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Abstract

Although spin Hamiltonians are easy in their formulation, their behaviour
can be all but trivial and numerous phases and phase transitions can oc-
cur. Spin systems are not only interesting for the emerging physics, but also
for their use in quantum computing. However, the exponential scaling of
the Hilbert space with system size makes the exact solution of the quan-
tum many-body problem infeasible quickly and approximate methods are
needed.

Density matrix embedding theory (DMET) is a relatively new technique for
the calculation of strongly correlated systems. For this thesis, an adapted
version of DMET for spin systems, the so-called cluster DMET, will be
implemented and used for the study of multiple spin systems. First, the
antiferromagnetic J; — Jo model on the square lattice, which is one of
the most studied models for frustration effects, will be investigated. The
anisotropic Kitaev-Heisenberg model on the honeycomb lattice will also be
studied through cluster DMET calculations and exact diagonalization.

A method for the calculation of spectral functions within the DMET frame-
work has also been proposed and has been implemented. Future optimisa-
tion of the implementation will allow for the efficient calculation in larger

spin systems.
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Abstract. Density matrix embedding the-
ory (DMET) is a relatively new technique
for the calculation of strongly correlated sys-
tems. Here cluster DMET will be used for
the study of spin systems such as the antifer-
romagnetic J; — /> model on the square lat-
tice and the Kitaev-Heisenberg model on the
honeycomb lattice.
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I. INTRODUCTION

Although spin Hamiltonians are easily formu-
lated, their behaviour can be all but trivial and
numerous phases and phase transitions may
occur. Spin Hamiltonians are however not only
popular due to their interesting physics. The
development of quantum computing has given
rise to an increasing interest in spin systems.
Their study is needed for many facets of quan-
tum computing like quantum error correction
and topological quantum computing.

A problem of the solution of spin systems, and
many-body systems more generally, is the ex-
ponential growth of the Hilbert space with sys-
tem size. Due to this unfavourable growth,
the computational cost of exact diagonaliza-
tion also scales exponentially. One widely in-
vestigated spin system is the J; — J, model
on the square lattice with spin—%. This model
has nearest neighbour (NN) and next-nearest
neighbour (NNN) interactions. Exact diagonal-
ization has been performed on a lattice up to
40 spins for this model [1]. A square lattice of
40 spins is not large enough yet for description
of the bulk, as finite size effects are still present

in the system. To describe the bulk better we
would need to move on to larger systems. To
make the description of these systems feasible,
approximate methods are needed.

Recently, density matrix embedding theory
(DMET) has been introduced by Knizia et al. [2]
to solve the Hubbard model in an approximate
manner. It has later also been extended to full
chemical Hamiltonians [3]. For ground state
energies, DMET has proven itself as a compu-
tationally cheap method with good accuracy
[2, 3]. The main idea behind this method con-
sists of splitting the total Hilbert space into two
parts, an impurity, and an environment. Schmidt
decomposition of an arbitrary state is of the
form

min(N,M)

¥) = Y Axla) [Br), 1
T

where |ax) and |By) are states of the impu-
rity and environment, respectively. N and M
are the dimensions of the Hilbert spaces re-
stricted to impurity and environment, respec-
tively. Since the impurity is typically chosen
smaller than the environment, the summation
is restricted to N terms. Only N states in the
environment are needed to construct an arbi-
trary wave function. If only one singular value
A is nonzero, the impurity and environment
are unentangled. If multiple singular values
are nonzero, they are entangled. Finding the
ground state is very easy if the Schmidt basis
{lak), |Bk)} of the impurity and environment
are known. However, the Schmidt basis for
the environment can only be found through
a priori knowledge of the exact ground state.
DMET solves this problem by embedding the



impurity A in an approximate bath B. Solv-
ing this combined impurity and bath system is
called the embedded problem. Different tech-
niques can be used to find the bath space. A
Fock space of bath orbitals, which is obtained
from a low-level particle-number conserving
mean-field wave function, is used in the orig-
inal refs. [2] and [3]. In this thesis, we will
use the representation of bath states in a spin
lattice system by block-product states as intro-
duced by Fan et al. [4], the so-called cluster
DMET method.

II. CrusterR DMET

When using the cluster DMET method [4], the
bath states are approximated by block-product
states | ﬁ?PS>. With this approximation the
wave function of the model becomes

Phimp = Loslo) [B7°). @)

To define these block-product states, we first
divide the spin lattice system in different equiv-
alent clusters. We then pick one of these clus-
ters as the impurity. The other clusters are
called the bath clusters. With this division of
the lattice system, the block-product states can
be defined as follows:

M= ® Ll O

Cébath clusters B
Here {|B).} is a complete set of states within
the Hilbert space restricted to the bath clus-
ter C. For example, if each bath cluster
is contains 3 spins with § = %, we have
L), ), [T o0 1111
Optimization of these block-product states
is now needed so that Eq. (2) optimally
represents the exact ground state. The en-
ergy of the wave function in the impurity, i.e.
Eimp = <‘-F\H|‘I’)imp / (¥[¥)imp, is minimized
iteratively. In every iteration, the optimization
happens in a restricted Hilbert space given by

the {|¢n),
|Pa;) = |oi) ®Zb glBc

9p) = |aig) 1B)5, & Zb 2 1B )

C#By B

The parameters to optimize in every iteration
are a; with i # i and a; by o5 BY looping over
the different iy’s and By's, i.e. the different
impurity states and bath clusters, the cluster
DMET-ansatz is optimized. The algorithm is
guaranteed to converge to a (possibly local)
minimum.

IlI. J; — J» MODEL ON THE SQUARE

LATTICE

A first system under study is the J; — J, model
on the square lattice; this model has NN and
NNN interactions. The Heisenberg Hamilto-
nian of this model is given by

H=1Y.5-Si+1 Y S-S
(i) ({ik))

with J1, J < 0 and where (i, j) sums over the
nearest neighbours and ((i, k)) sums over the
next-nearest neighbours.

It is widely accepted that this model has three
different phases. At low J,/];, a Néel antifer-
romagnetic (AF) phase with long-range order
(LRO) is observed, while at high J,/];, the
system is in a collinear phase with LRO. At
intermediate J,/]; a disordered nonmagnetic
phase is found. The exact nature of the non-
magnetic phase is still under discussion. Spin-
spin correlations are not short-range enough
to effectively represent the bulk at the current
attainable system sizes, hence hindering the ex-
amination of the phase in the bulk [5]. Possible
candidates for the intermediate nonmagnetic
phase are the columnar and staggered dimer
valence-bond crystals (VBC), the plaquette res-
onating valence bond (RVB) and the gapped Z,
spin liquid. The phase transitions are expected
at o/J1 ~04and J,/]; = 0.6.

Cluster DMET is executed on a 8 x 8 square
lattice. The lattice is divided into 16 equal



2 x 2 clusters. When executing the DMET al-
gorithm with random initialisation, it is found
that the algorithm converges quite consistently
to the same minimum in the LRO phases. How-
ever, in the nonmagnetic phase, random initial-
isation converges to a wide variety of differ-
ent local minima. To overcome this problem
sweeps are performed within the [,/ J; parame-
ter space (i.e. the converged result for the pre-
vious parameter value is used as initial guess
for the next parameter value). The results are
shown in figures 1 and 2.
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Figure 1: DMET-energy per spin for the 8 x 8 square
lattice.
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Figure 2: Order parameters for the 8 x 8 square
lattice.

These DMET results are comparable with re-
sults obtained from other methods. There is
clearly a Néel AF LRO phase detected at J>/ ]
and a colinear LRO phase at high /,/]J;. An

intermediate phase between [,/]; ~ 0.4 and
J2/]J1 =~ 0.6 is observed where the order pa-
rameters vanish or noticeably diminish. The
fact that the Néel order parameter does not
completely vanish in the intermediate phase
can be attributed to finite size effects. Differ-
ent entanglement entropies have also been cal-
culated and the nature of this intermediate
phase can be investigated further. The entan-
glement entropies suggest a conservation of the
C4-symmetry. This is strong evidence against
the occurrence of a symmetry breaking dimer
VBC phase. Furthermore, some weak evidence
is found in favour of a weak plaquette RVB.

IV. TaE KITAEV-HEISENBERG MODEL
ON THE HONEYCOMB LATTICE

The Kitaev-Heisenberg model is built up by
mixing the Kitaev and the Heisenberg model,
as the name suggests, and was originally in-
troduced in ref. [6]. The Hamiltonian for this
system on the honeycomb lattice is given by

A=—p ¥ &8 -5 ¥ 88

x—links y—links 5)
- Z g]zﬁi-i-]zzsjgk
z—links (jk)

The first part of the Hamiltonian is the Kitaev
interaction, which is anisotropic, while the last
term encompasses the Heisenberg interaction.
Which bonds are exactly x-links, y-links or z-
links is sketched in figure 3. The Kitaev in-
teraction and the Heisenberg interaction are
parametrized as J; = 2a and [, =1 — a. In the
interval « € [0,1] three phases can be distin-
guished. At low « a Néel AF phase is observed,
at intermediate « a stripy AF phase, and at
high « a quantum spin liquid is observed. At
the intermediate point, « = 0.5, the system is
exactly solvable through the use of a rotated
basis. Exact diagonalization and second order
perturbation theory suggest phase transitions
ata =~ 0.4 and a ~ 0.8. A series expansion sug-
gest that the phase transition between the two
AF phases happens at a ~ % [7]. Exact diago-
nalization on the 24 spin honeycomb lattice is



performed and has been used as a benchmark
for the cluster DMET calculations.

Figure 3: The different bond types in the honey-
comb lattice for the Kitaev model.

The cluster-DMET algorithm is executed with
different cluster types, the S-shaped and star-
shaped clusters, which have 4 spins per cluster,
and the hexagonal cluster which has 6 spins.
Random initialisation of the DMET-algorithm
has a consistent convergence in the AF phase;
however, in the spin liquid phase, convergence
happens to a wide variety of local minima. A
sweep is again used to obtain results for the
spin liquid, ensuring easily reproducible re-
sults.

When comparing the DMET results of the 24
spin system with the exact diagonalization of
the 24 spin system, a clear difference is noted
between the use of different clusters. All clus-
ters describe the two AF phases fairly well.
However, the S-shaped cluster does not show a
phase transition towards the spin liquid. When
using the star-shaped cluster a phase transition
occurs at « ~ 0.8. Although the phase tran-
sition to the spin liquid is observed, the spin
liquid itself is poorly described through cluster
DMET. Since the proposed DMET-ansatz can
describe a larger corner of the Hilbert space
with increasing cluster size, it is expected that
the hexagonal cluster performs better than the
4-spin clusters. When using the hexagonal clus-
ter, the phase transition towards a spin liquid
is detected and the obtained properties of the

-0.2
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Figure 4: DMET-energy per spin for the 24 spin
honeycomb lattice solved with the use of hexagonal
clusters.
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Figure 5: Squared total spin in the original and ro-
tated basis for the 24 spin honeycomb lattice solved
with the use of hexagonal clusters.

NN spin correlations

0.0 0.2 0.4 0.6 0.8 1.0
«

Figure 6: NN correlations for the 24 spin honey-
comb lattice solved with the use of hexagonal clus-
ters.



spin liquid are in good correspondence with
the exact diagonalization. However, the phase
transition happens at & ~ 0.92, which is not the
right value. The behaviour of the squared total
spin in the rotated basis and of the entangle-
ment entropy at a ~ 0.8 are light indications of
a phase transition, but the phase transition is
clearly delayed to a further point. Results for
the energy per spin and the different proper-
ties are given in figures 4, 5 and 6. Full lines
are results obtained from exact diagonalization
while the dots represent results from cluster
DMET with the hexagonal cluster.

To calculate bulk properties of the Kitaev-
Heisenberg model, the 96 spin honeycomb lat-
tice is also calculated with cluster DMET, using
the star shaped and the hexagonal cluster. Only
small corrections to the properties and energies
are found and no shifts of the phase bound-
aries are noticed. This is an indication that the
finite size effects are already small at the 24
spin lattice and this lattice already represents
bulk quite well. Furthermore, since no shift of
the phase boundaries is obtained through the
enlargement of the system, this is evidence in
favour of a phase shift at « ~ 0.4 and not at

a ~ 1 as suggested by ref. [7].

V. CONCLUSION

We have implemented an efficient cluster
DMET algorithm and a method for calculat-
ing properties is suggested and used to find
the order parameters, DMET-energy per spin,
squared total spin and NN correlations. Also a
method for the calculation of the spectral func-
tion is given within the cluster DMET frame-
work. A code has been implemented, however
further optimisation is needed at this point for
the efficient calculation of spectral functions in
reasonably large spin systems.

The cluster DMET algorithm has been used to
reproduce the results obtained in ref. [4] for the
J1/ ]2 model on the square lattice. The correct
LRO phases are detected in the square lattice
with NN and NNN interactions, and evidence
is found for the occurrence of a plaquette RVB
in the intermediate region.

Furthermore, the Kitaev-Heisenberg model
on the honeycomb lattice is also investigated
through cluster DMET calculations and bench-
marked with exact results for the 24 spin lattice.
Good correspondence is found at the Néel and
the stripy AF phases. For the spin liquid phase
only the hexagonal cluster gives adequate re-
sults; however, the phase transition is detected
at the wrong point. A larger 96 spin honey-
comb lattice was also studied through DMET.
The scaling effects are minor, which make us
conclude that the 24 spin system is already
quite successful in the description of the bulk.
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1 Introduction

The biggest problem with the study of many-body systems is that obtaining an exact solution
becomes infeasible for large system sizes. The dimension of the Hilbert space scales exponen-
tially with the number of particles. This inhibits the exact simulation of bigger systems and
approximate methods have to be used.

Suppose one is only interested in a small part of the whole system. This part can be a specific
region in space, but any other division of the total Hilbert space of the system into subspaces
is also possible. By dividing the total system into two parts, an impurity, cluster or fragment
(which is the subsystem of interest) and an environment, one can use embedding theories
to solve the problem approximately. The total Hilbert space of the system is now a direct
product of the Hilbert spaces of the impurity and environment. A basis for this Hilbert space
is given by {|ay) ® |5;)}, where |a;) are states of the impurity and |5;) are states restricted

to the environment. Every state |¥) can be written as
N M
=D Uijlea) 1)
]

N MIIllIlNM

= ZZ Z Uik)\k:vljj i) |BJ>
(1.1)

min(N,M)

M
= Z Ak <Z Ui |Oéz > ZVJJ' \53)

min(N,M)

= > Nelaw) Br)-
P

This is called the Schmidt decomposition of a state. Here |&;) are states of the impurity
and ]E) are states of the environment. As can be seen in the Schmidt decomposition, the
summation goes over the minimum dimension of impurity and environment. Since the en-
vironment will typically be chosen larger than the impurity, the summation will be limited
by the dimension of the impurity. It is thus clear that only NN states in the environment are

needed for the construction of the wave function. We also see that if only one of the singular
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values Ay is nonzero, the state |¥) can be factorized and impurity and environment are not

entangled. However, if several singular values are nonzero, |¥) is entangled.

Embedding theories make use of this division of the system for the calculation of properties of
the impurity. By replacing the environment by an approximate model, one tries to calculate
the properties of the impurity accurately and cost-effectively. Possible replacements of the
environment are given by solvent models or mean-field approximations. When using the
mean-field approximations, there is of course no entanglement with the impurity and the
Schmidt decomposition of the approximate solution has only one nonzero singular value. For
many systems this will suffice. However, for systems with strong static correlation between
the impurity and environment it will not. Static correlation refers to systems where a single
Slater determinant is not sufficient for a qualitative description of the state of the system. So a
system has static correlation whenever substantial entanglement is present in the state. Static

correlation between impurity and environment therefore implies several important Schmidt
values )\ in eq.

One of the more powerful and popular embedding theories is dynamical mean-field theory
(DMFT)[1-4]. It maps the system to an impurity and a noninteracting bath in a self-consistent
way. The single-particle Green’s function ig;;(w) = (a;-r [w— (H — E)]"'a;) is determined in
a self-consistent way by fitting the frequency-dependent hybridization function. To obtain
ground-state energies, one has to integrate the Green’s function over a contour.

A newer embedding theory is given by the density matrix embedding theory (DMET) and
was first proposed by Knizia and Chan in ref. [5] for the Hubbard model and later also
extended to full chemical Hamiltonians in ref. [6]. For ground state energies, DMET is a
computationally cheaper alternative to DMFT, with similar accuracy. The self-consistency
for DMET is based on the density matrix (ajaﬁ and not the Green’s function. Although the
original theory does not have any frequency dependency, it has been extended to calculate

spectral functions as shown in ref. [7].

In DMET the entanglement between impurity and environment is explicitly kept and the wave
function is of the form given by eq. Finding the Schmidt basis for the environment {|5x)}
can be done if the exact wave function |¥) is known. However, since finding the approximate
or exact wave function is precisely what one wants to do, this is not an option. DMET solves
the lack of a priori knowledge of |¥) by embedding the impurity A in an approximate bath
B. Solving this combined impurity and bath system is called the embedded problem. To find
this bath space, one can use different techniques. A Fock space of bath orbitals which is
obtained from a low-level particle-number conserving mean-field wave function is used in the
original refs. [5] and [6] and is illustrated extensively in ref. [8]. However, one can also use
single-particle states from Hartree-Fock-Bogoliubov theory [9,10]. Anti-symmetrized geminal
power (AGP) wave functions have also been used to take correlation in the bath into account
and achieving a more accurate bath |11]. Extensions of DMET to coupled interacting fermion-

boson systems through coherent state wavefunctions for phonon have also been described by



ref. [12]. In this thesis we will use the representation of bath states in a spin lattice system by
block-product states as shown in ref. [13]. Recently, this method has been further extended
by implementing DMET with the hierarchical mean-field approach [14]. This method will
also be discussed in short.

