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Abstract

While free energy surfaces are the crux of our understanding in many chemical and

biological processes, their accuracy is generally unknown. Moreover, many develop-

ments to improve their accuracy are often complicated, impeding their general use.

Luckily, several tools and guidelines are already in place to identify these shortcomings,

but they are typically lacking in flexibility or fail to systematically determine how to

improve the accuracy of the free energy calculation. To overcome these limitations, this

work introduces OGRe–a python package for optimal grid refinement in an arbitrary

number of dimensions. OGRe is based on three metrics which gauge the confinement,

consistency, and overlap of each simulation in a series of umbrella sampling (US) simu-

lations, an enhanced sampling technique ubiquitously adopted to construct free energy
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surfaces for hindered processes. As these three metrics are fundamentally linked to the

accuracy of the weighted histogram analysis method, adopted to generate free energy

surfaces from US simulations, they facilitate a systematic construction of accurate free

energy profiles, where each metric is driven by a specific umbrella parameter. This

allows for the derivation of a consistent and optimal collection of umbrellas for each

simulation, largely independent of the initial values, thereby dramatically increasing the

ease-of-use towards accurate free energy surfaces. As such, OGRe is particularly suited

to determined complex free energy surfaces, with large activation barriers and shallow

minima, which underpin many physical and chemical transformations, and hence to

further our fundamental understanding of these processes.

1 Introduction

Free energy surfaces (FESs) form the foundation of our understanding of many chemical

and biological processes, and are an essential element to complement experimental studies.

They are omnipresent to characterize complex physical and chemical transformation, such as

reactions and phase transformations. Expressed as a function of judiciously chosen collective

variables (CVs), a FES depicts the different (stable) system states and the transition paths

between them. In this way, it sheds light on the underlying conformational thermodynamics

and kinematics, and the effect thereon of specific system changes.1–3 For instance, FESs

are crucial to understand protein folding, and their accurate representation is of paramount

importance to determine the stability, dynamics, and functional behavior of the designed

compound.4 As such, it is not surprising that, with the ever-increasing computational re-

sources, FESs have found widespread use in (bio)chemistry, materials science, pharmacology,

etc.5,6 As the underlying theory has already been established for many years, recent endeav-

ors focus on increasing the efficiency and accuracy by which these free energy profiles can be

calculated.7–10 Unfortunately, many recent methodological developments in the derivation
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of FESs are typically overlooked due to their complexity or lack of reproducibility, war-

ranting easy-to-use and intuitive practices to systematically improve the accuracy of free

energy calculations. In this respect, some excellent guidelines and tools have already been

introduced,10,11 but they are limited to 1D, and only inform on inadequacies instead of au-

tomatically resolving them. In this work, we propose a systematic protocol to determine

the free energy surfaces–in an arbitrary number of dimensions–based on umbrella sampling

simulations, and introduce three simple and transparent metrics which allow to validate the

accuracy of the FES prediction. It is applicable to activated processes, but is also particu-

larly suited to describe transformations occupying a flat potential energy surface. This work

was inspired by the layer dynamics, dominating the atomic geometry in 2D covalent organic

frameworks, which is characterized by shallow minima. However, as we will demonstrate in

this work through various model potentials and proton hopping taking place in zeolites, the

protocol is much more generally applicable.

Choosing an optimal free energy calculation method is growing increasingly challenging.

Aside from the sheer number of different techniques, and their varying complexity,13–19 their

efficacy generally depends, among others, on the system and the thermodynamic conditions.

Yet, all these methods rely on an adequate sampling of the relevant portion of the phase space

in order to capture the underlying partition function that gives rise to the overall probability

density. In many cases, molecular dynamics (MD) simulations can explore a significant region

of this phase space. However, many processes are highly activated, leading to non-ergodic

sampling within a finite simulation time due to insurmountable barriers.20 One of the more

popular techniques to overcome this limitation is umbrella sampling (US), as illustrated

in Figure 1.9 It enables an enhanced sampling of the phase space by performing a series

of short simulations, constraining each simulation to neighboring, and slightly overlapping,

regions. These constraints are realized by introducing a bias potential or so-called umbrella.

