEM,14,50,52,57,71,76,93–96 we do not

consider first-order parameters in this work. Instead, the electronic ground state is used

as the reference point for the second order expansion. Hence, the current approach does

not predict the static atomic multipoles and only focuses on the multipoles induced by a

perturbation of the external field. Although the direct computation of first-order parameters

is also a topic of interest, it goes beyond the scope of this work.

The paper is structured as follows. In section II, we present a simplified and more general

derivation of the ACKS2 model, including straightforward expressions to evaluate the pa-

rameters for a given Kohn-Sham wavefunction. Section III presents the numerical validation

of the generalized ACKS2 model. Finally, section IV summarizes the main conclusions and

provides an outlook on future work.

6



II. THEORY

In this section, we develop a generalization of the ACKS2 model.79 The derivation starts

from DFT with a separation of the universal functional into an explicit and an implicit

part,97 which allows one to define an ACKS2-type ERFF based on any variational electronic

structure theory. A linear response theory is developed in this formalism, followed by a

condensation of the equations on finite basis sets. Finally, practical expressions for the

ERFF parameters are given when Kohn-Sham DFT with a semi-local exchange-correlation

functional is used as the underlying theory.

A. Density Functional Theory with an Auxiliary Wavefunction

A fundamental insight from DFT is that the electronic energy of a molecular system can

be written as the sum of a universal functional of the electron density and the interaction of

the electrons with an external potential.98,99 We consider models for the universal functional

that consist of two parts: an explicit functional, Eexp, and an implicit functional, Eimp.

Ev[ρ] = Eexp[ρ] + Eimp[ρ] +

∫
ρ(r)v(r)dr (1)

The implicit functional uses an auxiliary N -fermion wavefunction through a constrained-

search formulation:99

Eimp[ρ] = min
Ψ→ρ

W [Ψ] (2)

Implicit functionals are commonly used in Kohn-Sham DFT to obtain better approximations

for the exchange-correlation energy such as the popular hybrid functionals that contain a

fraction of Hartree-Fock exchange.97,100,101 Here, we use the concept of an implicit functional

in a more general sense, i.e. it is used to partition the entire universal functional into an

explicit and implicit part.

For the derivation below, it is not essential to specify which contributions to the en-

ergy are assigned to the implicit or the explicit functional. For any reasonable ERFF,

however, the Hartree energy will be included in the explicit term. If applicable, some ad-

ditional density dependent terms may be included in the explicit functional as well, e.g. a

GGA approximation102–104 of the exchange-correlation energy. All the remaining terms can

be included in the implicit functional, e.g. the (Kohn-Sham) kinetic energy or (fractional)
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Hartree-Fock exchange. This formulation covers many approximations of the universal func-

tional such as Kohn-Sham DFT with GGA,102–104 MGGA,105 or hybrid functionals.100,101

Furthermore, one may also cast other electronic structure theories in the same form, such

as Configuration Interaction methods106 and novel theories based on the Density Matrix

Renormalization Group (DMRG)107–109 or a geminal wavefunction.110–112

The constrained search can be written out explicitly with the method of Lagrange

multipliers:99,113–121

Eimp[ρ] = sup
u

(
E◦[u,N ]−

∫
ρ(r)u(r)dr

)
(3)

E◦[u,N ] = min
Ψ

(
W [Ψ] +

∫
ρ[Ψ](r)u(r)dr

)
(4)

where u(r) is a function that specifies a Lagrange multiplier at every point in space and

ρ[Ψ](r) is the electron density of the auxiliary wavefunction. The expression is divided over

two equations to emphasize that the implicit functional is conveniently written as a Legendre

transform of a functional, E◦[u,N ], where u(r) acts as an auxiliary potential and N is the

number of particles. Note that all terms that depend on the auxiliary wavefunction are

collected in E◦[u,N ]. This energy can be interpreted as the ground state energy of W [Ψ] in

a fixed auxiliary potential, u(r).