An initial bath state guess can thus be obtained with one of the above methods. First, one can
leave them unoptimized and calculate the wavefunction in this Schmidt basis, which is called
single-shot DMET embedding. Another option, the one suggested in the original references
[5, 6], is to introduce a DMET correlation potential @ to link the low-level wave function in
the bath with the high-level wave function of the impurity. The DMET correlation potential
@ is optimized until (parts of) the density matrices of the low- and high-level wave functions
are matched, hence the name density matriz embedding theory (DMET). In this thesis, block
product states will be chosen as Ansatz for the bath states, and the parameters of this Ansatz

will be variationally optimized [13].
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2 Density matrix embedding theory

In this section the original DMET algorithm will be sketched, which makes use of a Fock space
of bath orbitals and a DMET correlation potential @ to solve the problem self-consistently,
as proposed in refs. [5, [6]. For a more thorough description we refer to these original papers
and ref. [8].

First, the system is split up in an impurity and an environment, as said in the introduction.
The Hilbert space of the impurity is smaller than the Hilbert space of the environment.
Now from the Schmidt decomposition (eq. we know that the impurity A can only be
entangled with maximally N4 states of the environment B, where Ny is the dimension of the
impurity Hilbert space. Thus the entanglement between environment and impurity can be

fully represented by a bath with the same dimension as the impurity it is embedding.

2.1 Construction of bath orbitals

For the construction of the bath, we first need an initial approximate low-level state. Then
we solve the embedded problem, i.e. impurity plus bath states, in a high-level treatment. We
consider as first ground-state approximation a Slater determinant |®(), for example obtained

by solving the complete system in a mean-field Hartree-Fock treatment.

Nocc

[0) = [T af.[-)- (2.1)

Here, Ny is the number of occupied spin-orbitals denoted by . |—) is the true vacuum. From
here on, the L orthonormal spin-orbitals for the impurity and environment will be indexed
with klmn and the orthonormal impurity and bath orbitals with pgrs. Furthermore, there
are La orbitals in the impurity A and we assume Nyec > La. These occupied spin-orbitals
dL can be written in terms of the orthonormal spin orbitals of environment and fragment

(impurity):

L
af, =" a4} Cy (2:2)
k
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Now we construct the bath orbitals from the overlap matrix of the occupied orbitals with the

impurity:
L
S = Ch.Chy. (2.3)
k

As shown in ref. [15], at most L eigenvalues of this overlap matrix will be nonzero. The cor-
responding L eigenvectors give us the bath orbitals. The other N,.. — L4 occupied orbitals,
thus the occupied orbitals that have no overlap with the impurity, yield the unentangled oc-
cupied orbitals.

Here we have assumed Ny > La. If this is not satisfied, it is clear that there can only
be maximally Nyc. bath orbitals. This is because the bath orbitals are constructed through
decomposition of the occupied orbitals that have overlap in both impurity and environment.
When Ny is of the order of La, problems arise since DMET will try to add low-lying core
electrons of atoms in the environment into the bath states. Since these low-lying core elec-
trons have almost no entanglement with the impurity, this is undesired. By definition of a
core, valence and virtual orbital space in the impurity, this can be circumvented [15]. By only
constructing bath states that couple to the valence orbital space of the impurity, the number
of bath states is reduced. In ref. [15], it is shown that Knizia’s intrinsic atomic orbitals [16]

are suited for this method.

2.2 The embedding Hamiltonian

The considered Hamiltonian in ref. [6] of the total system is given by:

L L
H = By + Y tuaha + % 3" (kl|mn)alal,ana. (2.4)
kl klmn
Now we suppose the system is tiled with different impurities so that the impurities do not
overlap and the complete system is covered, i.e. the complete Hilbert space of the system is
divided into different non-overlapping subsystems, every subsystem being a different impurity.
We now introduce for each impurity A, a Hermitian one-particle operator 4% that acts only
within the orbitals of the corresponding impurity. These impurity-specific operators are thus

given by:
La,

@ =" ufata. (2.5)
kl

The sum of all these different 4* gives us the DMET correlation potential &. The mean-field
solution used for the construction of the bath orbitals makes use of this potential. To find
|®¢), the total system with Hamiltonian H 4 @ is solved on the mean-field level. Clearly the
constructed bath orbitals and the unentangled occupied orbitals corresponding with every A,

are dependent of %. By projecting the Hamiltonian H onto the embedded system, we get the
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embedded Hamiltonian Hepy, = PH lf’, where

P =3 ag) [xir) (el (x| - (2.6)

i’
Here |o;) are the impurity orbitals, |x;/) are the environment states, consisting of the bath
orbitals and a common determinant from the electrons in the unentangled occupied orbitals.

In ref. [8] the embedded Hamiltonian is eventually given by:

Lp,+Lp, Lp,+Lp, La,
HE™r = 37 habag+ 5 Y (palrs)agalasay — pgon Y aay, (2.7)
pq pqrs T

where Ly, is the number of impurity orbitals in the impurity A, and Lg, is the number of
bath orbitals corresponding to A,. Coulomb and exchange interactions of the impurity and
bath states with the external core electrons are encapsulated in the one-particle interactions
hyq- The introduction of the global chemical potential jigioh is necessary to ensure that the
sum of the electrons in all separate impurities is equal to Nocc.

The ground state |¥,) of the embedding Hamiltonian HZ, , is found through a high-level
method. For example full configuration interaction is used in ref. [5, 6], but also density-
matrix renormalization group (DMRG) [9,|17] and coupled-cluster theory [18] have been used.
Calculation of the one- and two-particle density matrix of the active space should be possible
with the high-level method:

Pl = (Welafalasag|v.) . (2.9)

These density matrices can in turn be used to calculate expectation values for operators. Here
we distinguish local and monlocal operators. Local operators only act within one impurity,
nonlocal operators do not. For local operators it is thus straightforward to get expectation
values. For nonlocal operators we need to partition the Hermitian expectation values. As an

example we look at the following expectation value where i (j) is part of impurity A, (A,):
(ala; +ala;) = (Wolafa;|v,) + (U, lala;|w,) . (2.10)
Here, the density matrix of the impurity that corresponds with the first index is used by
convention.

2.3 Self-consistency

The self-consistency consists out of the optimization of the global chemical potential fig1on
and the DMET correlation potential @. The different coefficients of & to be optimized will be

written in vector notation as @ from now on. The DMET algorithm looks as follows:
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1. The DMET algorithm is initialised with starting conditions @ = 0 and Hglob = 0
2. Now we start the optimization cycle for u

(a) The mean-field solution |Wo()) is calculated and the bath orbitals are constructed.
(b) Now we start the optimization subcycle for pigion

i. construction of the embedded Hamiltonian H emb7x(ug10b) and solving the em-

bedded problem through a high level treatment gives us |¥,).

il if || Niot(tglob) — Noce|| < €, then the subcycle is converged, else we change

tglob until convergence and restart step [2b}

(¢) We minimise the mismatch between the low and high level one particle density
matrix: ming || D' (&) — Dheho||

(d) If the DMET correlation potential has converged, i.e. ||[Upew — Uoall < €, we found
the DMET solution, else we restart step [2| with the newly acquired .

A few notes are at their place in step[2c Here the DMET correlation function is being changed
so the low and high level one-particle density matrices match. An exact match is however not
always possible, since the low-level mean-field density matrix will always be idempotent, while
this is not necessary for the high-level density matrix. Furthermore, we note again that the
high-level density matrix is dependent of @& and thus @ through the dependency of the bath
states and external core electron states of the DMET correlation potential. However, to ease
the calculations, the high-level density matrix is kept fixed when minimising the mismatch.
In ref. [15], the optimization with fixed high-level density matrix of the mismatch is discussed

through a functional optimization.



3 Solving quantum spin systems

There exists a great variety of methods to solve quantum spin systems. The interactions be-
tween the different spins of the spin-lattice system can be modelled by the so-called Heisenberg

Hamiltonian. This Hamiltonian is given by:

H=>"J587S) + J4SY5Y + J557 5. (3.1)
i#]

First, one can make use of exact diagonalization to find the ground state. However, since the
Hilbert space of the system for spin-1/2 scales as 2N with N the number of spins, this quickly
becomes infeasible. In ref. [19], an anti-ferromagnetic spin-1/2 square lattice with Ji- and
Jo-interactions (i.e. nearest neighbour (NN) and next-nearest neighbour (NNN) interactions)
has been solved for N = 40. In |20], the Kitaev-Heisenberg model for a honeycomb lattice
is exactly solved for N = 24 and these results will also be reproduced in this thesis as a
benchmark for the DMET-code. However, for research of infinite lattice systems, this number
of spins is not sufficient for researching the bulk properties.
For larger systems, one needs to use approximate methods. Several of the most popular
methods will be sketched briefly. In the next chapter the cluster-DMET method of ref. [13]
and the extended cluster-DMET method of ref. [14] will be explained more thoroughly.

3.1 Spin-wave Theory

In this section the spin-wave theory will be sketched. For a more elaborate view of this theory
in ferromagnets and antiferromagnets, the reader is referred to, for example, refs. [21} 22].

First we will sketch the idea of spin-wave theory with the help of a ferromagnet. The Hamil-
tonian of the Heisenberg ferromagnet is given by eq. with Jj = Jiyj =J;; = Jij <0. The
ground state of a Heisenberg ferromagnet is the completely aligned state. When the positive
z-axis is chosen in the aligned direction this is given by |¢o) = |S,---,S), with S the spin.
Now we are interested in the first excited state. An obvious candidate is given by the state
where one spin is reduced, for example |¢);) =[S —1,5,---,S5) if the first spin is reduced.
However, this state is no eigenstate of the Heisenberg Hamiltonian since the SZ-+ S; and S S;»r
terms will move the reduced spin in the lattice. This can be a hint however, that the real

excitation is given by a spin wave, i.e. a superposition of states with one reduced spin.
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Spin-wave theory introduces so called magnons. These quanta are equivalent with phonons

in a crystal. They are created by Sq = ﬁ e AR S; , the Fourier transform of S;". The
i
magnon has an energy of fiwg = [J(0) — J(q)]S, where J(q) is the Fourier transform of J;;

with J;; assumed only dependent of the distance between i and j.

Spin-wave theory is also possible for antiferromagnets. Here again only some results will be
given [23]. For a derivation of the spin-wave theory in antiferromagnets, the reader is referred
to specialised textbooks such as |21, [22].

In antiferromagnets with nearest neighbour coupling J, the exact Néel ordered state is not
known. However, by starting with the approximate classical antiferromagnetic state, correc-
tions to the ground state can be calculated. The excitations in the harmonic approximation

are described by spin-waves with frequencies

wq = 2J4/1 =13, (3.2)

Vg = % > cos(q - e;) (3.3)

i=1,2

with

the structure factor of the lattice. Here e; are the unit vectors generating the lattice. There
will be two soft points within the first Brillouin zone, i.e. two points where the structure
factor is zero (@ = 0 and q = qq). Around these points the dispersion law will be linear in q
and q — qp, respectively. The energy of the magnon is then given by hwq.

Spin-wave theory will also have small corrections on the ground state and ground state energy.
The zero-point energy of the excitations will renormalize the classical energy of the ground-

Wq

state. An extra term of the form ggz —+ will be added to the ground state energy, where q
a
sums over the first Brillouin zone.

3.2 Series expansions

In ref. [24] the series expansion is used to investigate the non-magnetic disordered phase in
the Heisenberg model on the square lattice. Here the system with nearest neighbour, next
nearest neighbour and third nearest neighbour interactions is investigated:
H=YSi-S;+ > Si-S;j+ > 8;-8; (3.4)
(1,3 ((&.5)) (@)
The Heisenberg Hamiltonian is split up in an unperturbed Hamiltonian and a perturbation. In
this expansion, it is assumed that the ground state exhibits a dimer covering, e.g. a staggered
or columnar dimer covering as is depicted in figure for the square lattice. A certain dimer
covering is chosen, and interactions within one dimer of the chosen dimer covering belong to

the unperturbed Hamiltonian, while other interactions belong to the perturbation.

H= Y Si'sj+A< Y Si-Si+ Y Si-Si+ > si-sj). (3.5)

(i.j)eD (i.3)¢D ((5.9)) (@)
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At A =0, it is clear that the ground state is indeed the chosen dimer covering. The original
model that has to be investigated is given by A = 1. The system is now investigated with

help of perturbation expansions.

3.3 Large-N expansions

In this section the large-INV expansion will be sketched. For a more elaborate view of the
large-N expansion, the reader is referred to ref. [25] and references therein.

To start the sketch of the large-IN expansion, we look to the su(2) algebra of a spin S. This
algebra of the spin at one site can be represented by 2 creation operators aj, with o =1, .
Since we look at a spin with total spin S, we constrain the number of total particles at each site

to alaT + aia | = 25. The ladder operators ST and S~ of the spin can be represented by these

creation and annihilation operators as a$a 1 and aIaT respectively. The particles corresponding
to the creation and annihilation operators can be chosen to be fermions (Abrikosov fermions)
or bosons (Schwinger bosons). One can calculate the magnetization of these particles through
S* = %(a%cm — aiai), the magnetization is thus given by =+3.

It is of course also possible to write the Hamiltonian in terms of the creation and annihilation
operators. Now, the idea of the large-N expansion is to generalize the Heisenberg model
and the SU(2) symmetry to a larger SU(N) symmetry group with arbitrary N. Now, the
corresponding annihilation and creation operators have instead of two flavours (1 and |), N
flavours. The Heisenberg model is solved by solving the saddle point of the action. In the
limit of N — oo, this calculation simplifies and the solution resembles a mean-field solution.
In this large-N limit, the system can be examined and some ground rules have been found
for the occurrence of different phases. For example, if the large N equivalent of the spin S
matches the lattice coordination number z by 25 = 0 mod z, then a valence bond solid phase
should be expected. Of course this is a conclusion made from the SU(N) generalization of
SU(2) with N large. It is not said that because these conclusions hold for large N, they also

hold for N = 2. But according to ref. [25] this rule has not been found erroneous up to now.

3.4 Quantum Monte Carlo method

In this section, we shortly discuss the quantum Monte Carlo method. Just like the classi-
cal Monte Carlo method, integrals describing expectation values are calculated by drawing
pseudo-random generated numbers. An enormous variety of Quantum Monte Carlo methods
exist and extensive documentation can also be found on these subjects. Variational Monte
Carlo for example, is one of the standard examples of quantum Monte Carlo and uses the
Monte Carlo method to calculate the expectation value of the ground state energy. A wave
function is here optimized in a variational type of approach, hence the name of the method.

Furthermore, also diffusion Monte Carlo, reptation Monte Carlo, Gaussian quantum Monte
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Carlo, path integral Monte Carlo and many other methods exist [26(29].

A large problem in the calculation of fermionic systems with quantum Monte Carlo methods
is the so-called sign problem. This problem arises due to the antisymmetry of the wave
function under particle-exchange. The sign problem is a NP-hard problem, so if a generic
exact solution would be found for this problem that scales polynomially, all NP problems
would be solved in polynomial time. It is highly suspected that this is not possible and a
generic solution for the sign problem would thus not be possible in polynomial time. Exact
solution of fermionic systems are thus (at this time) only possible with quantum Monte Carlo
methods scaling exponentially. One way to solve the sign problem approximately is by using
the fized-node method. Here the configuration space is split up in different parts by the
nodes of the trial wave function. In variational Monte Carlo and diffusion Monte Carlo,
trial wave functions are used, and the quality of the found solution depends heavily on the
form of the trial wave function. Many different trial wave functions have been used, a few
examples are the Hartree-Fock determinant multiplied by a Jastrow correlation factor (HF-
J) and a multiconfiguration self-consistent-field function multiplied by a Jastrow function
(MSCF-J) [30]. In each compartment the trial wave has a unique sign. The accuracy of the
approximation depends of the guess of the nodal hypersurfaces. The better these guesses
correspond with the nodal hypersurfaces of the exact ground state, the better the accuracy

of the quantum Monte Carlo method will be.

3.5 Coupled cluster method

In this section a brief overview of the coupled cluster method (CCM) is given, analogous to
ref. [31]. For a more general overview of this method, the reader is referred to e.g. ref.
[32-35]. The main idea of the CCM is to approximate the ground state by a wave function

containing an exponential excitation operator acting on a reference state.

A CCM calculation has as starting point a well-chosen reference state |®). Next to this
reference state, also a set of commuting multispin creation operators C’;r have to be defined,
with I a complete set of many-body configurations. Furthermore, C; are defined as the
commuting multispin destruction operators and are given by the Hermitian adjoint of C’f.
{|®),C;} are chosen in such way that (®|C; = 0= C; |®),VI £ 0, is valid (Cj = 1).

Now we want to treat every spin site equivalently and propose |®) = ||]] ---) as reference
state. It is clear that the corresponding multispin creation operators are given by C;r =
ST, S:FSJJF, S:FS';FS'JF, .-+, where i, j, k,-- - are arbitrary lattice sites.