Because of this umbrella, each individual US simulation samples a limited region of the

phase space, collectively encompassing the full region of interest. In this way, the full free
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Figure 1: Overview of the umbrella sampling (US) and weighted histogram anal-
ysis method (WHAM) techniques, and their implementation in OGRe. (a) A series
of US simulations samples the full region of interest by imposing bias potentials that force
the sampling toward a specific region, resulting in biased probability densities. (b) WHAM
converts these into an unbiased collective free energy profile for the full region of interest.
(c) OGRe defines the collection of all US simulation parameters as the Grid, wherein each
couple of parameters for a particular simulation is defined as a Node. Panels (a) and (b) are
adapted from ref. 12 with permission of Elsevier, copyright 2017.

energy profile can be obtained after appropriately correcting for the applied biases, thereby

relating the biased probability densities of neighboring regions, through, e.g., the weighted

histogram analysis method (WHAM).21–23 Ideally, these biases are chosen to obtain a quasi-

uniform sampling of the whole phase space of interest. However, this would require an

exact knowledge of the sought-after FES, precluding an a priori optimal choice. Instead,
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approximate approaches are adopted to identify (i) the locations around which the umbrellas

are centered and (ii) the bias strength of these umbrellas, which we will collectively refer

to as the umbrella grid parameters. These grid parameters can be estimated analytically,24

or refined iteratively, such as in adaptive US.13 Most grid parameter estimation methods

rely on optimizing the bias strengths for a fixed collection of umbrella locations. These are

often complemented by (manual) procedures that add additional umbrellas in regions where

the sampling is inadequate, reposition the umbrellas for increased overlap in the region of

interest,25 or procedurally propagate the collection of umbrella locations (with a fixed step

size) towards interesting regions.18 While these approaches are valuable, they often require

manual input and may lead to optimized grids that strongly depend on the initial conditions.

This, in turn, may lead to suboptimal and inaccurate free energy estimates.

To overcome these limitations, we introduce in this work OGRe, an Optimal Grid Refinement

protocol to construct accurate free energy surfaces through US. To this end, this standalone

package iteratively and automatically refines an initial, uniform grid of umbrellas by adapt-

ing the bias strengths and locally adding umbrellas to create denser grids where necessary

to improve the sampling. As we will demonstrate, this leads to a consistent and optimal

grid refinement as the final grid definition–the umbrella centers and strengths–are largely

independent of the initial values. This refinement is driven by several metrics, defining the

reliability of individual simulations and the overlap between every pair of simulations with

adjacent umbrellas, whose application could benefit any WHAM calculation and go beyond

the OGRe protocol. By implementing our algorithms to accommodate an arbitrary num-

ber of dimensions, OGRe is intended to minimize the computational effort for free energy

evaluation methods in N dimensions that require an overlap of simulated probability den-

sities. The OGRe package is implemented in a user-friendly Python code, that is available

from https://github.com/SanderBorgmans/OGRe and is easily adaptable and extendable

for specific use cases.
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The rest of the article is organized in the following way: in Section 2 a brief theoretical

background is provided. We show that three metrics can be distilled from the WHAM

equations–the confinement, overlap, and consistency–that quantify to which extent the US

simulations are suitable to construct the free energy surface. We then discuss the method-

ology of the OGRe package, which naturally follows from these metrics. In Section 3, the

OGRe approach is benchmarked on several examples to showcase its efficacy, by reproducing

1D and 2D analytic potentials. Finally, in Section 4, OGRe is applied to investigate the free

energy landscape of two physical systems: proton hopping in zeolites, described by a 1D free

energy profile, and layer stacking in a two-dimensional covalent organic framework, described

by a 2D free energy surface. These examples are chosen to emphasize the generality of the

approach, namely that the procedure is suited for processes both separated by non-negligible

activation barriers and those characterized by shallow potential energy surfaces, thus being

useful for the majority of realistic physical and chemical processes.