Using the notation introduced above, the N -electron ground state for a given external

potential, v(r), is found by minimizing the following Lagrangian w.r.t. ρ(r) and maximizing

it w.r.t. u(r) and µ:

Lv[ρ, u, µ] = Ev[ρ, u]− µ
(∫

ρ(r)dr−N
)
, (5)

where the energy is now a functional of the density and the auxiliary potential:

Ev[ρ, u] = Eexp[ρ] + E◦[u,N ] +

∫
ρ(r)

(
v(r)− u(r)

)
dr. (6)

The stationary point is defined by the following sets of equations, which can be seen as the

analogue of the conventional DFT Euler-Lagrange equations when the universal functional

is separated into an explicit and implicit term:

δEexp[ρ]

δρ(r)
+ v(r)− u(r) = µ (7a)

δE◦[u,N ]

δu(r)
− ρ(r) = 0 (7b)∫
ρ(r)dr = N (7c)
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Note that these equations may not fully fix the auxiliary potential, u(r), e.g. one may always

add an arbitrary constant. Still, all solutions for u(r) will lead to the same electron density

and electronic energy.

B. Linear Response

In analogy with the CPE method by York and Yang,66 a reference is chosen for the

external potential, v0(r). This choice also fixes the reference value of the density, ρ0(r),

the auxiliary potential, u0(r), and the equalized chemical potential, µ0, through the Euler-

Lagrange Eqs. (7). A polarizable force field is then developed by considering deviations from

this reference state:

v(r) = v0(r) + ∆v(r) ρ(r) = ρ0(r) + ∆ρ(r)

u(r) = u0(r) + ∆u(r) µ = µ0 + ∆µ

In ERFF terminology, ∆v(r) is a perturbation in the external potential and ∆ρ(r), ∆u(r)

and ∆µ are induced quantities due to this perturbation. For a given perturbation, the

induced quantities are found by solving similar Euler-Lagrange equations:

δEexp[ρ0 + ∆ρ]

δρ(r)
− δEexp[ρ0]

δρ(r)
+ ∆v(r)−∆u(r) = ∆µ (8a)

δE◦[u0 + ∆u,N ]

δu(r)
− δE◦[u0, N ]

δu(r)
−∆ρ(r) = 0 (8b)∫
∆ρ(r)dr = 0 (8c)

In the limit of a small perturbation, the first two equations can be linearized:∫
δ2Eexp[ρ0]

δρ(r)δρ(r′)
∆ρ(r′)dr′ + ∆v(r)−∆u(r) ≈ ∆µ (9a)∫

δ2E◦[u0, N ]

δu(r)δu(r′)
∆u(r′)dr′ −∆ρ(r) ≈ 0 (9b)

The second order functional derivative in Eq. (9a) is the hardness kernel of the explicit

functional, which will be denoted as ηexp(r, r′). The second order functional derivative in

Eq. (9b) is the response kernel of the implicit functional, which will be denoted as χimp(r, r′).
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One approximates the change in electronic energy, see Eq. (6), to second order as follows:

Ev0+∆v[ρ0 + ∆ρ, u0 + ∆u]− Ev0 [ρ0, u0] ≈
1

2

∫∫
ηexp(r, r′)∆ρ(r)∆ρ(r′)drdr′ +

1

2

∫∫
χimp(r, r′)∆u(r)∆u(r′)drdr′

−
∫

∆ρ(r)∆u(r)dr +

∫
∆ρ(r)∆v(r)dr +

∫
ρ0(r)∆v(r)dr (10)

The first three terms constitute the (positive) energy needed to polarize the molecule. The

last two terms are the interaction of the perturbation with the polarized and permanent

charge distributions, respectively. After substituting Eqs. (9) and Eq. (8c), one obtains the

change in energy for a small perturbation ∆v(r):

Ev0+∆v[ρ0 + ∆ρ, u0 + ∆u]− Ev0 [ρ0, u0] ≈∫
ρ0(r)∆v(r)dr +

1

2

∫
∆ρ(r)∆v(r)dr (11)

where ∆ρ(r) is found by solving Eqs. (9) and Eq. (8c). The second term, often called the po-

larization or induction energy, is quadratic in ∆v(r) because we consider the linear response

of ∆ρ(r) to ∆v(r). One can also show that it is always negative.122 A comparison of Eq. (10)

with Eq. (11), confirms that, in the linear response regime, the energy required to polarize

the molecule equals half the energy gained through the interaction of the perturbation with

the induced ∆ρ.8

C. Expansion in a Finite Basis

To obtain a practical ERFF, one must expand density and auxiliary potential fluctuations

in a finite basis:42,66,67

∆ρ(r) =
∑
k

Ckfk(r) (12)

∆u(r) =
∑
k

Ukgk(r) (13)

In principle, one may take any finite set of basis functions to obtain an approximate ERFF:

the density and potential basis sets need not be related; they do not even have to contain

the same number of basis functions. Clearly, this approach is general enough to extend

the ACKS2 model to arbitrary atomic multipoles and/or off-center basis functions. In
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practice, however, density and potential basis sets are always carefully constructed and

well-balanced. As will be shown below, the choice of the basis functions completely fixes all

ERFF parameters and hence determines the accuracy of the model and the robustness of

the parameters. A proper choice of the potential basis should span the relevant eigenmodes

of the implicit response kernel, χimp(r, r′).122,123 The density basis should span the density

deformations that correspond to the soft modes of the electron density.