The exact ket and bra ground state wave functions, |¥) and <\il , corresponding with Hamil-
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tonian H are given by:

H|9) = E|D) (¥ 1 = B (¥

) = e |®) S=> 807
I#£0

<\1:\ = (®] S5 S=1+Y 8§cC;
1£0

S and S are the so-called correlation operators and contain the correlation coefficients Sy and
S7. These coefficients are the unknowns of the problem. In this framework, the expectation

value of an operator A of the ground state is given by
(A) = <\II‘A‘\I}> . (3.6)

Now the unknown correlation coefficients can be found by minimizing the expectation value
(H) = <‘i"H ’\IJ> with respect to the correlation coefficients.

OH) o, (p|Cre SHe®|p) =0, T#0 (3.7)
dSr
o) _ (¢|Se™S[H,CfeS|p) =0,  T#0 (3.8)
dSr

From equation it is also clear that the ground state energy of the stationary point (i.e.
the solution of equations and [3.8)) is given by E, = (¢le " He"|¢).

It is possible to study spin systems in the thermodynamic limit N — oo (with N number of
spins) through coupled cluster method (CCM). However, it is quite obvious that the complete
set of many-body configurations I will be infinite in this case and the correlation operators
will be an infinite sum. To solve this problem, we make use of a truncation of the sum and the
lattice symmetry. One of the most used truncation methods is the so-called LSUBn [33|. Here,
only multispin correlations consisting of maximally n connected sites are taken into account.
However, taking this measure will still give us an infinite number of configurations on the
infinite lattice. So now we use the lattice symmetry to discard equivalent configurations,
giving us a finite number of configurations.

Even though the reference state is a state with semiclassical long-range order, precise results
can also be obtained with the use of this reference state in phases where semiclassical long-

range order is destroyed [31].

3.6 Density matrix renormalization group

The density matrix renormalization group (DMRG) is one of the most successful methods for

the study of one-dimensional quantum lattices since its invention in 1992 by Steve White [36,
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37]. However, also 2D systems, like small strips or cylinders (for example in ref. [38]), can be
successfully calculated.

DMRG is a variational optimization within the space of matrix product states (MPS). The
decomposition of a quantum state into MPS can be seen as follows. We imagine a one
dimensional lattice with L sites where each site has a d-dimensional local state space {o;}.

An eigenstate of the system can then be written as

> Coreaplon, e o). (3.9)

010,
There are clearly d” different c,,...,, coefficients and as such they grow exponentially with
L. In the first step, we rearrange the d” different coefficients into a matrix ¥ with dimension
(d x d“=1) with Vs, (02-01) = Coroy- SVD decomposition can be executed on this matrix

and gives us:

1
Coyop = Z U[l]alms[l]ahm(v[lﬁ a1, o2--01,) ZA 1117(0'2“‘0'L)' (3.10)
a1

Here the dimensions of U[1], S[1] and V[1] are given by (d x r1), (ry x r1) and (r; x d¥=1)
respectively, where r; is given by min(d, d*~1). After successive SVD decomposition of V[k]
we finally get

ooy = 3, A)TTA[)72, A[3]73.,, -+ A[LIE (3.11)

{ax}

The wave function is thus now represented by a matrix product state, where except for the
first and last site, every site is represented by a rank-3 tensor. One index (i.e. o) of every
tensor represents the physical index, while the other two (or one for the two border sites)
indices are called the virtual indices (i.e. ax_1 and ag). The dimension of the virtual indices
is given by dim(ay) = min(d¥, d“~*). These tensors and their contractions are represented
in figure [3.1fa) by a MPS graph. It is clear that the dimension of the virtual bonds grows
exponentially to the center of the one-dimensional chain. This exponential growth of the
tensor dimension makes solving for the exact ground state in the MPS form not feasible
for larger systems. However, by truncating its dimension with a wvirtual dimension D, i.e.
dim(az) = min(d*,d*~*, D), the MPS ansatz can be solved. The truncation of the maximal
dimension within MPS has consequences for correlations between the sites. All correlation
functions between two sites decrease exponentially with the distance between the two sites
when truncating the maximal dimension. The MPS-ansatz will fail to accurately solve critical
systems, since critical systems are characterized by correlation functions that decrease as a
power law. For one-dimensional critical systems, the multiscale entanglement renormalization
ansatz (MERA) can be used instead [39]. The optimization of the MPS ansatz happens by
sweeping through the one-dimensional lattice and optimizing rank-3 MPS tensors of two
neighbouring sites simultaneously (for the two-site DMRG algorithm). For further details,
the reader is referred to articles specificly about DMRG [40, 41].
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3.7 Projected entangled pair states
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Figure 3.1: Graphical representation of a MPS in one dimension (a) and in two dimensions on a
square lattice (b) and of a PEPS on a two-dimensional square lattice (c). The large circles
represent the physical sites while the small circles represent the sites of the auxiliary
systems. The full lines are the bonds, i.e. the maximally entangled states in the auxiliary
systems. [42]

In ref. it is shown that the MPS of a physical system can be written in terms of two
auxiliary systems. Every site k (with Hilbert space dimension d) of the system is replaced by
two auxiliary sites ay and by, each with maximal dimension D (the truncation dimension).
At the boundaries of the chain, there is only one auxiliary system. This is schematically
represented in figure [3.1fa) and 3.1(b). Now systems by and aj4+1 are assumed to be in a

D
maximal entangled state i.e. |¢) = > |n,n), these are the solid bonds in figure (a) and
=1

n—=
3.1{(b). Now the state of the physical system is obtained by applying linear operators Qy to

each pair ag, by mapping the auxiliary systems to the physical system.

V) =Qi1®Q2® - QrL|¢) - |0)

; (3.12)
= Y FuA7, - A7) fon o ou),

where F takes appropriate traces of the matrices A3, i.e. it contracts the matrices along the
bonds. The matrices Aj are the same matrices as in eq. @

However, without choosing the truncation dimension D very large, only systems with short
range interactions will be simulated accurately. Thus, when applying the MPS ansatz to a
two-dimensional system like in figure (b), some nearest-neighbour sites such as site 6 and

15 will not be nearest-neighbour in the MPS ansatz. The interactions between these two
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sites will not be represented correctly by the MPS ansatz if D is not chosen large enough.
Unfortunately, the computational cost also grows as O(D?).

In ref. [42] F. Verstraete and J. I. Cirac introduce the so called projected entangled pair
states (PEPS). It is a generalisation of the MPS to higher dimensions and makes use of more
than two auxiliary systems. In figure (C) PEPS is shown for a two-dimensional square
lattice. For this case PEPS makes use of four auxiliary systems (except two at the corners
and three at the sides). There is one auxiliary system for every direction of the lattice i.e.
up, down, left and right and appropriate auxiliary systems on different sites are maximally
entangled as schematically shown in the figure. Now the state |¥) is again obtained by
applying of an appropriate linear operator () on every site on the product of all the maximal
entangled states (the bonds). This linear operator projects the auxiliary systems on the

physical system. Eventually we get:

d
W)= > F({A7"}) o1 on), (3.13)
o1,on=1
where Fy contracts the different tensors A7 along the bonds. It is clear that this different
ansatz preserves better the short-range interactions between neighbouring sites compared to
the MPS when truncated.
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4 Cluster density matrix embedding

theory

In this chapter the derivation of the modified cluster density matrix embedding theory [13]
is given. We start by dividing the total spin lattice system into an impurity cluster and an
environment. Through Schmidt decomposition we know that the exact ground state can be

decomposed as:

) =D ailas) [8i) (4.1)

Here |a;) and |B;) are wavefunctions in the Hilbert spaces restricted to the impurity and
environment respectively. The set {|a;)} denotes the complete basis of the impurity spin sites
and the set {|3;)} hass the same dimension. Finding the set {|a;)} is easy as it is just the
basis of the impurity spin sites; the difficult part is finding the set {|3;)} .

Following the recipe for DMET given by Knizia et al. [5], i.e. replacing the bath states with
a one-particle mean-field state, would give a hierarchical mean-field. This give no advantage
compared to mean-field solutions [13]. Fan et al. |13] propose a replacement of the exact
embedding bath states |3;) by a set of block-product states ‘ﬁZBPS>. With this approximation

the wave function of this impurity model becomes:

’\Il>imp = Zai |al>

BES). (4.2)

To define these block-product states, we first divide the spin lattice system in different equiv-
alent clusters. We then pick one of these clusters as the impurity. The other clusters are
called the bath clusters. With this division of the lattice system, the block-product states

can be defined as follows:

)= R YbslBle (4.3)
Céebath clusters S

Here {|3)} is a complete set of states within the Hilbert space restricted to the bath cluster.

For example, if each bath cluster contains 3 sites with spin—l%, we have {|{L4), L4, H), -, [T -

These block-product states now have to be optimized so that eq. optimally represents

the exact ground state wave function. The dimension of the complete Hilbert space is, as
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said before, given by dim = 2V with N the number of spins and hence, grows exponentially
with the number of spins. The number of degrees of freedom of the cluster DMET-ansatz is
given by 2%s(2Ns — 1)(N¢ — 1) 4+ 25 with N, the number of spins in a cluster and N¢ the
number of clusters. When the cluster size is kept fixed, the degrees of freedom scale linearly
with the number of spins (or the number of cluster N¢). This is clearly the big advantage of
the cluster DMET-ansatz.

4.1 Optimizing the wavefunction

Optimization of the block-product states and finding the ground state of the impurity model
given by eq. proceeds by the linear iteration optimization algorithm [44} 45]. The goal is to
minimize the energy of the wave function in the impurity model: Fynp = (U|H|¥) imp /(P p-
The iterative optimization happens by keeping a large number of coefficients of th variational
wave function fixed, and only optimizing a restricted number of coefficients at a time. First

of all, the variational wave function within the impurity model can be written as

lmp Zal|al ( ® Zb B|[3 ) (4.4)

Cebath clusters
with C being the different bath clusters. For every possible wave function of this form, we
can take
Z ngZC’B =1, (4.5)
B
by absorbing appropriate factors in the a;’s. Even more, when the wave function is normalized,

> aja; =1 (4.6)

will also be satisfied.
The coeflicients of the variational wave function are obtained with a restricted optimization.
All coefficients are fixed, except for the a;’s and biBE’O P (The b-coefficients corresponding with a
certain impurity state and bath cluster). By looping over the different iy’s and bath-clusters
we optimize the DMET wave function iteratively.
We now rewrite the wave function given by eq. 4.4 as

\\I/>imp = Z a; |o) HZ bl oplB)c + Zalobgoﬁ laio) |8) Bo H ZbCB’ (4.7)

i#ig C#Bo p

Since optimization happens over a; with i # ig and aiObZB?O g every iteration optimizes in the
{l¢a) ;|¢p)}-basis with

|Pa,;) = lui) sz ,3|5

|68 = leio) 1B, T D_0s 18"

C#Bo B
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From here on, the parameters to optimize, i.e. a; with i # iy and a;, bljgo i will be represented
by pm.
To find the optimal solution with every iteration, the following Lagrangian is minimized within

this restricted Hilbert space:
L = (Wo(pm)|H|Wo(pm)) — A (o (pm)[Wo(pm)), (4.8)

which yields the following linear eigenvalue problem:
oV

o) — A
0> < dpm*

Within every iteration, the solution corresponding to the smallest A\ is chosen. It is clear

A

oL < A

\1/0> ~0 (4.9)

Opm* JOpm*

that the solution of the previous iteration can still be chosen within the freedom of the
parameters in the current iteration. Because of this, the minimal A-value chosen in the
current iteration has to be at least as small as the A\ value of the previous iteration. Since
A decreases with every two consecutive iterations, we converge to a minimal A\ value. It is
possible that convergence happens to a relative minimum, and not to the absolute minimum
of the DMET-wave function. The complexity of a major iteration (i.e. an iteration over all
i-values and over all bath-clusters) is of the order O(NZ) with N the number of clusters.
The number of iterations needed up to convergence can increase when increasing the number
of clusters. The scaling of the problem when enlarging the number of spins is more favourable
than the exponential scaling of the exact diagonalization, as long as the size of the clusters

does not change. In appendix[A] the details of the calculations are investigated in more depth.

4.2 Calculating expectation values

In this section, the calculation of expectation values within the cluster DMET framework is
discussed. The method of calculation is equivalent to the method used in DMET as discussed
in section 2.2] In the cluster DMET, we divide our lattice into different clusters and choose
one cluster as our impurity cluster. In this thesis the clusters are chosen in such way that
they are all equivalent with respect to the lattice symmetry. All clusters can be transformed
in another by using a translation or rotation for which the lattice is invariant. Thus by
picking one cluster as impurity and calculating its corresponding DMET wave function |¥¢),
we immediately know all the DMET wave functions corresponding with the other clusters
picked as impurity. This is a great advantage for the computational time.

In section [2:2] we noted the existence of local and nonlocal operators. Local operators act
within one impurity and nonlocal operators do not. Just like in the original DMET framework
expectation values for local operators are quite straightforward, while expectation values for
nonlocal operators require some inventiveness to calculate. When a local operator A only

acts upon cluster C, its expectation value can be calculated by: <A> = (Uo|A|¥e). Note
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however that also operators consisting of summations of local operators impose no problem.

For example, the expectation value of the total spin in the z-direction is given by:

(Sin) =D (WelSie[Wo) = No (VoS [ W), (4.10)
C

where A{fot . 1s the total spin in the z-direction restricted to sites belonging to cluster C'. Since
all |U¢) are equivalent, the summation over the different clusters is simplified in the last step
and N¢ is the number of clusters of the system.

For nonlocal operators the original DMET framework suggests splitting these operators as
denoted in equation The expectation values of interest for the spin lattice systems will
be given by a summation of scalar products of spin operators. The expectation value can thus
be written as the sum of the expectation values of the different terms <§Z . §]> When both
7 and j are sites within one impurity this expectation value is then an expectation value of a
local operator. However, when this is not the case, this expectation value is an expectation

value of a nonlocal operator and in equivalence with equation [2.10] will be calculated as:
A oA 1 PN 1 PN
(8i-85) = 5 (We,I8; - Sil¥e,) + 5 (¥e, ISi - S5 1¥c;) (4.11)

where [W¢,) and [W¢,) are the cluster-DMET solutions with the impurity chosen to be the
cluster of site ¢ or site j, respectively. Since the solutions of the cluster DMET for different
impurity clusters are equivalent, the calculation of expectation values of operators that respect
the lattice symmetry can be simplified, examples of these are the Hamiltonian H and the

squared total spin Sfot. These will be given by:

<H> =N. Y U <\Ifc S; - Sj]\pc>, (4.12)
i€C,j

(8%:) = Ne Y (wol8i-8;|we). (4.13)
i€C,j

Here, N¢ is the number of clusters in the system. We note that the local parts of the
summation (i.e. those that act within one impurity) are counted double, while the interactions

between impurity and bath are taken into account only once.

4.3 Green’s function

Apart from the ground state we also want to calculate dynamic properties of the system.
In this section the calculation of the Green’s function (and the related spectral function) is

sketched. First the Green’s function is defined as

) . 1
Gw,X) = ol XT _
( ) Z (ol "w— (H — Ey) +in

1Espins (

Xi| W) . (4.14)
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As X;, we take one of the spin operators at a certain spin, e.g. S;L . Finally the spectral
functions are defined as A(w) = —13[G(w)]. We now look at how to calculate the part of
the spectral function corresponding with one summation term of eq. Since X; |Wp) is a

wave function with only real coefficients, the following holds:

~ 1 N
—3 (W[ X] . Xi|w
(ol 'w—(H - Ey) +in iI%o)
) ) (4.15)
=1 (wy %] - : ~ — Xi[Po)
7T (w—(H—EO)—m) (w—(H—Eo)—i—zn)
To find the spectral function, we first calculate
1 N
Uy = ~ X; [Wo) . 4.16
) = e (1.16)
Eq. is now given by
L (wy|0) (4.17)

To find eq. within the block product state ansatz of eq. 1.4} we minimise the 2-norm of

the residue within the parameter space:

Tglnll(w + By — H +in) |01) — X; [To) |2
l

= min{ (91w + By = 1 = i)+ B — 7 + )| ¥1) + (%ol £ Xl 00) (4.18)
1
— (Wo| X[ (w+ By — H+in)|[¥1) — (¥1|(w+ Eo — H — in) X[ ¥o)}.
The minimum within a certain parameter space can be found by solving

0
Jpm*

Eventually, this gives us

ov
2 2 1
(0 Bo)? +17] {5k

(w + Eo — H +in) |01 (pm)) — X; [o) || = 0. (4.19)

\1/1> =

oAZY
Opm*

A

\Ifl> + < OV | o
Opm*

by

(4.20)

ovy

¥ ) - 2w+ o)
(w+ Ey —in) < Fom HX;

oy, 5
%)~ (gt | [%0).

4.4 Verification of the implementation

| X;

Now we want to check the implemented algorithm for finding the ground state and the spectral
function. We recall the variational wave function for the cluster DMET method given by eq.

When the system is only divided into two clusters this wave function is reduced to

1mp Zaa ’O‘ Zbﬂ |6 (421)
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It is clear that in this case, the restricted Hilbert space of the variational wave function is
given by the complete Hilbert space of the system. It is thus possible to write every wave
function, and more particular the ground state wave function, in the form of the proposed

variational wave function.