2 Methods

2.1 Theoretical background of umbrella sampling

Free energy calculation methods boil down to a partitioning of the phase space into macrostates–

identified by a unique value of the set of collective variables (CVs), here denoted by the

N -dimensional vector ξ = (ξ1, ξ2, . . . , ξN)–and calculating the relative probabilities of these

states being visited. This probability distribution function as a function of the CVs can, for

instance, be calculated through US. Umbrella sampling facilitates an enhanced sampling by

performing a series of simulations, where a bias potential or umbrella forces the sampling

in each simulation to a specific region. In this work, each individual umbrella simulation i

occurs on a so-called Node, which defines the center of the umbrella ξi in the N -dimensional
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CV space, and the strength of the bias potential, defined by the N -dimensional vector κi.

In this notation, we allow for the bias strength to differ along each of the N CV directions.

The complete collection of Nodes then defines the Grid, which represents the total sampling

region of interest, illustrated in Figure 1c.

Sampling this Grid results in a series of biased free energy profiles–one for each Node–

which can be converted to the unbiased free energy profile for each Node by subtracting

the constant bias potential. Subsequently, these local unbiased free energy profiles can

be combined to obtain the total unbiased free energy profile through, e.g., the weighted

histogram analysis method (WHAM).21 WHAM constructs the total unbiased probability

density distribution as a linear combination of the individual unbiased probability densities

of every simulation, by choosing the weight coefficients such that the variance of the total

unbiased probability density is minimized. Suppose that our Grid consists of M Nodes,

and that the free energy surface is evaluated along B points in the CV space, referred to

as histogram bins (typically, B ≫ M). The resulting nonlinear system of equations can be

formulated in several ways,3,20,21,23,26 such as:23


Pk =

∑M
i=1 Hik∑M

i=1 Nifibik
k ∈ 1 . . . B

f−1
i =

∑B
k=1 bikPk i ∈ 1 . . .M

1 =
∑B

k=1 Pk

(1)

In this expression, Pk represents the unbiased probability density at the center of histogram

bin k, Hik is the histogram count–representing the biased probability density–of Node i for

bin k, Ni is the number of samples of Node i, fi is the normalization factor for the biased

probability density of Node i (obtained from the estimated unbiased probability density),

and bik is the (integrated) Boltzmann factor of the biased system for bin k:
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bik =
1

∆k

∫
bink

e−βUb
i (ξ)dξ (2)

with ∆k the volume of bin k, ξ the CV, U b
i the bias potential for Node i, and the integral is

calculated over the bin volume of bin k. This system of nonlinear equations is then solved

iteratively in WHAM, until converged estimates of Pk and fi are obtained starting from some

initial values.

The downside of this technique is that, to obtain a sound unbiased probability density, the

biased probability density for each Node must have a “sufficient” overlap with the biased

probability densities of its nearest neighbors.11 While this requirement seems intuitive and

trivial to relate all the probability densities to each other and reduce statistical errors, it is

not evident from the WHAM equations. Furthermore, determining whether the overlap is

“sufficient” is typically only examined by comparing the combined trajectory data visually,

or by considering an overall error measure for the final free energy differences, which may

originate from other sources.10

To illustrate this, we consider an extreme yet illustrative example for the WHAM equations

that makes the requirement of overlap and its influence on the probability density evident.

Assume our Grid contains M Nodes, where the corresponding simulations all have equal

length (Ni ≡ N), and that the histogram counts for every simulation i are limited to a single,

different, bin ki. Then, Hik = Nδkki , with ki representing the relevant bin for Node i, and

two biased probability densities never overlap. This can, for instance, be imposed through

subjecting every simulation to a strong enough bias potential, centered at the corresponding

bin location. For simplicity, we assume that the bias potentials have equal strength, such

that bik = bδkki . Then, the WHAM equations (1) reduce to:
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
Pk =

∑M
i=1 Nsδkki∑M

i=1 Nsfibδkki
⇒ Pki =

1
fib

f−1
i = bPki

1 =
∑

k Pk

(3)

This is an underdetermined system of equations, as the first two series of equations are

identical. This can no longer be solved iteratively, and an infinite number of solutions exist,

resulting in an infinitely high condition number. In other words, small variations in, e.g., the

sampled probabilities lead to infinitely high variations in the free energy. As such, the lack

of overlap between simulations on adjacent Nodes can be related to the condition number of

this system of equations, and thus the accuracy of the final free energy surface.