Substitution of the basis-set expansions in Eq. (9a), followed by a multiplication with

fk(r) and integration over r, leads to the following algebraic equation:∑
`

ηk`C` + Vk −
∑
`

Ok`U` = ∆µDk ∀ k (14)

with

ηk` =

∫∫
ηexp(r, r′)fk(r)f`(r

′)drdr′, (15)

Ok` =

∫
fk(r)gl(r)dr, (16)

Vk =

∫
fk(r)∆v(r)dr, (17)

Dk =

∫
fk(r)dr. (18)

Similar manipulations of Eq. (9b) and Eq. (8c), lead to the remaining algebraic equations

needed to approximate the response:∑
`

χk`U` −
∑
`

CkOk` = 0 ∀ k (19)

∑
`

D`C` = 0 (20)

with

χk` =

∫∫
χimp(r, r′)gk(r)g`(r

′)drdr′. (21)

These working equations are a generalization of the original ACKS2 model:79 they are valid

for any underlying variational electronic structure theory and for any choice of density and

potential basis functions. Obviously, the quality of an ERFF will crucially depend on a

proper choice of underlying theory and basis sets.

In a conventional empirical force field, the distinction between “model” and “parameters”

is obvious. Since the generalized ACKS2 model does not contain adjustable parameters, we

11



must clarify how the terms “model” and “parameter” are used in this work. The adjustable

choices in this work are the underlying theory, the choice of the basis functions and the

molecular geometry for which the model is constructed. These choices fix the matrix elements

ηk`, Ok` and χk`. Hence we use the term “parameters” for the numerical values of all these

matrix elements. The mathematical expression to obtain the parameters and the equations

in which they occur are referred to as the “model”. This may be different from more

conventional ERFFs, e.g. off-diagonal elements are often simple functions of the molecular

geometry and diagonal parameters are adjustable instead of being fixed by the model.

Finally, some remarks on the numerical implementation are in order. First, when the

expansion coefficients of the changes in the auxiliary potential are not uniquely determined,

one may include additional equations to just fix these degrees of freedom. Such additional

equations will not affect the induced density or the polarization energy. Second, without

making assumptions on the matrix elements ηk`, Ok` and χk`, the computational cost of

solving Eqs. (14), (19) and (20) is O(N3) where N is the number of density and potential

basis functions of the entire system. For an efficient force-field implementation, the cost

should ideally be O(N logN). This can only be achieved by exploiting the sparsity or the

structure of the matrix elements. Although such efforts go beyond the scope of this paper, we

will briefly summarize the potential advances that can be made in future work. One should

avoid that all matrix elements are explicitly constructed as that would already require an

O(N2) cost. Instead, the matrix-vector products for each matrix must be implemented with

an O(N logN) or O(N) cost. In practice, the explicit hardness kernel, ηk`, is mainly governed

by classical electrostatic interactions for which O(N) or O(N logN) methods exist, e.g. the

fast multipole method.124 When the density and potential basis functions are designed to be

local, the overlap matrix, Ok`, becomes sparse, which results in an O(N) cost of the matrix-

vector product. The structure of the implicit response matrix, χk`, is less obvious. For

dielectric systems this matrix is found to be near-sighted125 and thus sparse, leading again to

an O(N) cost of the matrix-vector product. Furthermore, these matrix-vector products must

be used in an iterative solver that only requires O(logN) iterations to converge. However,

without more profound insight in the conditioning of the equations, it is hard to estimate

the rate of convergence that can be achieved in future work.
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D. Application to KS-DFT with a Semi-local XC Functional

For the numerical validation in this paper, we will focus on Kohn-Sham DFT with a semi-

local exchange-correlation functional. In this case, the explicit part of the energy functional

takes the following form:

Eexp[ρ] =
1

2

∫∫
ρ(r)ρ(r′)

|r− r′|
drdr′ + Exc[ρ] (22)

where the first term is the Hartree energy and the second term is the exchange-correlation

functional. The auxiliary wavefunction, Ψ, is a single Slater determinant of Kohn-Sham

orbitals and W [Ψ] is the Kohn-Sham kinetic energy:

W [Ψ] =
∑
i∈Occ.