Now, to test our implemented algorithm, we look at the J; — J2 model on the square lattice
(i.e. nearest neighbour and next nearest neighbour interactions) for 8 spins. By dividing the
8-spin lattice into two clusters of equal size, the cluster DMET algorithm should be able to
find the exact ground state. Exact diagonalization of this 8-spin system is certainly feasible
and thus a comparison of the cluster DMET solution with the exact solution is possible.
When comparing the two wave functions, we notice that they correspond to each other, up to
a possible phase difference and within a small deviation due to the convergence criterion of
the cluster DMET code and the finite precision of the computer. The norm of the difference
between the DMET and the ED wave solution is given in figure [4.1 the possible phase
difference has been taken into account. The DMET-algorithm finds the same ground state as

ED, as can be seen by the small differences in figure [I.1]
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Figure 4.1: The norm of the difference between the DMET and the ED wave solution.

To check the cluster DMET algorithm for the spectral function, we can also compare it with
the corresponding exact diagonalization algorithm. Again correspondence between the two
solutions is found within a very small deviation due to the convergence criterion of the cluster

DMET code and the finite precision of the computer.
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4.5 Extension of the cluster DMET method

Recently, J. Qin, Q. Jie and Z. Fan proposed an extension of the DMET method on spin
lattices |14]. In ref. [13], it is noted that the impurity has strong correlations with spins in
the nearby environment while the correlation for the spins further away is relatively weak and
approximately corresponds with a mean-field approximation (see figure 3 of ref. [13]). Because
of this result, the suggestion is made to solve the impurity and nearby surroundings in a high
level method while treating the environment further away in a mean-field approximation. The
DMET method is reformulated in analogy with the hierarchical mean-field (HMF) method
[46]. To do this, the lattice is split up in a superblock, consisting of the impurity and nearby
surroundings, and the further environment. The wave function of the superblock is formulated
in equivalence with cluster DMET and the total wave function of the lattice is given by a
translational invariant wave function constructed out of the superblock wave function, i.e.
if the wave function of the superblock is given by |Wgyperblock) then the total wave function

of the system is given by [®) = []|Wsuperblock),, Where b is the index of superblocks. The
b

lattice is thus covered by translationally invariant superblocks. Since the environment is
treated in a mean-field way and since the total wave function consists of translational invariant
superblocks, the infinite lattice can be investigated.

Now |[Wguperblock) still has to be found. The calculation of the superblock wave function
happens quite analogous to the cluster-DMET algorithm. As previously stated, the superblock
consists of an impurity and a nearby surrounding. In ref. |14] a 6 x 6 superblock is divided
into a 2 x 2 impurity and 8 surrounding 2 x 2 bath clusters. Now the variational wave function
|Wsuperblock) can be chosen equivalent with eq. and optimized in the same way (but instead
of periodic boundary conditions, the superblock is surrounded by an infinite environment).
Qin et al. also further extended this wave function by proposing a wave function of the

following form:

T
[Wauperbioak) = D lar) (AL18r)bps + -+ A 18:)f5ps) - (4.22)
T
k . _ . ..
where |3;)zpg are block-product states as defined in eq. For K =1 this variational wave
function is the same as the one in the original cluster DMET algorithm. Optimization of
this new variational wave function happens equivalently with the cluster DMET but with an

additional iteration over K.
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5 J;—Jo model on the square lattice

The square lattice system with antiferromagnetic nearest neighbour (NN) and next-nearest
neighbour (NNN) interactions has been widely studied over the years and is a model example
of a frustrated quantum spin system. This is also the spin system that is studied in the
original paper of Fan et al. introducing cluster DMET for the spin lattice [13]. In this model
J1 is the NN interaction strength while Js is the NNN interaction strength. When the NNN
interaction is turned off, there is no frustration in the system, and the ground state is the
Néel antiferromagnetic (AF) ground state. The NNN interaction introduces frustration. The

square lattice and interactions are depicted in figure [5.1
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Figure 5.1: Square lattice with nearest neighbour and next nearest neighbour interactions.

The Hamiltonian in this J; — Jo model is given by

H=0YS;-Sj+J > S8 (5.1)
(,9) ((6,k))

with Ji, Jo < 0 and where (i, j) sums over the nearest neighbours and ((i, k)) sums over the
next-nearest neighbours. The Hamiltonian given by eq. has been widely used and exam-
ined. This partly because of its fundamental interest in its simplicity, but also for its use in
describing cuprates, Fe-based superconductors, and other materials. High-T,. superconductiv-
ity in iron pnictide (or oxypnictides) have been discovered recently with LaOFeAs being the
first [47]. The Fe atoms form a square lattice in these iron pnictides and they exhibit NN and

NNN superexchange interactions that can be described with this J; — J2 model (however with
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S =1 or 2). When the crystal is doped, ref. [48] suggests an effective model with a t — J; — J,
Hamiltonian, introducing a kinetic component. This should give rise to superconductivity.
Also the properties of Li;VOSiO4 have been investigated through the J; — Jo model [49].
This model has been extensively examined and it is widely accepted that the model exhibits
three phases, of which two exhibit long-range order (LRO). There is a Néel AF ordered phase
at low Jy/J1, then a phase transition to a disordered nonmagnetic phase at Jo/J; ~ 0.4, and a
second phase transition from nonmagnetic phase to an ordered collinear phase at Jo/J; ~ 0.6.
In the next paragraphs the different phases will be discussed extensively, starting with the
Néel AF phase at low Jo/J; values.

5.1 Phases of the J; — J5 model on the square lattice

5.1.1 Classical ground state of the J; — J, model (S — c0)

When looking at a translation invariant classical Heisenberg model with

H:legi'gj—l-e]gzgi'gj (5.2)
(i) ((ig))
on a Bravais lattice, it is easy to find a classical ground state. Minimization of the energy is
always possible by imposing a planar helix of the form
Sy = & cos(q - r) + &sin(q - r) (5.3)
where q minimizes the Fourier transform J(q) of the coupling [23]. For a square lattice J; —Jo

model this is given by [23]

J(a) = Ji(cos(gz) + cos(gy)) + J2(cos(qz + gy) + cos(gz — qy)) (5.4)

For Jo < 0.5J1, J(q) has a minimum at (7,7). Eq. is then given by the Néel AF
LRO state depicted left in figure For Jy > 0.5J1, J(q) has minima at (0,7) and (,0).
These correspond with the horizontal and vertical collinear states. However, these are not the
only ground states in the classical picture and other ground states can be found by rotating
all the spins of one sublattice with respect to the other. This costs no energy for classical
spins at T' = 0, but configurations where the staggered magnetizations of both sublattices are
collinear are selected when introducing thermal or quantum fluctuations [23]. At Jo = 0.5J1,
the classical ground state is highly degenerate and the minimized q runs along the edges of the
Brillouin zone. In this situation eq. can be rewritten as H = cst+.Jo 3 (S1+S2+S53+54)2,
where the sum goes over all the square plaquettes in the system [23]. As long as the squared
total spin of all the plaquettes is zero, the energy is minimized.

When looking at the states corresponding to (7, 7) and (m,0) and using them as variational
states for the Hamiltonian in eq. the energies per site are B » = —J1+Jo and Er g = —J

respectively.
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Figure 5.2: Classical depiction of the Néel antiferromagnetic long range order (left) and the collinear

antiferromagnetic long range order in vertical direction (right)

A covering of dimers is also possible. Here we cover the lattice with first-neighbour singlets,
i.e. every spin forms a singlet with one of its neighbours. In this completely dimerized state,
the expectation value of the energy per site is given by Egimer = —3/4J1 when turning of
interaction between dimers, which is below the two other states. This is clearly no longer a
classical solution, but they suggest that the LRO solutions might not be the ground state
solution in the whole Jy/.J; domain for the quantum system. However it is not said which of

these trial states will be lowered most by quantum fluctuations.

5.1.2 Néel AF LRO phase

It has been already long established that the J; — Jo model exhibits a Néel AF LRO phase at
low Jy/Jq. First of, we look at the classical Ising model equivalent for the square lattice with
NN and NNN interactions. It is clear when NNN interactions are turned of that the ground
state of the Ising model is given by a classical Néel antiferromagnetic ordered state. This is
sketched in figure However, when going from the classical system to the quantum system
(with Heisenberg Hamiltonian), quantum fluctuations are introduced. These can possibly
break the Néel AF ordered state and it is not immediately clear if this is also the ground
state for the quantum system. In the late 80’s and early 90’s however, it became established
that the antiferromagnetic Heisenberg model with nearest neighbour interaction on the square
lattice shows a Néel AF order at 7' = 0 [50/-53].

One of the most important properties that can suggest semi-classical ground state magnetic
ordering are order parameters corresponding with the ordering at hand (so here Néel LRO).
Following Schulz [54], we use the so-called Q-dependent susceptibility

1 Z <Sz . S]> eiQ(Ri_Rj), (55)

My (Q) = N(N +2) &

where Q is the magnetic wave vector and is given by Qo = (m, ) for the Néel magnetic LRO.

For Q = (0,0) clearly this gives the squared total spin with a normalisation factor. Another
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important property for Néel AF LRO is the so-called staggered magnetisation msgtag. This
magnetisation is calculated by dividing the total lattice into two square sublatices. On one
sublatice we measure 5‘2, on the other —S’z, and we average out. The sublattices are of course
created in such way that the staggered magnetisation is the maximal value of mgiag = % for the
classical Néel AF state. This can of course be again expressed in function of the magnetic wave
vector Q. Due to the quantum fluctuations in the quantum system, the Néel AF order ground
state will have a deviation of this maximal value. In the 50’s this staggered magnetisation
has been calculated by P.W. Anderson with spin-wave theory to be mgas = 0.303 [50]. A
perturbation expansion away from the Ising limit has been used by Huse in 1988 in ref. [51]
and mgiag = 0.313 was obtained. Quantum Monte Carlo simulations in the late 80’s and early
90’s re-enforced these results and enlarged the recognition of the Néel AF ordered state in
the J; model [52, [53].

Multiple calculations have shown that the order parameter for the Néel AF LRO survives for
Ja/J1-values up to approximately 0.4 and the LRO order is not yet destroyed by quantum
fluctuations at these values. Most of the applied techniques use extrapolation to an infinite
lattice. This has been done with for example DMRG [38], CCM [31] and exact diagonalization

[19]. Earlier on, also spin wave theory [55], series expansions [56] and others, were used.

5.1.3 Collinear AF LRO phase

In section [5.1.1] we discussed the classical system and we showed that the ground state for
Ja/J1 > 0.5 was given by a magnetic wave vector Q = (m,0) or (0,7). An arbitrary global
rotation of the spins of one of the sublattices with respect to the other sublattice gave no
energy change in the classical (S — o0) limit. We noted however that the introduction
of quantum fluctuations favours the states where the staggered magnetisations of the two
sublattices is parallel and thus favours the horizontal or vertical collinear LRO phase as
shown in the right side of figure At large Jo/J; we can thus expect a collinear AF LRO
phase. As expected, the characteristic order parameter is given by eq. where Q = (m,0)
(or (0,7)).

However, it is also noted in section that the order parameters disappear around Jy/J; =
0.5 and that even a possible dimerized state can be a better representation of the ground
state around this point. The disappearance is again confirmed by simulations executed in, for
example, DMRG [3§], CCM [31] and exact diagonalization [19]. Also spin wave theory [55]
and series expansions [56] provide the same results and show a phase transition at Jo/J; ~ 0.6
to the collinear LRO phase.

5.1.4 The nonmagnetic disordered intermediate region

Although the phases for small and large J/.J; are well understood, the phase in the nonmag-

netic disordered intermediate region is not. We have seen that the phase transitions to the
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ordered states happen at Jy/J; =~ 0.4 and 0.6. The phase between these values is stills up to
debate. Two different phases are in the running. First a valence bond state, like columnar
valence bond crystals and plaquette states, was suggested, and this seems to be backed up by
series expansions [24], large-N expansions [57], CCM [31] and PEPS [58]. However, DMRG
[38] and spin-wave calculations [55] hint to a spin liquid state as intermediate state. For
the interested reader, a good and more thorough description of these phases is given by C.
Lhuillier in ref. [23].

Valence-bond crystals (VBC)

The VBC are the simplest way to overcome frustration in the quantum system. Here, neigh-
bouring spins are arranged in singlets. Possible singlets are dimers, quadrumers or 2n-mers,
where S = 0 on the plaquette. Its stability originates from the stability of the (S = 0)-
plaquette clusters individually. We recall that for example the singlet of two spin-1/2 (thus
a dimer) has an energy of —3/4 in the AF case, while the energy of two classical spins op-
posite only has an energy of —1/4. In the VBC, there is no SU(2) symmetry breaking (in
contrary to the ordered LRO states). Furthermore, spin-spin correlations are not long-range,
but singlet-singlet correlations (correlations between the plaquettes) are.

We now distinguish two kinds of VBC, spontaneous VBC and explicit VBC. In spontaneous
VBC the wavefunction breaks the lattice symmetry spontaneously and enlarges the unit cell
of the lattice, while in explicit VBC this does not happen. Explicit VBC can occur when
the Hamiltonian has inequivalent bonds and an integer spin in the unit cell (e.g. an even
number of spin-1/2). Then the VBC-solution can take advantage of the stronger of the
inequivalent bonds to form its singlets. Here the explicit VBC is the intuitive strong-coupling
solution. Now we look at the strong-coupling limit. When we turn off the weak coupling
(i.e. the coupling between different singlets), the exact solution of the Hamiltonian is given
by the product of the different singlets. Furthermore, the original lattice symmetry is clearly
preserved. When we now look at models where the unit cell has a non-integer number of spin
(e.g. an odd number of spin-1/2), then the VBC cannot be realized without enlarging its unit
cell spontaneously. In this case the singlet covering is not unique and a symmetry breaking
in the lattice symmetry occurs to form a VBC and the VBC is thus degenerate.

Clearly the possible valence-bond crystal in the square J; — J2 model would be of the sponta-
neous type, since covering of singlets cannot occur without lattice symmetry breaking. The
VBC under consideration in this model are the columnar and staggered dimer VBC. Numer-

ical evidence at the moment favours the columnar VBC over the staggered VBC [59].

Resonating Valence Bond (RVB) spin liquid

In 1973 P.W. Anderson introduced the Resonating Valence Bond Spin Liquid in ref. [60].

Anderson was inspired for this RVB spin liquid by Paulings resonating valence bond theory
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Figure 5.3: Columnar (left), staggered (middle) dimer VBC and plaquette (right) RVB on the square

lattice

of metals, where the electron gas nature of the metallic state was ignored and the binding
energies were related to valence bond concepts. Anderson compares the Néel state to a solid,
where the system has condensed into a spin lattice, while the RVB spin liquid has mobile
valence bonds. These valence bonds are pairs of spins correlated together into singlets (for
example dimers). He further speculated that the system became energetically more favourable
through quantum resonances between the great number of possible dimer coverings. Any long
range-order (also singlet-singlet correlation) is absent, hence the name spin liguid.
We now look at the complete set of possible dimer coverings (not restricted to the length of
the dimers). This is an overcomplete basis of the S = 0 subspace [23]. So now, let us assume
we instead created a family £ of linearly independent dimer coverings C;, then a RVB wave
function can be written as:

[RVB) = > A(C))|C:) (5.6)

C;e€

Here |C;) are of course products of the different singlet wave-functions. Most of the time in
variational calculations, the amplitude A(C;) is given by a product of amplitudes h(k,!) for
each dimer (k,[) in the valence bond state C;. Long range RVB wave functions are given when

h(k,l) is algebraically dependent on the distance r;:

Bk 1) = S (5.7)
Tkt

These long-range RVB wave functions can represent Néel long range order in the Heisenberg
model on the square lattice if o < 5.
On the other hand, short-range RVB wave functions are given when the amplitudes decrease
at least exponentially with the distance between k and [ (and thus also if only nearest neigh-
bour dimers are included). Obviously this wave function cannot represent Néel long range
order, since Néel has long range correlations between spins. The valence bond crystals can be
seen as a short-range RVB where one amplitude A(C;) dominates. However, it is also possible
to choose the amplitudes in such way that lattice symmetry is conserved in the wave func-
tion. RVB wave functions where there is no lattice symmetry breaking (and also no SU(2)

symmetry breaking) are the pure RVB spin liquids. When referring to quantum spin liquids,
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we mean these wave functions that resist SU(2) and lattice symmetry breaking even at zero
temperature.

An RVB that is no pure spin liquid is given by the plaquette RVB. This RVB is sketched
schematically in figure on the right. This RVB restores the rotational symmetry of the
lattice but there is clearly still a translational symmetry breaking and hence this is no spin
liquid. Here the plaquettes resonate between dimers ordered horizontally and vertically, thus

the wave function of such plaquette is given by:
) =1l £1=), (5.8)

where |||) and |=) are the product of two dimers in respectively vertical and horizontal

direction.

Current results on the nonmagnetic intermediate region

Currently, there is still discussion about the nature of the nonmagnetic intermediate region
in the thermodynamic limit (N — oco). Whether it is a lattice symmetry breaking columnar
dimer VBC or plaquette RVB or a symmetry preserving spin liquid is not yet clear. Different
investigations point to different directions, due to the bias of the used method or due to the
small system size that can be treated at the moment. In contrast to the J; — J3 model on the
square lattice and the J; — Jy model on the hexagonal lattice, the spin-spin correlations of
the J; — J2 model on the square lattice in this region are not short-range enough to effectively
represent the bulk at the current attainable system sizes, thus hindering the examination of
the phase in bulk [25].