2.2 Metrics to gauge the quality of US simulations

In accordance with the theoretical background, three robust metrics are employed in the

OGRe refinement procedure to ensure an accurate solution of the WHAM equations: (i) the

confinement of each Node, (ii) the overlap between each pair of neighboring Nodes, and (iii)

the consistency between the WHAM FES and the sampled trajectories. Each of these three

metrics is elaborated upon below.

i. Confinement To maximize the statistical accuracy, convergence, and sampling of the

orthogonal degrees of freedom, each Node’s umbrella simulation should obtain a high biased

Boltzmann probability around its umbrella center ξi.3 To this end, the deviation of a Node’s

sampling from its umbrella center is quantified, and defined as the confinement c. This con-

finement is expressed as a number between 0 and 1, determined by the fraction of the Node’s

samples that fall inside the Node’s direct environment Vcell: an N -dimensional hypercube

bounded by the location of adjacent Nodes. This definition implies that direct environments
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of adjacent Nodes partially overlap. If all samples fall inside this direct environment, the

confinement takes on the value of one, which reveals that the trajectory is fully confined.

This is illustrated in Figure 2, and can be formally expressed as:

ci =

∫
Vcell,i

P b
i (ξ) dξ, with 0 ≤ ci ≤ 1 (4)

with ξ the CV, P b
i (ξ) the biased probability distribution of the simulation on Node i, and

Vcell,i the corresponding Node cell volume.

ii. Overlap Only when two neighboring Nodes are confined, it is sensible to test for the

overlap between their biased probability densities. Here, similar to the confinement c, the

overlap o is expressed as a number between 0 and 1. It is a property assigned to a set of

two Nodes and is determined by the integral over the whole CV space (Ω) of the point-wise

minimum of the two probability densities of these two Nodes, where 1 corresponds to an

identical overlap. This is illustrated in Figure 3, and can be formally expressed as:

Figure 2: Illustration of the confinement metric in 1D. The panels represent the
simulated trajectory of the orange-colored Node, resulting in a (a) low, (b) medium, and
(c) high confinement value, indicated in correspondence with the color bar at the bottom.
The gray box indicates the Node’s direct environment over which the integration of eq. 4 is
performed.
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oij =

∫
Ω

min
(
P b
i (ξ), P

b
j (ξ)

)
dξ, with 0 ≤ oij ≤ 1 (5)

with ξ the CV, and P b
i (ξ) and P b

j (ξ) the biased probability distributions of the simulations

on Nodes i and j. The overlap metric o is essential to ensure a low condition number for

the coupled WHAM equations, such that the convergence of the estimated total unbiased

probability density is contingent on the overlap between two or more simulated biased prob-

ability densities at every relevant Node location. In essence, trajectory overlap will ensure

that neighboring windows have a similar sampling of the orthogonal degrees of freedom,

resulting in consistent probability distribution estimations between them.23

iii. Consistency Even when all Nodes are considered confined and overlapping, the final

unbiased probability resulting from the WHAM equations (eq. 1) can still deviate signifi-

cantly from reality. Although the WHAM free energy profile is consistent in terms of the

simultaneous convergence of the calculated unbiased probabilities Pk and the normalization

Figure 3: Illustration of the overlap metric in 1D. The panels represent the simulated
trajectories of the blue- and red-colored Nodes, resulting in a (a) low, (b) medium, and (c)
high overlap value. The density overlap is indicated in correspondence with the color bar at
the bottom, whereas the individual density plots are indicated in blue and red outlines. The
Nodes are displayed below each density plot.
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factors fi of the biased probabilities P b
ik, this convergence does not guarantee an accurate

free energy profile, as the individual US simulations do not guarantee an ergodic sampling.