∫
φ∗i (r)

(
−1

2
∇2

)
φi(r)dr (23)

where φi(r) are the occupied Kohn-Sham orbitals.

The expressions for the explicit hardness matrix and implicit response matrix take the

following forms:

ηkl =

∫∫ (
1

|r− r′|
+

δ2Exc[ρ]

δρ(r)δρ(r′)

)
fk(r)fl(r

′)drdr′ (24)

χkl =
∑
i∈Occ.
j∈Virt.

1

εi − εj

(∫
φ∗i (r)gk(r)φj(r)dr

)(∫
φ∗j(r)gl(r)φi(r)dr

)
+ c.c. (25)

where φj(r) are the virtual Kohn-Sham orbitals. In practice, the Hartree term is the domi-

nant contribution to the explicit hardness matrix,126 especially when the basis functions fk(r)

and fl(r
′) are localized on distant atoms. In that case, the semi-local exchange-correlation

contribution decreases exponentially with distance between the basis functions.

It is insightful to compare Eq. (24) and Eq. (25) with those of related techniques in

the literature. Tabacchi et al. derived hardness-like second-order ERFF parameters, as in

Eq. (24).42,58 Instead of using an implicit functional for the kinetic energy, the hardness

kernel of a semi-local kinetic energy approximation was included. Even though that yields

the exact parameters in the context of orbital free semi-local DFT, i.e. the Jellium model,

this DFT approximation is very coarse, only suitable for metallic systems,127–129 and thus

not applicable to the majority of PFF applications involving dielectric systems. Strangely,

nearly all successful ERFFs can be justified with such a formalism. From a theoretical

DFT perspective, however, this Jellium approach only works reasonably well for dielectric
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systems when variable charges are deliberately kept fixed. Some methods (e.g. NEMO61,62)

also suggest ERFF parameters of the form of Eq. (25) without including additional hard-

ness parameters.59,60 Because such parameters are only valid for systems of non-interacting

fermions, the derived parameters must be rescaled empirically to obtain a quantitatively

accurate ERFF.59

III. NUMERICAL VALIDATION

This section presents the numerical validation of the generalized ACKS2 model using a

set of 110 organic molecules. First, a computational protocol is presented to fix the basis

functions needed to derive ACKS2 parameters from a KS-DFT wavefunction. A series of

density and potential basis sets with increasing degree of completeness is defined, which

allows us to show that the ACKS2 equations can quantitatively reproduce reference dipole

polarizability tensors in the complete basis set limit.

A. Set of Molecules and Reference Data

Initial Cartesian coordinates were downloaded from the PubChem database133 for all

available molecules with the chemical formula C4O2H8. Because this set contains duplicates,

InChIKeys130 were computed for all molecules with OpenBabel.134,135 The first 14 characters

of an InChIKey are determined by the connectivity of the elements while the remainder also

accounts for isotopes, chirality, etc. Therefore, only the first 14 characters of each InChIKey

were used to make a subset of all unique molecules. Molecular dianions were discarded. This

lead to a set of 110 neutral organic molecules (depicted in Fig. 1) with very diverse bonding

patterns, heats of formation, polarizabilities, atomic partial charges and organic groups. The

motivation for this set is twofold. First, using conventional calibration techniques, it is very

tedious to construct polarizable force fields for all these molecules. Second, the results for

all molecules are easily compared because they have the same size and composition, e.g. to

test the transferability of parameters.

All molecular geometries were optimized with Gaussian09136 using Kohn-Sham DFT with

the BLYP exchange-correlation functional102,103 and the 6-311++G(3df,3pd) basis set,137–139

followed by a computation of the dipole polarizability tensor with the Coupled Perturbed
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Kohn-Sham (CPKS) method91,92 at the same level of theory. The results of these computa-

tions are stored in formatted checkpoint (FCHK) files to facilitate the post-processing.

B. Basis Set and ACKS2 Parameters

In this subsection, a procedure is outlined to obtain density and potential basis sets

with which the ACKS2 results converge systematically to the reference data. Our primary

objective is to validate the ACKS2 model and hence we strictly focus on the accuracy of the

model rather than the robustness of the parameters. The procedure in this section is the

same for each molecule but the resulting basis functions may be different for similar atoms

in different molecules. Hence we do not expect robust parameters a priori.