In ref. [58] Murg et al. discussed the J; — Jo — J3 model with the PEPS algorithm. In this
paper, the exact diagonalization in the short-range valence bond states (SRVB) subspace is
calculated. Overlap between the PEPS and SRVB solution is investigated, and a maximum
overlap of 70% is found at Jo/J; = 0.5. Since the PEPS ground state energy is also lower than
the SRVB ground state energy, it is clear that the true ground state will not be completely
in the SRVB subspace, but a large overlap can still be expected. In the PEPS calculations
there is also faint evidence for a columnar dimer state as seen in figure 12 of ref. [58|. In ref.
[31] several generalized susceptibilities are calculated through CCM and exact diagonalization
(ED). The divergence or enhancement of the susceptibilities corresponding with the columnar
dimer VBC and the plaquette RVB show evidence in favour of these states and thus spatial
symmetry breaking occurs.

In ref. [38] DMRG calculations are used to support the idea of a quantum spin liquid (QSL)
with no spatial symmetry breaking. The dimer order parameter and plaquette order param-
eter are calculated for different system sizes and extrapolated to the thermodynamic limit.
The results obtained show a vanishing dimer and plaquette order parameter for all Jo/.J;.

Also bulk excited states are extracted and the first singlet and triplet excited state are found
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gapped for the intermediate nonmagnetic phase. Furthermore, they calculate the entangle-
ment entropy S(A). The system is divided into two subsystems A and B, and the reduced
density matrix pg = Trp |Y) (¢o| is calculated. Now the entanglement entropy is defined as
S(A) = Tra(palnpa). For systems with gapped bulk excitations and a smooth boundary

between the two subsystems A and B, the entanglement entropy scales as follows:
S(A) ~oL —7y+---. (5.9)

This is known as the area law, where L is the length of the boundary between the subsystems.
o is a measure for the local entanglement across the boundary and the omitted terms vanish
with large L. In ref. [38] it is further argued that two scenarios can cause a non-zero constant
term 7. It is possible to have a topological contribution that decreases the entropy (thus
positive ) or a symmetry-breaking origin that increases the entropy. Their calculations find
a vy = 0.72+£0.04 extrapolated to the thermodynamic limit, and thus suggesting a topological
origin and not a symmetry-breaking origin. A symmetry-preserving spin liquid can be the

origin of this constant decrease in the entropy.

5.2 Result of the cluster DMET calculations

! By : By | B, |
T T T
i B~ i impurity i Bs i
R
: Bs : Bs : By :

Figure 5.4: Division of a 6 x 6 square lattice into 8 bath clusters and one impurity cluster of size

2 x 2. The spins of the impurity cluster are also numbered.

In this section the results of the cluster DMET algorithm on the J; — Js model will be
discussed. First, the main results of the original cluster-DMET paper (ref. [13]) will be
reproduced, including the total energy per spin and the entanglement entropies (figures 2 and
4 in ref. [13]). Furthermore, we will calculate several other properties and try to detect the
different phases in the model, with most importantly the intermediate nonmagnetic phase.

We will investigate the 8 x 8 square lattice with periodic boundary conditions. The lattice is

divided into 16 equivalent 2 x 2-clusters (an exemplar division is shown in figure fora6x6
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spin system). One of these clusters is chosen as impurity. Since all the clusters are equivalent,
the DMET solution can be mapped throughout the lattice. The convergence criterion for the
cluster DMET algorithm is given by the convergence of the DMET-energy, i.e. the energy
per spin calculated within the DMET framework. For the total energy of the system eq.
is used and not the total energy A given in eq. Energies per spin are presented in the

< 1077 for our calculations.

plots. The convergence criterion is satisfied at %
ne

The initialisation of the DMET algorithm can happen in several manners and since the DMET
algorithm can converge to local minima, the obtained converged solution is dependent of the
initialisation of the problem. To test how big a problem the optimization to local minima can
be, 40 calculations with random initialisation at every 0.05 interval of Jy/J; are executed.
The calculations converged in maximally 103 iterations. The results are shown in figure
The DMET-energy per spin, the A-energy per spin, the normalized Néel order parameter,
and the normalized collinear order parameter are shown. The order parameters are given
by eq. with Q = (m,7) for the Néel order parameter and Q = (7,0) or (0,7) for the
collinear order parameter. For the collinear order parameter, we note that collinearity can be
in horizontal and vertical direction and with every found ground state, one will be large and
the other small in the collinear phase. Here we plot only the largest of the two collinear order
parameters for every simulation, which is also the useful one to detect the phase transition.
When looking at the DMET-energy, we see that most calculations converge to the same value
with some exceptions (e.g. in the region with J/.J; from 0.15 up to 0.6 there are two minima
the algorithm converges to). At values between 0.6 and 0.8, we see that the lowest DMET-
energy value is not always the most often found solution. Selecting the right ground state
can happen by selecting the lowest DMET-energy or the lowest A-value. In figure there is
no ambiguity yet, but in further results it will be shown that the lowest DMET-energy does
not always correspond with the lowest A-value found and vice versa. From the plotted order
parameters its is also clear that the calculations converge to quite different wave functions for
Ja/J1 between 0.6 and 0.8. This is visible in the great differences in the values of the order
parameters.

In the next step we try to solve these problems by using sweeps. We notice at maximal
and minimal NNN interaction that the calculations do not show such a large variety of local
minima. Now by starting a first calculation at Jo/J; = 0(1), and using the converged result
as initialisation for the next calculation right (left) on the J,/.Ji-axis, we bias the calculation
to converge in a similar state. By repeating this step in the right (left) direction we perform
a right (left) sweep. This could solve continuity problems obtained with random initialisation
and mitigate getting stuck in local minima.

The results of the left and right sweep are presented in figure [5.6] together with the results of
the random initialisation. As can be seen readily, the sweeps have found more optimal states
for the DMET-energy and the A-value, especially in the troublesome region given between
J2/J1 = 0.6 and 0.8.
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Figure 5.6: Results for the DMET-energy and A-energy per spin for the left and right sweep and the
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Some ambiguity in the selection of the ground state starts to arise. New solutions with more
optimal DMET-energy and A-values are found through left and right sweep. When executing
the left sweep, we see in figure[5.6|that the solution found is clearly a local minimum from ~ 0.6
onwards and a more optimal solution is found by the right sweep. However, the transition
where the right sweep solution gets more optimal than the left sweep depends on the method
of selection of the optimal state. In figure one can see that this transition happens
at Jo/J1 ~ 0.63 when selecting on DMET-energy grounds, but when selecting on A-value
grounds, this transition happens at Jo/J; ~ 0.67. In the original paper of Fan [13], selection
happens through choosing the minimal DMET-energy per spin. This way, a more continuous
DMET-energy plot is found. There is however still a small energy jump at Jo/J; = 0.63, and
when extrapolating the straight trend of the DMET-energy in the interval Jy/J; € [0.64, 1],
the maximum of the DMET-energy would be expected at 0.62 approximately. It is possible
that these solutions are not found since the A-values corresponding with them are too large in
comparison with the absolute minimum of the A-values. The results with the optimal selected
DMET-energies are given in figure 5.7} The obtained results for the DMET-energy per spin
are the same as the ones found in ref. [13]. We see also a good qualitative correspondence
with the results of the exact diagonalization in ref. [19] of the 40 spin lattice. The energy per
spin exhibits a maximum around Jo/J; = 0.63. The energies for the exact diagonalization are
however a bit lower, possibly because of the smaller system studied. Exact diagonalization of
a 32 spin system has also been executed in ref. [31], here the energy per spin exhibits also the
same qualitative behaviour, but the energies are even lower due to the even smaller system

size.

When looking at the order parameters, we see the expected behaviour. In the low NNN
interaction regime, Néel order is detected while in the large NNN interaction regime collinear
order is detected. In fig. 2 in ref. [38], the order parameters obtained through DMRG for
different system sizes are plotted, with L x 2L system sizes. This makes direct quantitative
comparison not possible. Despite the different geometries, we see qualitative correspondence.
We see that DMET has a steeper Néel order breakdown at the expected phase transition
at Jo/J1 = 0.4, even at finite system sizes. Some Néel order however survives in the non-
magnetic intermediate phase, which is not the behaviour we have hoped for. This is due to
the finite system size, DMRG calculations and exact diagonalizations have also non-vanishing
order parameters in the intermediate nonmagnetic phase on finite lattices. There is also a
steep increase of collinear order at approximately 0.62. This is again in correspondence with
the exact diagonalization of ref. [19] and the DMRG-solution in ref. [38]. The maximal
collinear order obtained in these results is a lot smaller than our obtained value. A possible
explanation for this is the degeneracy of the ground state in the collinear phase. Collinear
order can happen horizontally and vertically, and both results are equally favourable. In the
exact diagonalization and DMRG calculations, it is possible that a superposition of these two

orders is found as ground state. For the cluster DMET solution, it is found that only one
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collinear order parameter in one direction is large while the other stays negligibly small. The
DMET algorithm finds a ground state with collinear order dominant in one direction and no

mixing of the two directions.

Last, different Von Neumann entropies are calculated in correspondence with ref. [13]. The
Von Neumann entanglement entropy is a measure for the entanglement between two subsys-
tems A and B. The total system is divided into two subsystems A and B. The reduced
density matrix pg = Trp Vo) (Po| is calculated by tracing out the subsystem B. The Von

Neumann entropy is now defined by

S(pa) = —Tr(palnpa). (5.10)

The subsystem A is chosen to be one or multiple spins in the impurity. The entanglement
entropy is given in figure These are the same results as obtained by ref. [13], and according
to this article, a discontinuity in the entanglement entropy indicates a first-order quantum
phase transition, while a peak in the derivative of the entanglement indicates a continuous
quantum phase transition. From figure [5.8] a first order quantum phase transition is thus
visible at Jy/J; ~ 0.6 and a continuous quantum phase transition is visible at Jo/J; = 0.4.
From these results, the Cy symmetry breaking of the ground state is visible in the collinear
LRO phase. S(pi12) and S(p13) are equivalent for the rotationally symmetric solution, and it is
visible that they preserve this rotational equivalence up to the phase transition at Jo/J; =~
0.63. From this point onward, their equivalence is lifted and rotational symmetry is broken,

as expected in the collinear LRO phase.

The choice of a 2 x 2-impurity will show bias towards the columnar dimer VBC and the
plaquette RVB, while being less biased towards a staggered dimer VBC. Between the two
dimer VBC coverings, previous numerical evidence has shown favour towards the columnar
dimer VBC [59], thus this negative bias towards staggered dimer VBC should impose no
problem. The fact that rotational symmetry is not yet broken in the nonmagnetic phase
within the DMET-framework, is proof against the existence of a dimer VBC, since this breaks
rotational symmetry and is evidence in favour of a plaquette RVB or a spin liquid. Finally,
according to ref. [13], there is also some evidence towards a weak plaquette RVB. From
figure we see that the entanglement between impurity and bath (S(pi234)) decreases from
Ja/Jy1 = 0.4 onward, although the other entanglement entropies increase in this regime. This
increase of the other entropies should thus explain a large increase of entanglement between
the spins in the impurity itself, while impurity-bath entanglement decreases. This suggests a
plaquette valence bond. However, since the survival of Néel order has been detected in this
phase (fig. , which is unwanted in the nonmagnetic phase, it is clear that the 8 x 8 square
lattice is not sufficient to represent the bulk square lattice in this phase. Hence, it is not clear

in which extent conclusions can be made from entanglement entropy results in this region.
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5.3 The spectral function

In section a method for the calculation of the spectral function within the DMET frame-

work is given. A corresponding implementation was developed. However, the calculation of

oV,
Opm*

for the efficient calculation of spectral functions for meaningful system sizes.

H 2‘\I/1> in eq. 4.20|is very time consuming. Optimization of the code is still needed

For the verification of the implementation, a 2 x 4 square lattice with NN interaction (J2 = 0)

is studied. The spectral function is given by
Alw) = —=9[G(w, X)], (5.11)

where G(w, X ) is given by eq. Here, we will calculate the spectral function with X = S+
and n = 0.01. This spectral function can be easily calculated through exact diagonalization
for such small system sizes. The DMET algorithm for the calculation of the spectral function
is also executed. For the execution of DMET, the 4 x 2 square lattice is split up into two
equivalent 2 x 2 clusters. As shown in section the DMET algorithm is able to find the
exact results when only one bath cluster is present. An exact correspondence with the exact
diagonalization, within a small error due to the imposed convergence criterion, is indeed
observed as can be seen in fig. [5.9) We notice three large peaks and three very small peaks.
The values of these peaks correspond, as expected, with excitation energies of the system,
which can be calculated quite easily through exact diagonalization. It is observed that the rate
of convergence slows down when approaching a peak. This and the fact that the calculation
of the <%
calculation of the spectral function within the DMET framework. Data for the spectral
function through DMET are clearly incomplete in fig. due to the lack of optimization of

the code at this moment.

H 2‘\I/1> in eq. 4.20[is quite time consuming are the largest problems for the
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Figure 5.9: The spectral function for a 2 x 4 square lattice with NN interaction. The full line are
the results obtained through ED, the crosses are the results obtained through DMET.
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6 The Kitaev-Heisenberg model on
the honeycomb Lattice

6.1 The Kitaev model

Spin-liquid states have been quantitatively studied by Kitaev through the introduction of an
exactly solvable model [61]. This so-called Kitaev model treats interacting spins (5% = +1/2)
on a honeycomb lattice. The nearest-neighbour interactions are Ising-like, meaning every
bond depends on only one spin component. However, the spin component changes with
different bonds, as can be seen in figure This introduces frustration in the model. The
Hamiltonian for the Kitaev model is as follows:

H=—Ju > SISF—Jy Y. SUSI—J.. > S:iSi, (6.1)

x—links y—links z—links

where Jgz;, Jyy and J,, are model parameters which denote the bond strengths. Depending

jj
E:

(a) The different bond types in the hon- (b) The Kitaev Honeycomb lattice for 24

eycomb lattice for the Kitaev model. spins

on the values of the system parameters (J, Jyy and J,) the model exhibits different phases
[61]. In figure the phase diagram of the J; + Jy, + J., = 1 plane in the first octant (i.e.
all parameters positive) is given. A,, A, and A, are gapped phases carrying abelian anyons

while B is a gapless phase carrying non-abelian anyons.
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Figure 6.2: Phase diagram of the Kitaev model in the J;, + Jy, + J., = 1 plane in the first octant
61}

In the gapless phase, this model has a spin-disordered ground state according to ref. [61].
It has also been shown that spin-spin correlation vanishes for this model for all spins sepa-
rated by more than one lattice constant [62]. This extremely short-range correlation of the
Kitaev model suggests a form of stability of the disordered ground state when applying spin
perturbations. When the Kitaev model is perturbed with an isotropic Heisenberg exchange,
it has been shown by Tsvelik that the spin liquid state remains stable for a small window of
perturbation strengths [20]. Exact diagonalization and the spectrum of this Kitaev model is
given in ref. [61} 62].

This model is useful due to the emergence of abelian and non-abelian anyons depending of the
model parameters [61]. These particles are useful for topological quantum computing. It has
been shown that universal quantum computing is possible with the aid of certain types of non-
abelian anyons [63-65]. Furthermore, excitations that are abelian anyons imply a degeneracy
of the ground state on the torus [66]. There arises a topological order for the ground state
in this model. Due to the high quantum entanglement and the non-local encoding, storage
of quantum information is immune to errors caused by local perturbations [65]. The search
of physical realisations is difficult but highly attractive due to its usefulness. One way to
engineer this Kitaev model is suggested by Jackeli and Khaliullin through the use of Mott

insulators [67].

6.2 The Kitaev-Heisenberg model

The Kitaev-Heisenberg model is built up by mixing the Kitaev and the Heisenberg model, as

the name suggests. From now on we assume that the bond strengths in eq. are equal for
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all different bonds and are given by Ji, thus fixing the phase of the pure Kitaev model in the
gapless phase. The Hamiltonian for this system is given by
IA{ =-J Z S’ng]f - N Z gjyg]g - N Z szgg + Jo Z gj . Sk, (6.2)
x—links y—links z—links (jk)
where the first three terms are clearly the Kitaev interaction, and the last term is the Hei-
senberg interaction between nearest neighbours. We assume that J; and J are positive and
therefore we have an antiferromagnetic Heisenberg interaction. The interaction between two

neighbouring spins is given by
ﬁl(]) = —J15/S] + J2Si - S;, (6.3)

where v is given by x, y or z depending on the bond. The bond type is again given in the
same way as the pure Kitaev model and is depicted in figure Chaloupka, Jackeli and
Khaliullin opted to use this model for the theoretical examination of iridium oxides of the
form AsIrOgz, with A = Li, Na [20]. Herein, Ir** ions form honeycomb-like lattice planes
and have an effective spin one-half moment. According to ref. [20], the interaction consists
of a ferromagnetic Kitaev and an antiferromagnetic Heisenberg part, of the form of eq.
Depending on the parameters of the iridium oxide crystal, the Hamiltonian varies between a
purely antiferromagnetic Heisenberg Hamiltonian and a pure Kitaev Hamiltonian. The high
anisotropy (the Kitaev part of the interaction) of the coupled spin-orbit angular momentum
arises since this is predominantly of orbital origin [20].