An example of this is shown in Figure 4. Starting from the predicted FES as calculated

through WHAM in Figure 4a, a clear discrepancy can be observed with respect to the (un-

known) underlying FES. As illustrated on the top of Figure 4c, this discrepancy can be

traced back to a difference between the biased probability density predicted by WHAM and

the actually sampled histogram for one or multiple Nodes. For instance, consider the US

simulation around the orange-colored Node in Figure 4c. For this Node, the expected biased

probability density can be calculated by incrementing the WHAM-predicted FES by the

bias potential for that Node. In this case, this gives rise to a bimodal biased free energy

profile and the corresponding histogram outlined in orange. However, given the free energy

Figure 4: Illustration of the consistency metric in 1D. On the left, the panels repre-
sent the predicted and the underlying free energy profile in the case of (a) a single inconsistent
orange-colored Node (low consistency), and (b) the refined counterpart (high consistency).
On the right, the origin of the mismatch between the free energy profiles in (a) is found in
the inconsistency between the sampled (in yellow-green) and the predicted biased probabil-
ity density (in orange) of the responsible Node. The biased predicted density is calculated
through eq. 9, using the predicted FES and the bias potential for that specific Node. The
color of the sampled density is in correspondence to the degree of consistency using the color
bar on the bottom.
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barrier between the two minima, even in the biased free energy surface, the actual sampling

histogram (in yellow) of the orange Node may be located in a single minimum instead, re-

sulting in non-ergodicity. This would erroneously stabilize the sampled minimum compared

to the unsampled one, which in turn distorts the whole probability distribution and the un-

biased free energy surface predicted by WHAM. Hence, while these simulations may be both

confined and overlapping, and while the WHAM equations converge, the actual sampled

histograms will be inconsistent with the histogram predicted from the final WHAM equa-

tions. This ergodicity issue can be solved by simply increasing the umbrella bias strength

κ for this Node (further confining the simulation, eliminating other free energy minima in

the biased simulation), or further enhancing the sampling through, e.g., replica exchange

methods. However, identifying whether the issue has occurred, and for which simulation, is

more difficult.

Starting from the WHAM equations (eq. 1), the biased probabilities can be defined as:

P b
ik =

1∑B
l=1 bil Pl

· bikPk = fibikPk (6)

Additionally, the biased probabilities can also be directly derived from the sampled his-

tograms:

P̃ b
ik = Hik/Ni (7)

with Ni =
∑

l Hil the total amount of samples in the US simulation on Node i. As such, by

comparing the sampled biased probabilities P̃ b
ik to the calculated biased probabilities P b

ik for

each Node, we can identify consistent Nodes through, for instance, the following metric:
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si = 1− JSD(P̃ b
i ∥ P b

i ), with 0 ≤ si ≤ 1 (8)

where JSD represent the Jensen-Shannon divergence.27 The Jensen-Shannon divergence is a

measure for the similarity between two probability distributions with finite bounds, where a

value of 0 represents identical distributions and a value of 1 (when using a base 2 logarithm)

represents the maximum divergence. As such, this consistency metric s has a value of 0 for

maximally inconsistent Nodes, and a value of 1 for perfectly consistent Nodes. Consequently,

s can be treated similarly to the previous metrics, where all Nodes that have a sufficiently high

s value can be considered consistent. As both the confinement and consistency metrics relate

to the umbrella strength of each Node, and is defined by the properties of each individual

Node alone, a Node will only be considered ‘reliable’ when it is both confined and consistent.

As discussed above, the overlap depends on two Nodes simultaneously instead.

Importantly, this consistency check can be added to any WHAM code, and can be calculated

even when the WHAM equations did not converge to facilitate error correction. In case

when only the resulting WHAM free energy is available, for instance during the OGRe

post-processing steps, the biased probabilities of eq. 6 can also be derived through:

P b
ik =

1

Ci

exp
[
−β

(
Fk + U b

ik

)]
(9)

with Ci (=
∑

k P
b
ik) a normalization constant, Fk the free energy predicted by WHAM

evaluated in bin location k, and U b
ik the bias potential for Node i at bin location k.
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2.3 OGRe package

The OGRe package is an open-source Python package intended for optimal grid refinement

in an arbitrary number of dimensions. It consists of two independent modules (ogre.input

and ogre.post), corresponding to the input generation and the refinement module, respec-

tively. This allows the user to choose their own simulation engine, which then interfaces

with the ogre.input and ogre.post modules as elaborated in Section S1. A complemen-

tary package (OGRe-Yaff) is also available, which includes a simulation module (ogre.sim)

that directly couples to our in-house simulation engine, Yaff,28 making the package com-

pletely self-contained. This is schematically illustrated in Figure 5, and its practical usage

is documented in Section S1.4.