The Hirshfeld-E method140 was used to define atoms-in-molecules (AIM) weight functions,

wA(r). These are traditionally used to partition the molecular electron density into atomic

contributions: ρA(r) = wA(r)ρ(r). Moreover, one may use the same AIM weight functions

to condense response kernels into atom-pair properties.125,141–143 Inspired by the partitioning

of response kernels, we use AIM weight functions to define the potential basis set:

gl(A,`,m)(r) = wA(r)Rm
` (r−RA) (26)

where Rm
` is a real solid harmonic with angular quantum number ` and magnetic quantum

number m. In practice, the series of spherical harmonics must be truncated at some value

`max to obtain a finite basis. In this work we considered `max = 0, 1, 2, 3, 4 or 5, corresponding

to a PFF with charges, charges+dipoles, charges+dipoles+quadrupoles, and so on. We

assume that this potential basis set is sufficient (in the limit of large `max) to span all

relevant eigenmodes of the response kernel. The number of basis functions is denoted as

M(`max) = (`max + 1)2.

To construct the density basis set, the first-order density response of the non-interacting

fermions to each potential basis function was computed as a starting point:

f̃l(r) =

∫
χ(r, r′)gl(r

′)dr′ (27)

These density responses effectively capture the soft modes in the electron density and are

therefore useful as a density basis.42 (It would be even better to compute the density response

of the interacting electrons but the current approach is easier to implement and already
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sufficient for our purposes.) There is one drawback, however: one can construct a linear

combination of potential basis functions that equals a constant because
∑N

A=1wA = 1. The

(non-interacting) density response to this linear combination is zero and hence the functions

f̃l(r) only span an (M(`max) − 1)-dimensional space. Therefore, the density responses are

extended with the Fukui function of the molecule,144 approximated as the average of the

HOMO and LUMO density,145 to obtain a set of M(`max) + 1 initial density basis functions

that span a M(`max)-dimensional space. Singular-value-decomposition was then used to

derive a set of M(`max) basis functions bi-orthogonal to the potential basis set, i.e. such that

Okl = δkl. Following this procedure, every density basis function, denoted as fl(r), can be

associated with a corresponding potential basis function and thus also with a given atom

and spherical harmonic. This implies that we can label the density basis functions as s-type,

p-type, etc.

The bi-orthogonality of the potential and basis functions results in a set of ACKS2 equa-

tions that is backward compatible with our previous paper79 (and the SQE model73), where

the overlap matrix was an identity matrix by construction. This seems conceptually appeal-

ing because it precludes the need to model the overlap elements in ACKS2-PFF simulations.

Unfortunately, the bi-orthogonality introduces many fluctuations in the density basis func-

tions, especially for increasing `max. This is illustrated in Fig. 2 with the s-type basis function

of the epoxy-oxygen of one of the 110 molecules. Due to the non-local features in the ba-

sis functions (mostly in the low-density region) we do not expect the ERFF parameters to

be transferable. As stated earlier, a high degree of parameter transferability goes beyond

the scope of this paper. We primarily focus on the quantitative accuracy of the model

and the basis functions are especially designed for that purpose. Yet, it is already obvious

from the current analysis that transferability can only be achieved in our approach when

(i) well-behaved localized basis functions are used and (ii) the overlap matrix is modeled

explicitly.

ACKS2 parameters were obtained by evaluating Eq. (24) and Eq. (25) with the basis

functions introduced above. Integrals involving the hardness kernel of the explicit functional

were evaluated numerically using a pruned Becke-Lebedev integration grid.146 Integrals over

the exchange-correlation kernel were evaluated with first-order symmetric finite differences
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`max RMSD [a.u.] Rel. RMSD [%] Mean Error [a.u.]