The couplings are now parametrized as J; = 2« and Jo = 1 — « cf. ref. [20]. When varying
« between 0 and 1, different phases occur. It is clear that at a = 0 the system is reduced to
an AF Heisenberg system, which exhibits a Néel order [68]. At the limit o = 1 the system is
reduced to the exactly solvable Kitaev-model. Here the system has a spin liquid ground state
with short-range spin-spin correlations, as said in section Intermediary, at o = 1/2, the
system is also exactly solvable as shown by Khaliullin [69]. The bond interaction (eq.

for v = z, for example, is now reduced to
N 1 ~. A PURIN Al A
Hfj = i(Sfo + SZyS;J — SfS]Z) (6.4)

To find the exact solution at o = 1/2, a mapping of the anisotropic Hamiltonian to an
isotropic ferromagnetic Heisenberg Hamiltonian is executed through appropriate rotations of
the spin operators. To complete this rotation, one has to work in a super-cluster of 24 spins
and divide it in 4 different sublatices (see figure . We now rotate the spin operator S
differently on every sublattice. A possible rotated spin operator é is for example given in
figure In terms of these rotated spin operators eq. becomes:

A = —2(2a — 1)S7 2] ~(1-a)8;-8;, (6.5)

)

where J; and J are substituted by their parametrized value in «. It is clear that at « = 1/2

eq. reduces to the bond interaction of a ferromagnetic system. The system thus reduces
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Figure 6.3: Division of the honeycomb supercluster of 24 spins in 4 sublatices.

to a simple ferromagnetic Heisenberg Hamiltonian in the rotated spin operators. Its ground
state has a maximal total spin Sio; = NS = % and is (2NS + 1)-fold degenerate. We note
that the total rotated spin gtot is not a constant of motion, except when o = 1/2.

To study the ground state in the unrotated basis we look at one of these N + 1 ground states,
for example where <§z> = % This gives in the unrotated basis a stripy antiferromagnetic

phase as depicted in figure [6.4. We note that the stripy antiferromagnetic phase is the exact

Néel AF . stripy AF | spin liquid
s ,A—---#::’*jjj*;ﬁ----i | ,+---¢::*_jjj*::¢----+\ | E
S N S A R A = . B =
VAT E
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Figure 6.4: A schematic phase diagram for the Kitaev-Heisenberg model [20].

ferromagnetic phase in the rotated basis, and thus in this basis has maximal total spin. The
stripy AF order parameter is thus fully saturated at a = 1/2 and the phase is fluctuation
free, despite being of AF-type.

From this discussion it is clear that the Kitaev-Heisenberg model has at least three phases
on the Honeycomb lattice. At o = 0, we have an anti-ferromagnetic Néel ordered phase, at
a = 1/2 we have a second ordered state, a stripy antiferromagnetic phase, and finally, at
«a = 1, we have a disordered spin liquid phase. These phases are sketched in figure
First, we look at the classical system. The energy per spin is for the Néel AF state E =

—% + %a, while the energy per spin for the stripy AF state is given by E = —% — %a. The
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phase transition thus happens at o = % However, when going to the quantum mechanical
system, and introducing quantum fluctuations, the phase transition moves to a larger a-value.
Second-order perturbation theory gives an estimate for the Néel energy of e; ~ —1%(3 — ba)
and for the stripy energy an estimate of es ~ —%(504 -3+ é) per spin [20]. For the derivation
of these results, see appendix [B] From this, it is clear that the boundary shifts to larger
a-values (a =~ 0.4) compared to the classical phase boundary. The quantum fluctuations
have a stabilizing effect on the Néel AF state [20]. This value is in correspondence with the
results obtained from the exact diagonalization of a 24 spin lattice. However, series expansion

executed on the Kitaev-Heisenberg model suggest a phase transition at a = % [70].

Second, we look at the phase transition from stripy AF to the spin liquid. Both the anisotropic
and the Heisenberg interactions are purely ferromagnetic in the rotated basis at o > 0.5 (see
eq. . Because of this, the only ordered state that can compete with the spin liquid
state is the stripy AF state (or the ferromagnetic state in the rotated basis). Furthermore,
we know that the exact solution of the pure Kitaev-model is stable under small Heisenberg
perturbations, so there has to be a phase transition from stripy AF to the spin liquid at
a < 1. To estimate the phase transition point, we use again second order perturbation energy
for the stripy AF phase. For the spin liquid, the energy per spin is approximated by taking
<S’7 S’]> = 0.13 and the other correlations are equal to zero, which is the exact solution at
a =1 [20]. Using these expectation values gives us e3 ~ %(1 — 3a) <5’75‘;> and thus a phase
transition between spin liquid and stripy AF at a = 0.86.

6.3 Exact diagonalization

Additional insight in the Kitaev-Heisenberg model can be obtained with exact diagonalization.
Since the computational cost of exact diagonalization scales exponentially with the number
of spins, we restrict the study to a cluster with 24 spins, cf. fig. [6.1b} Periodic boundary
conditions are imposed. Results of exact diagonalization are given in ref. [20], but we have
also reproduced the results to have a benchmark for our DMET calculations. From figure
6.5 it is clear that the different approximations given in section [6.2] are accurate for the 24
spin-lattice. The least accurate approximation is the one in the Néel antiferromagnetic phase.
This could be expected since for the other two perturbative approximations an exact solution
was used at « = 1/2 and o = 1. In figure we see the squared total spin in both the rotated
and unrotated basis. As expected, we see full saturation of the stripy AF order parameter
(or squared total spin in the rotated basis) at a = 0.5. Note that the squared total spin is
normalized to its maximum obtainable value, i.e. S(S + 1) with S = N/2. The normalized
value of the squared total spin in the original basis is given by ﬁ = 1—13 at this point. This

can also be deduced easily algebraically. First of all, we look at the expectation value of the
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Figure 6.5: Exact energy per spin of the Kitaev-Heisenberg model on the honeycomb lattice for 24
spins (full line). Approximate values for the three phases given in Sectionare depicted
as dotted lines.

total square spin at o = 0.5.

(8%) = (W LUT 87+ 3-8:- 8)U L - 1) (6.6)
( i#£]

where U is the transformation between the unrotated and rotated basis. We now rotate the
spin operators to their rotated basis, according to the sublattices given in figure [6.3] The
transformation is responsible for a sign change in the scalar product S, - Sj = S’f Sf + 5’3’ S’;’ +
S7S%. It i = j no sign change occurs and the first term is unchanged in the rotated basis
yielding a value of %N . If i # j the scalar product terms in the z- and y-direction will have
no influence on the expectation values, since they consist of ladder operators. Only the terms
in the z-direction are of importance. If ¢ is part of a certain sublattice, there will be a sign
change if j is part of two of the other three sublattices. We assume that we can subdivide
our total system in the supercluster depicted in figure of 24 spins. For every i there are

(% — 1) j’s that give rise to no sign change (since i is excluded from the j summation) and
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Figure 6.6: squared total spin of the 24-spin honeycomb lattice normalized to a maximal value of 1
at the stripy AF phase at a = 0.5. To squared total spin in the unrotated and rotated
basis are given.

% j’s that give rise to a sign change in the §28% part. Therefore we find

Di+¥)
4 2 4 — %_‘_1 (6.7)

Here the expectation value is normalized. It yields a value of % for 24 spins, and vanishes
for N — oo.
The squared total spin in both bases is easily calculated in the Kitaev limit (o = 1). It is
known that spin-spin correlations vanishes for all spins seperated more than one lattice con-
stant in the Kitaev model [62]. Furthermore, it is also known that only spin-spin correlations
in the bond direction () are non-vanishing for neighbouring spins. This gives us
R 3 5§
(82, (82,) - NS (65)

O+ D

where <S’7§7> ~ 0.13 for the Kitaev limit. The expectation value is again normalized.
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Figure 6.7: Nearest neighbour spin correlations. The solid and dot dashed line correspond to spin
spin correlations of the scalar product of respectively the rotated and original basis. The
dotted line corresponds with the correlation of the spin in the bond direction, this is the
same in the rotated as the unrotated basis.

As expected, the squared total spin and the nearest neighbour correlation indeed fulfil this

equality for the ED of 24 spins.

Furthermore two phase transitions are clear at o = 0.4 and « =~ 0.8. These values correspond
well with the estimated values given in section At the AF Néel phase, we also see
that the squared total spin has an expectation value of zero, which can be expected in this
phase. These phase transitions are also visible in figure [6.7] Here the nearest neighbour spin

correlations are shown. First of all, the spin correlations at o = 0.5 are given by <S . S> = i

and <S’V§'y> = %, which is expected, since the exact solution is given at this point by the FM
state in the rotated basis. We also notice that the spin-spin correlation in the bond-direction
is given by <5’75’”’> = 0.13 in the pure Kitaev limit, as theoretically shown [61]. It is also
this direction that is the only contributor to the NN spin correlation of the scalar product.
In a small region around the quantum spin liquid phase, this situation stays approximately

like that. The spin-spin correlation in the bond direction remains the largest contributor of
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the total spin-spin correlation of the scalar product and remains largely constant. This is a
justification for the approximation of eg executed in section [6.2} However, the large tail of the
NN spin correlations in the spin liquid region is noticeable. It shows that there is a deeper
penetration of the AF stripy phase into the spin liquid phase. The tail is much smaller in the
AF stripy to AF Néel transition, which indicates that this transition is more abrupt.

6.4 Results of the cluster-DMET calculations

In this section the results for the cluster DMET algorithm for the Kitaev-Heisenberg model
on a honeycomb lattice are presented. We will look at the 24 spin system depicted in fig.
that was also used for the exact diagonalization. This allows us to compare the DMET
solution with the exact diagonalization results.

For the honeycomb lattice, the choice of the cluster shape is not as straightforward as it was
for the square lattice. Some suggested coverings are shown in fig. The found results

are dependent of the used cluster geometry. First, we will look at results obtained from the

S-shaped clusters (fig. [6.8a)).

(a) S-shaped clusters (b) star-shaped clusters (c) hexagonal clusters

Figure 6.8: Different possible cluster-coverings for the hexagonal lattice.

Just as in the previous model, we first perform the calculation with random initialisation
to detect possible problematic regions. The calculations are done in steps of 0.05 in the
a € [0,1] interval. 20 simulations are executed in the unrotated basis and 20 in the rotated
basis for every a-value. The results are given in figure We note no real difference
between the solutions found in the rotated and the original basis. This could be expected,
since the restricted Hilbert space spanned by the DMET-ansatz is the same in the rotated
and unrotated basis.

To see this, we first look at the structure of the block-product states. These are given by eq.
[4:3] Within every bath cluster, such a state is given; the block product state is given through
direct product of the states of each bath cluster. The possible states that the block-product
state can represent within one bath cluster spans the Hilbert space restricted to this bath

cluster. The basis transformation from original to rotated basis is local, i.e. works in on every
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spin separately. This also means the basis transformation of the Hilbert space restricted to
one bath cluster will give us the same restricted Hilbert space. It is thus clear that the original

and the rotated basis can represent exactly the same block product states.

For the DMET-ansatz to be able to represent the same corner of the complete Hilbert space
in the rotated and original basis, the basis states of the impurity used in the approximate
Schmidt decomposition for the original basis (eq. [4.2]) should transform into the basis states
used in the approximate Schmidt decomposition for the rotated basis, which is of the same
form. A basis transformation from the original to the rotated basis is not readily obtained,
however, the transformation of the spin operator is. The transformation is as such, that
depending on the position of the spin, S%, S and/or 5% will change sign (see figure .
To illustrate that the basis states of the impurity transform as needed, we look at a 4-site
impurity cluster. When transforming the basis Sz changes sign for the third and fourth spin in
the cluster, for example. We look at an arbitrary basis state in the original basis, e.g. [1]J1).
This is the only state with quantum numbers S§ = 3, S5 = —1 S§ =—1 and Si=1In
the rotated basis, the quantum numbers are clearly S7 = %, Sz = 5’3 =3 and S; = —5
There is only one state in the rotated basis that has these quantum numbers, ie. [MTL).
The transformation of the original basis state will thus give us this basis state up to a phase
difference. This is one of the basis states used in the approximate Schmidt decomposition
for the rotated basis. For this basis state, the transformation is thus as wanted. It is clear
that for other basis states, a similar transformation will happen and that every basis state
will be transformed in another basis state of the rotated basis. The possible phase difference
can be absorbed in a;. Calculations in the original basis should thus give the same result as
calculations in the rotated basis. The speed of convergence can however differ between the

two bases.

Now we look further to the results obtained from random initialisation. All calculations

are done in maximally a few hundred iterations. The convergence criterion is again set at

‘ Lorg—Enew E“ew < 1077 for the calculations. A rather minimal spread of the calculations is found in

the Neel AF phase region. Most of the calculations converge to the same minimum, however,
a small fraction of the calculations converge to a less optimal minimum. In the stripy AF
phase region, spread is even smaller, but when the a-parameter is entering the spin liquid
phase, a great variety of different converged wave functions are found. Although the energy of
the wave functions are all almost the same, the wave functions themselves are rather different,
as can be seen in the spread of the properties. Careful selection of the right wave function
will thus be of importance. The most optimal wave functions in terms of energy found by
random initialisation are not the wave functions desired in this region, as can be seen in figure
[6.9] It is possible that a more optimal wave function exists, which is hard to get starting
from random initialisation. Another possibility is that the spin liquid phase can not be found
sufficiently well through cluster DMET calculations. Just as in the previous studied J; — Jo

model on the square lattice, calculations in the nonmagnetic phase impose some problems.
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calculations that yielded the corresponding values. The + markers represent the lowest
DMET-energy (and also the lowest A-value). The full lines are results obtained from

exact diagonalization. The used cluster shape is the S-shaped cluster, see fig. @
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In figure the system is also calculated for o > 1. The large spread of the properties of the
found ground state continues up to a ~ 1.5, after this, the DMET-algorithm converges to one
of two almost equivalent solutions, as can be seen in e.g. the plot for the spin-spin correlation
in the rotated basis <§’Z . §]> If we want to use sweeps, that are easily reproducible, we would
want to commence the sweep at a point that converges consistently to the same wave function
with random initialisation. A right running sweep could be started at at « before the spin
liquid phase and a left running one at o > 1.5, following one of the two found solutions in
that region.

Further, it is easily noted that in the rotated basis DMET can represent some of the degenerate

ground states at a = 0.5, for example ||| .. |]) and |11 .. 11). The degenerate ground states

A

at o = 0.5 have <St20t> maximal as necessary and sufficient condition. The DMET-ansatz in
the rotated basis can represent ground states at this point, which means that the DMET-
ansatz in the original basis should also be able to represent them. If we look at the values for

<é’t20t> obtained through DMET calculations, it is clear that an exact solution is found.
There are only problems for the convergence in the spin liquid phase, thus a sweep is suggested
from the LRO phases to the spin liquid phase. A sweep is started at o = 0, in the Néel
AF phase where calculations with random initialisation show a consistent convergence. A
sweep introduces a bias towards a solution that is similar to the previous converged wave
function. This is clearly visible in fig. [6.10] The measured properties in the spin liquid
phase follow the trend of the properties in the stripy AF phase and fail to detect the spin
liquid properties. In the region of the spin liquid, the right sweep gives us stripy AF-like
solutions. Extra evidence for this, is the fact that the calculated DMET-energies follow the
estimated energy through second-order perturbation ey =~ —%(504 -3+ é) Although the
other properties do not follow the estimates obtained through second order perturbation in
appendix quantitatively well, they follow qualitatively the same trend (dotted lines in figure
. This could be an indication that the stripyness of the solution can be adequately found
in the DMET framework. The problem phase is the spin liquid phase. When the solution
deviates from the exact stripy solution and tends to a spin liquid, DMET fails to capture the
ground state accurately.

A left sweep starting from the region a € [1.5,2.0] is also an option, since the randomly
initialized calculations with this system parameter converge to one of two different solutions.
Results are given in figure[6.11] There is some improvement in the NN spin correlations which
indicate a phase transition near « = 0.8. However, the squared total spin shows an irregular
behaviour. Also, the DMET-energy for the left sweep is higher than the DMET-energy found
for the right sweep in the spin-liquid phase. Without a priori knowledge of the exact solution,
this left sweep solution would not be selected on grounds of minimal DMET-energy.

A method to improve the calculations and possibly detect the spin-liquid phase more ac-
curately is by choosing another cluster. In figure two other alternatives for the cluster

division are given.
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Figure 6.10: Results for a right sweep of the DMET-algorithm with S-shaped clusters, see fig. |6.8a)
The dotted lines represent the results obtained through second order perturbation in
appendix |E|, the full lines are ED results.

First, the star shaped cluster will be applied (see fig. . In figure the results of
a random initialisation are given. Just like in the previous case, the random initialisation
converges quite consistently to the same results in the two AF phases. In the spin liquid
phase, there is again a large spread on the calculated properties. A right and left sweep
are again executed and the results are shown in figure [6.13] A very good correspondence in
the Néel AF phase with the exact solution is found when using the starshaped cluster. The
DMET-energy and the properties correspond almost exactly with the ED calculations in the
Néel AF phase. In the stripy AF phase, the DMET solution deviates more and more from
the exact diagonalization when approaching the spin liquid phase. When looking at the left
sweep, results in the spin liquid have improved a bit. However, the DMET-energy is again
higher compared to the right sweep, hence this improvement is again of no use without a
priori knowledge. Also, we know that the converged properties are inconsistent for different
random initialisations at &« = 1. The results of the left sweep are dependent on the first
initialized value, hence for every left sweep different results can be obtained. However, the
trend of the results stays the same for the different left sweeps, showing a steeper change of

the properties around o = 0.8.
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Figure 6.11: Results for a left sweep of the DMET-algorithm with S-shaped clusters, see fig. [6.8a)
The full lines are ED results.