The central object in OGRe is the Grid object, defining the collection of umbrella bias

strengths and centers that collectively allow for an optimal derivation of the FES, individually

referred to as Nodes. A schematic representation of this object is provided in Figure 5. This

Figure 5: Schematic overview of the OGRe protocol, and the Grid, Layer, and
Node objects. The OGRe protocol consists of two independent module (ogre.input and
ogre.post), complemented by a simulation code or the complementary ogre.sim module
from the OGRe-Yaff package. The Grid is the central object of the OGRe protocol, divided
into Layers, which, in turn, are populated by equally spaced Nodes.
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figure shows that within each Grid, sets of equidistant Nodes are grouped into Layers.

These Layers relate to the increased spatial refinement of the Grid throughout the OGRe

iterations, where each Layer is characterized by a fixed spacing ∆l (in each dimension)

between the Nodes. In this way, the concept of neighboring Nodes, required for the overlap

metric, can be consistently defined as those Nodes within the same Layer at the fixed spacing

distance ∆l from each other.

2.3.1 Input generation

The OGRe procedure schematically illustrated in Figure 5 starts at ogre.input, where

the first step towards the optimal grid refinement is to define the initial Layer and the

(hyper)parameters for the refinement procedure. This definition is facilitated by an instance

of the OGRe_Input class, as outlined in Figures S1-S2, and the execution of its make_grid()

method. This writes the initial Grid information to a layer00.txt file, with the identity,

umbrella center, umbrella strength, and Node type (vide infra) for each Node. This identity

consists of the layer number (starting at zero) and the Node number (starting at zero),

corresponding to an enumeration of the Nodes in that Layer. Additionally, all relevant

information of the input object is saved to a human-readable YAML file, data.yml, which

is later parsed for the output generation, and allows for easy access and adaptability.

The full layer00.txt information is then copied to the run.txt file, representing all remain-

ing simulations to be performed, following the latest refinement. After every post-processing

step, this will be updated along with all relevant grid files (layer00.txt, layer01.txt . . . ),

until the protocol converges and no new simulations are added to the run.txt file. An ex-

tended discussion of the OGRe_Input class, the complementary OGRe_Simulation module,

and post-processing module can be found in Section S1.
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2.3.2 Post-processing

After the relevant simulations have been performed, the post-processing module is used to

refine the existing Layers through the ogre_refinement() function, using the confinement,

overlap, and consistency metrics defined above. By iterating over all Layers, every Node

is first subjected individually to the confinement and consistency tests, which consider the

deviation of its trajectory from the umbrella center and the deviation from the expected

probability density, respectively. This identifies the reliable Nodes. Second, all reliable

Nodes within the same Layer are pairwise compared with all neighboring Nodes through the

overlap metric. While the former validates the individual umbrella strength of each Node, the

latter verifies whether or not the simulated probability densities are sufficiently overlapping

between each pair of two Nodes so to obtain accurate free energy differences from the WHAM

equations. In turn, through identification of reliable Nodes, and overlapping pairs of Nodes,

the Nodes within each Layer can be refined by increasing the umbrella strength for unreliable

trajectories, and introducing new Nodes between reliable but non-overlapping pairs of Nodes

in a subsequent Layer. As such, an iterative procedure emerges, as illustrated in the ogre-

colored pane of Figure 5, where trajectories are collected based on the current Grid–through

either a user-specified simulation engine or ogre.sim–which are then used to update the

current Grid. This process is subsequently repeated, until the metric tests consider all

Nodes to be reliable and overlapping, such that the grid refinement has converged.

Metric tests The reliability tests (confinement and consistency) are controlled by separate

user-specified hyperparameters called CONFINEMENT_THR and CONSISTENCY_THR (see Section

S1 for a full list), and are executed sequentially, as the consistency for a non-confined Node

is of no interest. If either the confinement or consistency of a Node falls below its respective

threshold, the Node is no longer considered reliable, and will be refined by increasing the

umbrella strength (κi) at that position. Each iteration will result in an increase of the original
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κi value by a user-specified factor KAPPA_GROWTH_FACTOR to allow for maximal control. In

this way, the confinement test first increases the κi value until the bias potential optimally

compensates for the free energy gradient at that Node location, increasing the accuracy of

the free energy estimate at the cost of a reduced width for the biased Boltzmann probability.