0 37.9 57.6 −37.7

1 1.02 1.54 −0.97

2 0.452 0.687 −0.168

3 0.210 0.321 −0.184

4 0.111 0.169 −0.089

5 0.0591 0.0899 −0.0417

TABLE I. Comparison of the performance of the ACKS2 model derived using the different basis

sets (defined by `max, see text). RMSD stands for the root-mean-square deviation between the

eigenvalues of the reference BLYP dipole polarizability tensors of all 110 test molecules and the

corresponding ACKS2 results. The relative RMSD equals the RMSD divided by the RMS value

of all BLYP eigenvalues. The mean error is the average difference between the BLYP reference

eigenvalues and the ACKS2 results.

using the BLYP102,103 exchange-correlation potential implemented in LibXC:147∫∫
fk(r)fl(r

′)
δ2Exc[ρ]

δρ(r)δρ(r′)

∣∣∣∣
ρ0

drdr′

≈ 1

2ε

∫
fk(r)

(
δExc[ρ]

δρ(r)

∣∣∣∣
ρ0+εfl

− δExc[ρ]

δρ(r)

∣∣∣∣
ρ0−εfl

)
dr (28)

with ε = 10−4. Integrals over the Hartree kernel were implemented with a Becke-Poisson

solver.148 The same Becke-Lebedev grids were used to evaluate the matrix elements in the

implicit response kernel in Eq. (25).

All computations described in this section were carried out with Horton.149

C. Reproduction of the Dipole Polarizability Tensor Eigenvalues

To asses the accuracy of the ACKS2 model, Table I contains the root-mean-square devi-

ation (RMSD) between the reference eigenvalues of the dipole polarizability tensor for the

110 molecules and the corresponding ACKS2 predictions with increasing basis sets. Also

the relative RMSD, i.e. the RMSD divided by RMS value of the reference eigenvalues, is

included in Table I. Systematic errors are revealed by the mean error, which is just the

average of the difference between reference and model eigenvalues. The main result of this
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paper is that all these errors decrease exponentially with basis set size to negligibly small

values for the largest basis set. The errors on the tensor components and eigenvectors con-

verge similarly. (Results not shown.) This confirms numerically that the ACKS2 equations

and the expressions for the parameters reproduce ab initio response data to arbitrary ac-

curacy. More importantly, this is achieved without any empirical calibration of parameters

or manual interference. Instead, it is now possible to assign extremely accurate ERFF pa-

rameters in a black-box fashion for a given molecular geometry. This is a significant step

forward in the efficient development of reliable PFFs. However, a feasible ERFF model also

constitutes simple functional forms for the geometry dependence of the parameters. The

present work only shows how to compute the parameters for a given molecular geometry, a

choice of density and potential basis functions and a given underlying theory.

It is also encouraging that very small errors can already be obtained by just considering

fluctuating charges and dipoles. The parity plot of the eigenvalues for `max = 1 in Fig. 3

shows that there are no outliers. This good correspondence may be partially due to the

use of response functions in the definition of the density basis set. More research is needed

to see how accurate a charge+dipole ACKS2 model will be when more well-behaved basis

functions are used.

Another interesting result is that the model with only s-type functions captures the

right trends in the dipole polarizability. Fig. 3 shows that the errors in the s-type ACKS2

model are mostly systematic. This reveals the importance of charge-transfer effects in PFFs,

especially when changes in polarizability between conformers or isomers are of interest. We

presume that the constant shift is due to a nearly additive contribution of the atomic dipole

polarizabilities that is missing in the s-type model.

Finally, it is worth noting that the ACKS2 model never overestimates the dipole polariz-

ability in the current numerical validation. In case of `max ≥ 4, some eigenvalues are slightly

overestimated (by less than 0.1 a.u.), which may be due to numerical integration errors.

However, we do not expect the ACKS2 model to systematically underestimate response

properties in general. For example, one can lower the eigenvalues of the explicit hardness

matrix by using a less complete basis set, which may lead to an overestimate of the dipole

polarizability.

18



D. Robustness and Interpretation of Parameters

Despite our low expectations, it is still insightful to study the robustness of the parameters

with the current choice of basis functions. We foresee that with our methodology, the

development of a high-quality ERFF will require local, well-behaved, small and yet complete

density and potential basis sets (and the selection of a proper underlying theory). In this

work, the basis sets are small and relatively complete but very non-local and ill-behaved.

We will show how this causes different issues with the robustness of the atomic parameters

and the geometry dependence of off-diagonal matrix elements.

Table II shows the average and the standard deviation of the diagonal charge-charge

hardness matrix elements for hydrogen, carbon and oxygen atoms and for different basis

sets in this work. The most notable trend is that the values increase with `max. This is

mainly a consequence of the bi-orthogonality: for higher `max the s-type density functions are

orthogonal to a larger number of potential basis functions. This causes sharper fluctuations

and a higher maximum for every s-type density function, see Fig. 2, which in turn increase

the electrostatic self-interaction of these basis functions, leading to larger diagonal hardness

parameters. If transferability of these parameters is desired between different values of `max,

the bi-orthogonality must be abandoned.