It is noteworthy that in contrast to the S-shaped cluster, the phase transition to the spin
liquid is visible here using the right sweep results. These are also the optimal results in terms
of DMET-energy. There is clearly a discontinuity of the derivative at o = 0.8 for the rotated

squared total spin. This indication for a phase transition is absent in the S-shaped cluster.

Different entanglement entropies are also calculated for the starshaped cluster and are shown
in figure [6.14] Since the rotational basis is achieved by a local basis transformation per site,
the entanglement entropy should be the same in both bases. A ground state of the system
at o = 0.5 is given, as said before, by |11 --- 1) in the rotated basis. This wave function is
clearly unentangled between every two sites, hence all entanglement entropies of subsystems
consisting of sites should vanish. This is clearly visible in figure [6.14] Furthermore, we see
that S(p12) = S(p13) = S(p14) at « = 0. This is as expected, since C3 rotational symmetry of
the lattice is not broken when there is no anisotropic Kitaev-interaction. From the moment
we introduce the Kitaev-interaction into our lattice, these three entanglement entropies are
not equal any more and rotational symmetry is broken. In the right side of figure [6.14] the
first derivatives of the entanglement entropies are given. We note a discontinuity at a = 0.4,
indicating the phase transition from the Néel AF phase to the stripy AF phase. A maximum

in the derivatives is also visible at & = 0.8. As said in ref. [13|, this indicates a phase
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Figure 6.13: Results for a right sweep (dots) and left sweep (crosses) of the DMET-algorithm with
starshaped clusters, see fig. [6.8b] The full lines are ED results. The dotted line is a

result obtained from second order perturbation theory.

transition, more particularly the transition to a spin liquid.

For the star-shaped cluster, there are thus different indications for a phase transition to the
spin liquid. A very inconsistent convergence from o« = 0.8 onwards indicates a different
behaviour (which is hard to capture in the DMET-algorithm) of the system. Discontinuity of
the derivative of the total squared rotated spin is an indication of a phase transition. Finally,

the maximum found in the entanglement entropy indicates a transition as well.

Finally, it is also possible to use the hexagonal 6-spin cluster shown in figure Results
for a right sweep of the 24-spin system with this cluster is given in figure It is expected
that the precision of the calculations increase with increasing cluster size, since the corner
of the Hilbert space the DMET-ansatz can represent enlarges. In the Néel AF phase, the
correspondence with the ED results is worse than the results obtained by a star shaped cluster
(fig. . The geometry of the star shaped cluster is clearly well fit for the description of
the Néel AF phase, which even the larger Hilbert space dimension of the hexagonal cluster
can not make up for. In the stripy AF phase, a good correspondence with the exact results
is found. The hexagonal cluster is, together with the S-shaped cluster, better at representing

the stripy AF phase. A last improvement of the results we see with the hexagonal cluster
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Figure 6.14: Different entanglement entropies calculated from the DMET-algorithm with starshaped
clusters are given in the left figure. In the right figure the first derivative of the entan-
glement entropies are given. See fig. for the numbering of the spins.

is that the right sweep shows a transition to the spin liquid state. When looking at the
properties, the transition happens at « = 0.92, which is not the expected value of o = 0.8.
Although the transition happens at a wrong a-value, we notice that the different properties
at a = 1 have values corresponding well with the ED. Also, when looking at the squared
total spin in the rotated basis at o ~ 0.8, we notice some sudden change in the tangent of
the property. Although this is not enough evidence for the real phase transition, it is an
indication that something happens at this point. When finally looking at the entanglement
entropies in figure [6.16] a clear phase transition is noticeable at a = 0.4 and a second phase
transition at o = 0.92. This is again the delayed phase transition to a spin liquid we noted
before in the properties. A sudden increase in the first derivative of the entanglement entropy
can be seen at a =~ 0.8. This is the point where the phase transition to the spin liquid should
happen. Although the phase transition is obtained at a larger o with the hexagonal cluster,

this can be considered another indication for odd behaviour at this point.

Larger honeycomb lattice

In the previous section, the Kitaev-Heisenberg model is discussed for a honeycomb lattice of
24 spins through the cluster DMET algorithm. When we want to calculate the bulk material,
we could move on to larger lattices. In ref. [70], it is suggested that the phase transition
from the Néel AF phase to the stripy AF phase happens at o = % and not at = 0.4 as
suggested from exact diagonalization and second order perturbation. By enlarging the lattice
system, we can obtain extra information on the phase transition in the bulk. Improving the
calculations can also be done by enlarging the cluster size. However, since the computational
cost scales exponential with enlarging cluster size, cluster DMET with the 6-spin cluster is
already quite costly.

In this section, the honeycomb lattice with 96 spins is used. When expanding the 24 spin
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honeycomb lattice by one extra layer, we get a 54 spin honeycomb lattice. This 54 spin lattice
is not coverable with the S-shaped and star shaped clusters. Also, a rotated basis that respect
periodic boundary conditions, equivalent with figure [6.3] cannot be found.

When expanding the 54 spin lattice by another extra layer, we get a 96 spin honeycomb lattice.
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This lattice is coverable with the three types of clusters, and a rotated basis equivalent with
figure[6.3] can also be found. Due to the polynomial scaling of the calculations, the simulation
of 96 spins is still feasible with the DMET-algorithm. We execute the calculations with the
two most promising clusters, the star shaped cluster and the hexagonal cluster.

For the star shaped cluster, we see almost no difference with the 24 spin system. The results
for the squared total spin and the DMET-energy per spin are given in figure [6.17] Some
minor changes in energy and properties are noticeable, but no change in the trend is noted
and the phase transitions are still observed at the same a-values. The only property that
changes considerably is the squared total spin in original and rotated basis. This can be
expected since it is clear from second order perturbation theory that the squared total spin
in the rotated basis vanishes with increasing lattice size in the Néel AF phase. Furthermore,
the squared total spin in the original basis is also dependent of lattice size in the stripy AF

phase, as can be seen in eq. The value of the squared total spin in the original basis

1 _ 1
NJ2+1 — 497

exactly representable through the DMET-ansatz. The behaviour of the squared total spin at

at « = 0.5 is indeed the expected exact value of due to the ground state being
larger system sizes is thus as expected.

Except for the expected scaling of the squared total spins with increasing system size, we see
no real different behaviour of the 96 spin system. It is highly possible that the extra spins
introduced when expanding the lattice contribute only in a mean-field kind of way within
the DMET framework, as described in ref. [13]. In the original paper of cluster DMET,
it is noted that spins situated far from the impurity have energies comparable with results
obtained through hierarchical mean-field. When expanding the lattice further, new spins also
contribute in a hierarchical mean-field kind of way and do not influence the DMET-energy in
the impurity that much. Because of this, it is possible that the study of even larger systems

will encompass no extra information.
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Figure 6.17: Results for a right sweep of the DMET-algorithm with star shaped clusters, the results
for a 24 spin system and a 96 spin system are compared. Nearest neighbour spin-spin
correlation are not given since there is no noteworthy difference visible between the two

system sizes.
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A way to avoid that these extra added spins only contribute in a hierarchical mean-field like
way, is by enlarging the impurity cluster size. Calculations are executed with the hexagonal
cluster on a 96 spin lattice and we study if there is a qualitative and quantitative difference
with the smaller 24 spin lattice. The results are given in figure[6.18] We notice some difference
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Figure 6.18: Results for a right sweep of the DMET-algorithm with hexagonal clusters, the results

for a 24 spin system and a 96 spin system are compared.

in the DMET-energy and also a large change in the behaviour of the squared total spins. The
explanation of this last behaviour has been given before. We note at a &~ 0.92, the results for
the 96 spin system do not show a phase transition towards the spin liquid, in contrary to the
24 spin system. It is clear also that at o = 1, the expected spin liquid is not found. At a =1
it is after all expected that eq. is satisfied. When increasing the number of spins, the
number of parameters to be optimized in the DMET-ansatz also increases. This increase of
parameters amplifies the problem of optimization into local minima. It is very probable this
causes the DMET-algorithm to be unable to find the spin liquid phase through sweeps in the
96 spin system. Although the phase transition from the stripy AF phase to the spin liquid is
not observed anymore, the phase transition between the two AF phases still is. The location
of the transition is not changed when enlarging the system; the transition is still observed at
a = 0.4. This suggests that the transition in the thermodynamic limit will happen around

this point and not at o = # as given in ref. [70].
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7 Conclusion

In this thesis, the cluster density matrix embedding theory (DMET) algorithm introduced
by Fan et al. [13] has been programmed and used for the investigation of different frustrated
spin lattices.

The implemented program has been first used on the J; — Jo Heisenberg model on the square
lattice. This model encompasses nearest neighbour (NN) and next-nearest neighbour (NNN)
interactions between the spins. Three phases can be expected in the range Jo/J; € [0,1].
A Néel antiferromagnetic (AF) phase with long-range order (LRO) is expected at low NNN
interaction up to Jo/J; &~ 0.4, where a transition happens to a nonmagnetic phase that
disappears again at a = 0.6. The last phase is a collinear AF phase with LRO. The exact
nature of the nonmagnetic phase is still up to discusion. The most likely candidates are
the dimer valence bond crystal (VBC), the plaquette resonating valence bond (RVB) and a
quantum spin liquid. This is also the system that is investigated in the original cluster DMET
paper [13].

A method for the calculations of local and nonlocal properties has been introduced according
to the conventions used in DMET. This method justifies the energy per spin calculation
suggested by Fan in ref. [13], but it also allows us to calculate other properties. This method
provides us with the opportunity to calculate both the Néel and the collinear order parameters
in the square lattice. Random initialisation of the DMET algorithm will give us consistent
results most of the time, however, at Jy/J; € [0.6,0.8] the convergence is inconsistent. Because
of this, a sweep is suggested from the ordered phases into the troublesome region. This way
we get states that are more optimal than the results found by random initialisation and our
calculations are easily reproducible and more insensitive to the initialisation.

The obtained DMET-energy corresponds with the energies found by Fan et al. [13] and
the order parameters show Néel order up to Jo/J; ~ 0.4 and collinear order starting from
Ja/J1 =~ 0.62. The position of these phase transitions are clearly in correspondence with
results from other methods. The Néel order does not disappear completely in the nonmag-
netic phase, which is to be expected due to the finite size of the system. Lastly, different
entanglement entropies are calculated. The phase transitions can also be detected through
these entanglement entropies and the exact nature of the nonmagnetic phase is investigated

through these. There is clear evidence against the dimer VBC and some weak evidence in
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favour of a weak plaquette RVB. However, since it is clear from the Néel order parameter that
we still have some finite size effects, it is also possible that this weak evidence is due to these
effects. The exact nature of the nonmagnetic phase, the plaquette RVB and the quantum

spin liquid, is left open for discussion.

We also investigate the Kitaev-Heisenberg model on the honeycomb lattice, as introduced in
ref. [20]. This model has only nearest neighbour interactions and frustration is introduced
through anisotropy in the Hamiltonian. When we look at a € [0, 1], with a parametrising
the anisotropy in the Hamiltonian in correspondence with ref. [20], the system shows three
different phases. At low « and thus low anisotropy, the Néel AF phase is found. A stripy
AF phase is found at intermediate « and a quantum spin liquid is found at high anisotropy.
At o = 1 we find the Kitaev model as introduced by Kitaev in ref. [61]. At a = 0.5 the
system can be solved exactly for arbitrary system size through a basis transformation. Exact
diagonalization (ED) has been executed on a 24 spin lattice and the same results as in ref.
[20] have been obtained. The phase transitions are detected at o ~ 0.4 and at a ~ 0.8.
However, according to ref. [70], the phase transition between the two AF phases should be
expected at a = %

Cluster DMET calculations have been executed with different types of clusters. S-shaped,
star shaped and hexagonal clusters are proposed, as shown in figure [6.8] First the cluster
DMET is executed with these clusters on the 24 spin lattice. This way we can compare with
ED calculations. We notice that random initialisation is quite consistent in the AF phases
but converges to different minima in the spin liquid. Also, the most found solution in the AF
phases is also the energetically most favourable solution. This is thus a first, unwanted, way to
detect the transition to the spin liquid. Furthermore an exact solution is found through cluster
DMET at o = 0.5, as can be expected. Also, we notice no difference between calculations in
the original or transformed (rotated) basis, which is also as expected since the DMET-ansatz

describes the same Hilbert space in both bases.

Sweeps are again executed to have a good reproducibility of the results. The solutions of the
sweeps are again more optimal than the random initialisations DMET-energy-wise. Every
cluster has its own advantage. The S-shaped cluster represent the stripy phase better than
the star shaped cluster, while the star shaped custer is better at representing the Néel phase.
Also when executing a right sweep, the star shaped cluster naturally shows a phase transition
at @ = 0.8, while this is not the case for the S-shaped cluster. Although the star shaped
cluster shows a transition at o = 0.8, it fails at adequately calculating the properties and
energy when comparing it with ED results. Since the DMET-ansatz with the hexagonal
cluster can represent a larger Hilbert space than the 4 spin clusters, it is expected that this
should give us improved results. However, we note that the star shaped cluster is still better
at representing the Néel AF phase. The geometry of the star shaped cluster gives it an
advantage that even using the larger hexagonal cluster can not achieve. At the stripy AF

phase the hexagonal cluster gives us very good results and at a =~ 0.8 both the squared total
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spin in the rotated basis and the entanglement entropy give us a hint of some odd behaviour
at this point. Although odd behaviour is detected at o = 0.8, a clear phase transition to the
spin liquid is found only later, at a =~ 0.92. This is clearly too late and does not qualitatively
correspond with the ED. While the phase transition may be detected at the wrong moment
with the hexagonal lattice, the properties after this transition are in good correspondence
with the exact results.

The 96 spin honeycomb lattice is also studied through cluster DMET calculations. A large
change is seen in the squared total spin properties. This is expected since these scale with
system size. Only minor changes on the energy per spin and the nearest neighbour spin-
spin correlations are found. Phase transitions are found at the same points as in the 24
spin system. A possible explanations for this is that finite size effects for this system are
rather small, but it is also possible that the added spins have a contribution that is largely
hierarchical mean-field like and do not give us much more information.

Lastly, also a method to calculate spectral functions has been proposed in this thesis, and has
already been implemented in the cluster DMET code. However, optimization of the code is

still necessary to calculate spectral functions for meaningful system sizes.
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A Computational detalils

In this section, we go deeper into the details of solving the eigenvalue problem given by

oVq | ~ ov
(oo [70) = (o
Opm* Opm*
We recall that pm are the parameters to be optimized, i.e. a, with o # ag and aq, b%% g The
right hand term of the equation is easily found with eq. and eq. as

< A
Opm*
The first part of equation is bit trickier. First of all we note that the investigated

Hamiltonian is of the form

\I’0> : (A1)

\Ilo> = pm, Vpm. (A.2)

H= Z JETSEST 4+ JIS)SY + JFFSESE, (A.3)
i,
or
. Jre _ gyyo o gEe o gY¥y
_ ij i o+ ot ij ij g— q—
! (A.4)
JET o gyyo L grm o g¥y o
ij 1 o+ ao— ] Y Q— gt 22z Qz
fé’i Sj + fsi Sj —I—Jij S Sj
If we can calculate 90
" 18:9: 1w A.
<0pm* 5:5; > ’ (A-5)

then we can also calculate the full first term. To calculate this term we define a new array A,
with

A[Cv B?Z} = szﬁ c 7'é imp
Alimp, 3,1i] = d;3 otherwise
It is clear then that eq. can be written as

) => a @ D ACEIB)c, (A.6)

i Ceclusters
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with C being all the clusters (so impurity and bath clusters).
Secondly, we create the new array B, which gives the terms for a spin operator acting on
the wave function. Since the spin operators are local, only the coefficients belonging to the

corresponding cluster will change in eq. B is thus given by

ZB type,k, C, 8,1 18) ¢ = ZA [C, 8,415 1B (A7)

with ¢ the position of the spin operator relatively in the cluster and type the type of spin
operator, i.e. Sz 8t or §7. A spin operator acting on a wave function can then be written

as

$9%0) = Y0 @ S AIC Bl 18 ZBtypek C', 8,11 1B) e (A-8)

i C#£C' B

Now if we use these arrays in eq. [£.7], we get

=Y ai@D AC,B,48)¢ +Zamb3§05/ B @ D_AICBIB)c. (A9

i#io c B 07’530 B

Now we make a new array Ay formed by the following rules:
Af[C,ﬁ,pm] = A[07672] if pm = a; # aj,

Ag[C,B,pm] = A[C, B,ig]  if pm = a;,b}3 5 and C # By

A¢[C, B,pm] = dapr if pm = aiobgoﬁ, and C = By
It is clear now that the previous equation can be written as

=>_pm @)D AfC, 5, pm] |B)c - (A.10)
pm C B

Our goal is to write eq. in a similar form through the extension of B to By. Extension
of B follows the same rules as A-extension if C' # By. If the spin operator however acts on

By we get

S =3 0 @ S ACIP) 3 Blpedk O8I

i#ig  C#C’

£ abis 5807 |8 @ S AIC,B.]18)e
Bl

C#Bo B

(A.11)

So only the last rule changes for B-extension in correspondence with A-extension to

ZBf[type,k,Bo,ﬁ,pm] 1B)e = Z(gﬂﬁ,g]zype 13 if pm = azob Bo andC = By (A.12)
B g
Now we can rewrite equation as
S’]tgype |\Ij> = me ® Z Af[cv /Ba pm] |6>C Z Bf[typevkv Cla Bv pm] |B>C” . (A13)
B

pm O£C' B
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Through this form, equation can be calculated easily, more precisely

\Ij A A
<aam* Gjyper gvpe: ‘1’> =Y pm’ [ D A4sC,B,pm]*Af[C, B, pm]-
p pm/  C£Ch#Cs B
ZBf[typellai7Clvﬁvpm]*Af[ChB7pm/]' (A14)
B

ZAf[027/87pm]*Bf[typ627jv 02767pm/]
B

if the two spin operators act on different clusters, and

< ov S'PYPelsr'QYPez
apm* J

(2

‘If> => pw’ [[ > Af[C, B3, pm]* Af[C, 8, pm']:
- ey (A.15)

Z Bf [type{b iv Cla 57 pm]*Bf [typ627 Z.a Cla B7 pm]
B

if they act on the same cluster. type] is given so, S’;ypeﬂ = S’:ypel.