Complementary, the consistency test enforces that only a single minimum is considered for

each US simulation, preventing erroneous stabilization of free energy minima.

When κi grows too large, it becomes increasingly difficult for neighboring Nodes to overlap.

Moreover, high umbrella strengths may lead to an over-representation of high-energy config-

urations, increased correlation between samples, and unstable simulations due to the finite

time step in the MD algorithm, as the simulation can no longer emulate the frequency of

the bias potential.26,29 To accommodate for this, an additional hyperparameter MAX_KAPPA

can be specified, which is the largest allowed value for the umbrella strength. Should the

protocol attempt to increase the κi value above this limit, the Node is no longer refined

(precluding a reliable state), and, as such, no longer takes part in overlap tests. This lim-

its denser sampling in regions with prohibitively large unbiased free energy gradients, and

decreases the numerical errors in the WHAM equations.3 When this results in disjoint col-

lections of overlapping regions, it is expected that the resulting free energy profile will not

succeed in adequately reproducing the free energy difference between the regions, and either

the MAX_KAPPA should be increased, or the disjoint regions should be considered separately

as any transitions between them are deemed improbable.

The overlap test is similarly controlled by a single user-specified hyperparameter called OVER-

LAP_THR. If the overlap falls below this threshold, the neighboring Nodes are considered to

be non-overlapping, and the Grid is locally densified, by introducing new Nodes, to amend

this. These new Nodes are part of the subsequent Layer, as introduced in Figure 5, with a

smaller fixed Node spacing ∆l+1. The details of the Node generation are given below in the

subsection "Grid refinement". In this way, new Nodes will account for undersampled regions,
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while ensuring overlap with the surrounding Nodes for optimal convergence conditions of the

unbiased probability density and the corresponding free energy estimate.

Similar to MAX_KAPPA for trajectory confinement, MAX_LAYERS can be introduced to limit

the minimal ∆l value by limiting the number of Layers that may be generated. As an

absolute maximum number of Layers, the smallest ∆l value should be larger than half

the user-specified parameter HISTOGRAM_BIN_WIDTHS, which defines the bin widths in each

dimension for calculating the trajectory overlap, as the overlap metric o will be identically

1 beyond that point. Moreover, ever-decreasing ∆l values will shift the balance between

the equilibration time (of the orthogonal degrees of freedom) and the characteristic sampling

time of the grid cell volume. As the ∆l value grows smaller, the time necessary to sample the

ever smaller grid cell volume decreases, whereas the equilibration time remains unchanged,

significantly lowering the efficiency of the US simulations.19

Notably, the predicted free energy profile changes during Grid refinement, possibly altering

the value of the consistency metric for each Node. Ultimately, this may result in reliable

Nodes reverting back to unreliable Nodes for a given Layer l–with reliable Nodes in all

previous layers by construction. At that point, OGRe halts any refinement of the derived

Layers (Layers with a higher layer number), and attempts to correct the unreliable Nodes

in Layer l by increasing the κi value as outlined above. Once all Nodes in Layer l are

reliable again–or the MAX_KAPPA is reached–OGRe resumes the refinement for the derived

Layers l + 1, l + 2, . . .

Grid refinement When two reliable neighboring trajectories fail to overlap, as defined

above, a series of new Nodes is generated in the next Layer l + 1 in a way to optimally

explore the undersampled gap between them. This process of Node generation is illustrated

in Figure 6 for one- and two-dimensional Grids, and can be generically extended to an

arbitrary number of dimensions. In essence, a new Node is added in the middle of the two
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Figure 6: Illustration of the grid refinement in 1D and 2D. The procedure is illus-
trated by considering two Nodes with an overlap below the specified OVERLAP_THR in Layer
l, indicated by the dashed orange line. When an overlap test fails, Sublayer Nodes (indi-
cated in orange) and the Superlayer and Virtual Benchmark Nodes necessary to check
overlap (indicated in green) are generated, so to create a uniform grid in Layer l + 1 where
∆l+1 = ∆l/2. If these Superlayer or Virtual Benchmark Nodes fail the confinement or
consistency metrics, it is not marked as reliable and replaced by a Realized Benchmark Node.

non-overlapping nodes, with the addition of Nodes at every half spacing from that middle

Node in every other dimension (∆l+1 = ∆l/2). In this way, a uniform subsampling is

performed at half the original ∆l values around the newly introduced Node. This process

finally results in a collection of Layers, each characterized by a unique ∆l, which decreases

exponentially for each dimension as the ∆l values halve per Layer.