A second observation is that none of the atomic hardness parameters in Table II are close

to the experimental atomic properties of Parr and Pearson:150 12.84 eV, 10.0 eV and 12.16 eV,

for hydrogen, carbon and oxygen, respectively. (We have doubled the experimental values to

make them consistent with Eq. (24).151) There are two probable causes for the discrepancy.

First, the basis functions are non-local and are therefore not representative for the specific

atom, but also for their environment. Second, the bi-orthogonality causes a lot of oscillations

in the density basis functions, which leads to an increased electrostatic self-interaction.

Table II shows that the standard deviation on the atomic hardness parameters is at

least 10%, which is not negligible. The use of bi-orthogonalized response functions leads to

very different shapes of the density basis functions, even for the same elements in similar

environments, which in turn causes significant variation in the derived parameters. This

may seem contradictory to the well-behaved ACKS2 parameters for the dissociation of a HCl

molecule reported earlier.79 However, in the dissociation of HCl, the atoms barely overlap

and the issues arising from the bi-orthogonality of density and potential basis functions were

19



Element `max Mean [eV] Std. Dev. [eV]

H 0 56.0 6.0

1 112.4 22.2

2 180.8 34.1

3 314.7 57.6

4 534.8 130.6

5 976.8 328.6

C 0 35.8 3.2

1 40.2 3.7

2 47.1 3.0

3 77.5 4.4

4 129.1 11.4

5 223.1 24.3

O 0 38.8 3.3

1 42.0 3.2

2 45.5 4.0

3 54.6 5.1

4 69.0 8.4

5 96.0 12.6

TABLE II. Comparison of diagonal elements of the explicit charge-charge hardness matrix, obtained

for the different basis sets in this work (defined by `max, see text). The average and standard

deviation of the diagonal elements are given after grouping them per chemical element.

not relevant.

In most ERFF models, the off-diagonal charge-charge hardness parameters are modeled as

the (screened) electrostatic interaction between spherically symmetric and decaying charge

densities. Figure 4 compares these off-diagonal elements in the ACKS2 model (for `max = 0

and 1) with a simple interaction between point charges. Also in this comparison, it becomes

clear that the non-locality and variability of the density basis function makes it impossible to

model the off-diagonal hardness parameters as simple functions of the inter-atomic distance.
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(Encouragingly, the order of magnitude and the trend in the scatter is still reasonable.)

IV. CONCLUSIONS AND PROSPECTIVES

This paper presents a new electronic response force field that can be used as the polariza-

tion model in a polarizable force field. The new model is a generalization of ACKS2 toward

any underlying variational electronic structure theory and with completely general density

and potential basis sets. The model is numerically validated with the reproduction of the ab

initio dipole polarizability tensors of a set of 110 organic molecules. An accurate model can

be obtained as soon as fluctuating charges and dipoles are considered. The errors further

decrease exponentially as higher fluctuating atomic multipoles are included. In the limit of

a complete basis set, ACKS2 reproduces the underlying theory exactly.

The parameters in the model are defined as expectation values of density and potential

basis functions. For a given molecular geometry, basis sets and underlying theory, all pa-

rameters can be computed directly. No further iterative calibration or manual tuning is

needed which clearly facilitates the development of an ERFF. However, a computationally

feasible ERFF also constitutes simple functional forms for the geometry dependence of the

parameters, which is a topic of ongoing research. The basis functions used for the numerical

validation in this work focused exclusively on the accuracy of the corresponding ACKS2

model. Due to their non-local and irregular shapes, the obtained parameters are not simply

transferable and have no trivial geometry dependence. Ongoing research focuses on methods

to construct well-behaved and local basis functions, without sacrificing accuracy. Addition-

ally, we will also work on the implementation of parameters for higher levels of theory and

the inclusion of first-order parameters, so that the model can also reproduce permanent

atomic multipoles.
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AAVHHYWBSVSPPN AMKFWCMOLFAZFO AVSUMWIDHQEMPD BDNYGROMIRWTEA BFDGJIBEQVHHLT BSPIQXWIFRLKSO COJMBOAMZHPJMN CPRDLBPDNZTCSM CQXXLCCNFZJGOO CUZLJOLBIRPEFB
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GFAZHVHNLUBROE GUNGNGXGIFTPEH HMVSIAPVFACVKH HNVAGBIANFAIIL HSJKGGMUJITCBW HTWIZMNMTWYQRN HZRGWGSBBUWZRR HZVKHMQXJYFYRF IAHZBRPNDIVNNR IBHHQAVKBOJGSJ