Finding the matrix elements in the restricted basis to solve the eigenvalue equation is straight-

< ov
Opm*

forward now

ot ot
Siypel SjYPEQ

\Il> = H Af[C,:,:]TAf[C,:,:]-
pmpm’ O£y £C,

. A.16
Bf[typell,z,Cl,:,:]TAf[Cl,:,:]‘ ( )
Af[027 5 ]TBf[tprQ,j, CQ; 5 :]

And equivalently for the other equation. The AJ}A r B}Af, A}Bf and B}B + products are
matrix-products, the other products are Hadamard products.

In many cases, the ]_[ATfA ¢ terms can be heavily simplified, easing the calculations. Using
eq. we find the following:

Aylimp, :, T Ay[imp, :,:] = 1 (A.17)
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Af[Ba 5 Z]TAf[B, i =

Af[B07 ) ]TAf[Bov 5 :] =

1

1

VB # By A imp

(A.18)

(A.19)

So, we see, when HAJ}A ¢ has the matrix product given by equation the total product
reduces to this matrix. When the product also has the matrix product given by eq. the

product reduces to the unity matrix.

It is now clear how to calculate the terms given by eq. [AJ5 and the first term of eq. [£.9] can

be calculated. Now the eigenvalue problem in the reduced basis is ready to be solved. By

iterating over the different By’s and ig’s, we eventually converge to the DMET ground state

or a local minimum.
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B Perturbation expansion in the Ki-
taev - Heisenberg model on the

honeycomb lattice

B.1 The stripy AF phase

In this chapter, the Kitaev-Heisenberg model is solved through the use of perturbation theory.
The splitting of the Hamiltonian happens the same way as in ref. [20], and special thanks
goes to G. Khaliullin for the extra explanation given through email.

We start with the perturbation expansion around the stripy AF solution. In the rotated basis
(see figure , the bond interaction is given by eq. In this perturbation expansion the
unperturbed Hamiltonian (ﬁo) is given by an Ising-like Hamiltonian, i.e. only the spin terms

in z-direction are coupled. The perturbation (V') is then composed of the terms in the z- and

y-direction. This gives us

A = —(1— a)878; + A [(1 - 30) 5757 — (1— )57 Y] (B.1)
AY = —(1 - )575: + A ~(1-a) 5757 + (1 — 3a) SV ;f] (B.2)
A = (1-30)8787 + A [-(1 - a)5757 — (1 - a) 557 (B.3)
or
A = —(1-)5757 + A [1 _220‘ (SjS’j + §;§;) - % (§j 5o+ S Qj)} (B.4)

SFST+ S*S)} (B.5)

SFS+ 8¢ ﬂ . (B.6)

The strength of the perturbation is given by A. When A = 0, the system is unperturbed, and
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the system at A = 1 is the system of interest. The total Hamiltonian is given by
H=Hy+ \V. (B.7)

At A = 0, the ground state can be easily found in the range o € [%, 1]. This is also the
range of interest for the stripy AF phase. In this range, the ground state of the unperturbed
Ising-like system is ferromagnetic. More specific, the ground states are given by [11 - - 1) and
|44 -+ J). This degeneracy will pose no difficulty for the perturbation expansion, as will be
seen in the derivations. From now on, we will work with ‘n(0)> = |t --- 1) as ground state
of the unperturbed Hamiltonian.

First, we calculate the ground state energy through perturbation expansion. The zeroth order
energy of the system is given by ET(LO) = <n(0))ﬁg‘n(0)>. Every spin has one bond of each
type (z-type, y-type and z-type). Summing the energy per type and over all spins will double

count all the bonds, so we divide by two. This gives us:

1 1
EW = (8 + 8a) N, (B.8)
with N the number of spins. The first order ground state energy is given by Egl) =
<n(0)’ff‘n(0)>. Since V consists of ladder operators acting on different spins, this correc-
tion vanishes.

The second order correction to the ground state energy is given by

RORENONE
Er(?) — gl ‘ <E7(10) - EI(€0)>‘ )

(B.9)

Here ‘k(0)> is the orthogonal complement of ‘n(0)>. The easiest set for ‘k(0)> is the set of all
configurations where each spin is distinctly up or down, e.g. [t/,1 - 1), with the exception
of the ground state. It is clear that most of the <k(0)‘f/‘n(0)> terms will be zero. The only
exceptions to this are configurations where two spins along a z- or y-bond are flipped in
comparison with the ground state. These are depicted in figure [B-1] and will be represented
by |X) and |Y).

Since <¢¢ e i’f/‘n(o)> = 0, the degeneracy of the ground state poses no difficulty. The

needed results are given by

(X[V]n®) = ! _22a (B.10)

(Y[V]n®@) = 1 _220‘ (B.11)

EO - EY = 24, (B.12)
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(a) |X) (b) [Y)

Figure B.1: Terms for which <k(0)|‘7|n(0)> does not vanish. The full dots are spin up, the empty

dots are spin down.

There are N/2 x-bonds and N/2 y-bonds in the lattice. This means there are thus N/2
different | X) states and N/2 different |Y') states. For the second order energy correction and

the total energy up to second order, this eventually gives

1 1 «
(2) — - - = 1
B N< 8a+2 2) (B. 3)
N 1
E, ~——(5a—-3+= B.14
8<a +a> (B.14)

To calculate properties of the stripy AF phase up to second order perturbation we need to
know the ground state wave function up to second order corrections. The wave function is

given by
n() = [n©@) + A[n®) + X2 [n@) + O(?) (B.15)

with

KO (B.16)

[£©) (B.17)
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The expectation value of an operator up to second order in A is then given by

(n(N)|0In(\)) = <n(0)‘0‘n(0)> +A <n(0)‘(§’n(1)> +A <n(1) 0, n(0)>
(B.18)
+ A2 <n(1)‘0‘n(1)> + A2 <n(0) ‘O’n(2)> + A2 <n(2)‘0‘n(0)> + O(\3).
‘n(1)> can be readily found by the previous results and is given by
) = 3" (; _ 42) X) - (; - 410) v (B.19)

1Y)

For ‘n(2)>, we note that <n(0)‘f/‘n(0)> = 0. The last term is also easy to calculate and is
given by

L >< V) 1y
> (£ ) _2(2—4a> N [n®). (B.20)

For the first term in eq. |B.21| we need to find for which states <k‘(0)‘f/’l(0)> # 0, where
‘l(0)> = |X), |Y). This is possible when ‘k(0)> is a state where the spins are flipped on two

different z- and/or y-bonds. One bond should correspond with the flipped spins of ‘l(0)>, andt
the other bond should be disconnected from the first. 4 spins are thus flipped in comparison
with the ground state. These states will be represented by | X, X), |Y,Y) and | X,Y") depending
on the spins flipped. Another type of state where <k:(0)‘f/‘l(o)> # 0 is given by |X) and |Y)
where one flipped spin migrates to a neighbouring site. This are depicted in figure [B.2] and

(a) X =) (b) X =17) (c) [Y = X) (@) [Y = 7)

Figure B.2: Terms for which <k(0)|‘7‘l(0)> does not vanish. The full dots are spin up, the empty

dots are spin down.
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the captions contain their names. This gives us

(X = Y|VIX) = —%
N 1«
(X = Z|V|X) = — 5
Y = X|V|Y) = —=
A l1—« .
Y = Z|V|Y) = 5 with

EO-EY = _(1+a)

For the second order correction of the ground state, we find

. %)
)= X ) 3 SR

| X—Y)
|k©@)ely)Y)
Y)
(-1 - 2a) 20) (B.21)
: XE—;Z) Ba(l +a) ! |YZX> (1 vy 77

1—a 2a) L/l 1)\? ©)

The coefficients for | X, X), |Y,Y) and |X,Y’) are not calculated since these terms will be of
no importance for the properties to be calculated.

First, we will calculate the NN correlation between the spins. We calculate <§Z . §]> with ¢
and j two neighbouring sites along a -, y- or z-bond. To find this expectation value up to
second order we use eq.

Along an z-bond we have

3 3
— —
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= =

N o

=8 8

v (@1

S8 ]

3 3
— —
= =
= =
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(% — i) up to second order,

and thus< rGe ic

153
=8
133
.8
~_—
Il
N[

n(0|5Y5Y[n(©)

1 1\2/N—-4
W|czaoz|,,(D\ _ (= _ ~ .
(n (87 55| (2 4a>< - )

<n(2) $2 52 n(0)> __1y (1 _ 1>2

v 8 2 4o
5. & 1 1 1\2 . ..
and thus < ke JZ> =7- (5 — E) up to second order. Finally, this gives us:
5 A 1 /1 1)\?
Bo)=-(-2)
8 8)=—14 (L1 L1y B.23
8=+ 1) G m (B.23)
Equivalent calculations can be done for the y- and z-bonds. For the y-bond, this gives us
2 2 1/1 1
(Sp87) = - (2 - 40) (B.24)
22 1/1 1
yoy\ _ - (1 _ -
< i J’> T2 (2 4a) (B.25)
soan 1 /1 1)\?
<Si5j>_1— 5 In (B.26)
5 A 1 /1 1)\?

GG e



B.1. THE STRIPY AF PHASE 77

and for the z-bond

(5:52) =0 (B.29)
(8457) =0 (B.30)
(&5 -1-2(5-5) 31
O )
<Si-Sj>:i—2(;—41a)2. (B.33)
These results give us
()
(8 =5+ (3 3) @20
<ssj> :—%Jr% (;—410) (B.36)

We also calculate the squared total spin in the original basis and the rotated basis. First, we

S

calculate <St20t>. It is easily found that

(nO[32, [n@) = YEE2) (.37)
and
<n<1>]§30t n®) = 0. (B.38)

Since the operator S‘fot can only migrate flipped spins and not change the total number of up
and down spins in the rotated basis. Since the operator has only the possibility to migrate

one spin at a time, <n(1) ‘g’fot‘n(l)> can also be readily calculated. The only terms that will

be nonzero are <X]§t20t\Y> and <Y\§’t20t|X>, where X and Y are adjacent bonds, <X\§t20t|X>
and (Y|[SZ,]Y). The results are

(XS5t Y) = (V]S X) =1, (B.39)

29 29 N2 3
(XISZX) = (VI82,JY) = = — SN +4. (B.40)

ot
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Since there are % different z-bonds with each 2 neighbouring y-bonds, there are N (X |§t2 Y

O

and N <Y|§t20t]X> terms that are nonzero. There are also % (X|S2,]X) and % (Y|S2,|Y)

O

nonzero terms. This gives us

1 1\2]. /N2 3
W\ _ (L _ 1 N~ 9 _
n > <2 4a> -N<4 2N+4> 2]\7]

1 1\2[N3
:(-) T—%N2+2N

(B.41)

Since the squared total spin operator in the rotated basis is not able to change the total

number of flipped spins, only the ’n(0)> term will be important in eq. [B.21| for second order

perturbation. We get

&2
Stot

(n®

and finally the squared total spin in the rotated basis (normalized to a maximal value of 1)

2 1 1)\28N -1
<St20t>:1_(2_4a> (N—i—2) (B.43)

1 /1  1\2N3N+2)
@\ _2(2_ L)LV Ta) B.42
n®) 2(2 4a> i (B.42)

is given by

Finally, we also want to calculate the expectation value of the squared total spin in the original
basis. The calculation for the zeroth order has been discussed in section and is given in

eq. [6.7 Unnormalized to 1 this gives us

<n(0) ‘UTS’EMU‘H(O)> = %,

(B.44)
with U the basis transformation from rotated to original basis. For <n(0)‘U TS’fotU‘n(l)>,
we calculate <n(0)‘UT§§0tU‘X> and <n(0)’UT§§otU‘Y>. For e.g. <n(0)‘UT§t20tU X> only
<n(0)’UT2Si . SjU‘X> will play a roll, with ¢ and j the two sites along the xz-bond with
flipped spins of |X). Along an z-bond UT2S;-S;U = S“fgf - S«Zygjy - ng’; while along an
y-bond UT2S; - S;U = —528% + 5YSY — §75%. This gives us

(nOUtsgu|x) =1 (B.45)

(O[3

tU‘Y> =1 (B.46)

and

(nO|Ut 82, U[n) = N (; - 42) . (B.47)
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Furthermore, we find

otz oix) =5 ~2f-2 (3 -1) 2 (5 -1)]]

2 4 2 4
(B.48)
_N
2
142 N
(YUISEUIY) = 5 (B.49)
(X|UTS2 U|Y) = —1. (B.50)

The first result is obtained through the result of eq. [B:44] and correcting for the wrongly
calculated UTS; - S;U. The last result again only applies for |X) and |Y) states where the
flipped spins neighbour each other. The sign changes compared to eq. comes from the
basis transformation. We find

. N2 /1  1)\2 1 1)\2
W77t &2 m\ _ &N (L L Lo
<n ‘U StotU‘n > == (2 4a> + 2N (2 4a> . (B.51)

The last term we need to calculate is <n(0)’UT§30tU ‘n(2)>. Since the operator can only
flip 2 spins at a time, it is clear that the first term in eq. will have no contribution.
For |[X = Y) and |V — X), U'S;-S;U equals to —§f§f - g’fg’;’ + §f§j for ¢ and j the
sites of the flipped spins. Written out in ladder operators, ,S%:“ ,S%;“ will vanish for this scalar
product. |X —Y) and |Y — X) will thus also have no contribution. Only the |X — Z),
| X — Z) and ‘n(0)> terms will contribute. The contribution of the last term is trivial. For

X — Z), U'S; - S;U equals to —g'fg’f + §Zy§§; - g’fé’;, for Y — Z), U'S;-S;U equals to

§f§f — §Zy§]y — §f§j for ¢ and j the sites of the flipped spins. This gives us
(nOUtSE U)X - Z) = -1 (B.52)
(nOUt8Euly - z) =1 (B.53)

Since there are N different |X — Z) states and N different |Y — Z) states, we get

2 2
Ot &2 77, @)\ _ <1—a)(1—2a)_N(1_1)
(nOUt82,Uln@) = N ToiTa) TG (B.54)

Eventually, the squared total spin in the original basis normalized to a maximal value of 1 is

1 1
1+4(=-— — 4
+ (2 4a>+

given by

<1 1 >2+ (1-a)1 —204)] ‘ (B.55)

(58 = w1 .
ot/ T N/2+ 1 2 da a(l +a)
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B.2 The Néel AF phase

In this section, the ground state energy of the Néel AF phase is calculated through second
order perturbation. We look at the bond interactions in the original basis given in eq. [6.3] The
interactions of the spin components in the z-direction are again the unperturbed Hamiltonian,

while the other interactions are the perturbation. The bond interactions are thus given by

L—2a (5485 + SjSJ)} (B.56)

A(m) . Qz Qz o /45, 2 2 &
H' = (1—a)SiS; + A [—2 (Sij +5;5; ) +

~y) 2,5, Q (G4 Er . A A 1-2a r2,5. a1 4-

i —(1_O‘)Si5j+)‘[2(5i fSis) + 2 (5555 +5 ])] (B57)
r(z) 2. 2, l1—«o A1+ 8- A

7 = (1 - 30)S7S; + A== 5757 + 557 (B.58)

At XA = 0, the ground state can be easily found in the region a € [0, %] and is given by a
classical AF solution. The zeroth order wave solution ’n(0)> is thus given by the state where

every spin is the opposite of its neighbours. The zeroth order ground state energy is given by

N
EW = —5 (8= 50), (B.59)
where N is the number of spins. The first order energy correction is given by
ED = <n(0)‘v)n<0)> -0 (B.60)

The second order correction on the ground state energy is given by eq. |B.9} Here ‘k:(o)> is

again the orthogonal complement of ‘n(0)>. It is again clear that most of the <k(0)’f/‘n(0)>
terms will be zero. The only exceptions to this are configurations where two spins along
a x-, y- or z-bond are switched in comparison with the ground state. These states will be

represented by |X), |Y) and |Z). The following results are found:

(X[7[n®) = (¥]7]n@) = 1222 (B.61)
<Z‘V’n(0)> = I_TO‘ (B.62)
EY - B = BY - BY) = —2(1 - 20) (B.63)
B - B =—2(1-a). (B.64)
This finally gives us
E® — —% ~ 5a) (B.65)
B =N 5a). (B.66)
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