ILKVDTFYHCTVMA ITMIAZBRRZANGB IUARXXMHEFWVIW JFFYKITVXPZLQS JKJKXUXJFIKNDA JNODDICFTDYODH JRIOFJCKXHHBJZ JTMCAHGCWBGWRV KFNNIILCVOLYIR KHCRYZBFFWBCMJ

KHGYMFNSBZWFFH KHNQVTBXUYKGDF KQNPFQTWMSNSAP KRECCXRLVCMWOU KRKIWMRTOODQMQ KUAVIKKSQRJTIZ LBKMJZAKWQTTHC LEJLUUHSOFWJSW LFWUEBWXKBTJEF LKMJVFRMDSNFRT

LVSQXDHWDCMMRJ MHPMXFUDCYMCOE MKPXKNNHBMTVFM MURWSOSFHFFMAC MVBKWOGTJCQAFB NACWGPGZSYZKIE NAGJMKOANVHPEJ NAQUXQVIOQVIKV NBBUYPNTAABDEY NGVUURZMTYCUAE

NOQQXIUHCOOEOJ OIXUJRCCNNHWFI OMOBSUSJWVJRPR OOYRBLVPWUUMOC ORTVZLZNOYNASJ OXGJKCALURPRCN OXSIPFAHVJUNMB OZCRKDNRAAKDAN PIAOXUVIBAKVSP PJHKKCDDSNSBPR

POUXAMZXLSQEBO PQPCIRXUUMOMFK PQZJTHGEFIQMCO QBGXNSBJRUANLZ QNBFXJNGKFWGRY QQHZNUPEBVRUFO QRYMTQMYKFKNLP RJUFJBKOKNCXHH RLLJBUZYAVNFOG RMOUBSOVHSONPZ

ROWKJAVDOGWPAT RVOWKOVQKFONKL RYHBNJHYFVUHQT SBUOHGKIOVRDKY SDKLUQAMXZQADS SJQBHNHASPQACB STENYDAIMALDKF SWYHWLFHDVMLHO TYBKOVLWQWMOCI UIKQNMXWCYQNCS

UQVXMJQJIBBGSK UVSNPDMUGCTOGJ UWBLQXUHKSXWKG VDFVNEFVBPFDSB VSGZYIKONMABPK VUIWJRYTWUGOOF VZVYIYXABLXHTH WCPLWTYNTSHPIU WTLYWPNEAZECAM WVVKLQLZCOWLJE

XAJHYPAQCYNPIV XDPCNPCKDGQBAN XEKOWRVHYACXOJ XIAKJBAVZHFYNS XISVWWMYWHFIBB XKNVFYYBLQDLCI YGOGUHNFNOCNOE YOHXXKVSPIGAKN YOUHVVBPILYPKM ZOKIXFGMWAHYDQ

FIG. 1. Visualization of the 110 C4O2H8 molecules in the dataset. The first 14 characters of the

InChIKey130 are printed below each image. 3D visualizations were made with VMD.131,132
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FIG. 2. Visualization of the s-type density basis function of the epoxy oxygen in 2-

methyloxiranemethanal, one of the 110 C4O2H8 molecules, for different values of `max: (a) iso-

surface at 0.05 a.u. (b) isosurface at 0.01 a.u. (c) Contour plots in a plane through the epoxy

oxygen, including atom positions projected on this plane (crosses). 3D visualizations were made

with VMD.131,132 31
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FIG. 3. Parity plot of the dipole polarizability eigenvalues of all 110 molecules: red=first,

green=second and blue=third eigenvalue. Two datasets are included: the lowest set is obtained

with the basis and potential basis set generated with `max = 0 (fluctuating charges only), while

the higher set is generated with `max = 1 (fluctuating charges and dipoles). The first bisector is

plotted as a black solid line. The dashed line is parallel to the first bisector, i.e. shifted down by

the mean error for `max = 0. (See Table I).
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FIG. 4. Comparison of the off-diagonal elements of the explicit charge-charge hardness matrix,

obtained for two different basis sets (defined by `max, see text). The conventional 1/4πε0r relation

from the Electronegativity Equalization Method (EEM) is added as a dashed curve for comparison.
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