In Figure 6, aside from the generation of new Sublayer Nodes in Layer l + 1 in between

the two non-overlapping Nodes of Layer l, and in every orthogonal direction (from 2D

onward), Benchmark Nodes are introduced in Layer l + 1. These Benchmark Nodes ensure

that every new Node in Layer l + 1 is fully encompassed by neighboring Nodes for the

overlap test. In the one-dimensional case, these Benchmark Nodes identically correspond to

Nodes from Layer l, effectively coupling subsequent Layers. As such, they are referred to

as Superlayer Benchmark Nodes of Layer l + 1, and are simply references to Nodes from

Layer l. However, in more than one dimension, the perimeter of each connected region of
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new Nodes lacks Superlayer Benchmark Nodes, as evident from the 2D case in Figure 6. To

accommodate for this, Virtual Benchmark Nodes are introduced at the relevant locations

in Layer l+1, indicated with green crosses. They use the combined trajectory data of their

two neighboring (Benchmark) Nodes from Layer l. Importantly, Virtual Benchmark Nodes

are only added to Layer l+1 when both its neighbors in Layer l are reliable. Otherwise, the

Benchmark Node is omitted from the Grid, and no overlap test can take place, precluding

spatial refinement in that local environment.

Evidently, the Benchmark Nodes are also subject to refinement. First, as with Nodes, Su-

perlayer Benchmark Nodes are subjected to a confinement test in Layer l + 1, using the

same trajectory as the original Node from Layer l, but with the smaller grid cell volume of

Layer l + 1 (the consistency is unchanged). If this test fails, it is replaced by a Realized

Benchmark Node, which is then refined as any Node would be. At this point, the trajectory

of this Node in Layer l + 1 is different from the one in Layer l. Contrastingly, a Virtual

Benchmark Nodes is considered reliable by default, as it originates from two reliable and

overlapping Nodes in Layer l. Second, since Benchmark Nodes are not necessarily fully en-

compassed by other Nodes, and are only intended as a benchmark, they are not subjected to

an overlap test in a direct way. Instead, when iterating over all non-Benchmark Nodes, and

performing the overlap test with respect to all their neighbors, every Benchmark Node will be

taken into account by construction. If the overlap test fails for a Virtual Benchmark Node,

it is replaced by a Realized Benchmark Node using the largest κi values of its neighboring

Nodes, for which new simulations are started. In contrast, a failed overlap test for any other

Benchmark Node is dealt with as before.
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2.4 Limitations to OGRe

The maximum accuracy attainable through OGRe is bound by the choice of CVs and the

convergence of the individual trajectories. To this end, there exist a multitude of tech-

niques to select appropriate CVs, such as the time-structure based independent component

analysis method,30 as well as techniques to improve the convergence of the individual sim-

ulations, such as replica-exchange methods.31,32 Essentially, a converged trajectory cannot

be qualitatively distinguished from an infinitely long simulation. While the reliability met-

rics (confinement and consistency) do enforce convergence to some degree, by limiting the

phase space with increased umbrella strengths, they do not provide a quantitative measure

for convergence. An optional metric that is implemented in the OGRe code to check for

convergence issues considers the similarity of the probability density between the first and

second half of the trajectory. Similar to the consistency metric, the similarity is calcu-

lated though the Jensen-Shannon divergence, and a trajectory is considered converged when

1−JSD(Pfirst|Psecond) is larger than the provided CONVERGENCE_THR. Low convergence values

typically occur when dealing with multiple minima, such that similar to the consistency

metric, the simulation is repeated with a higher κi value to aid with convergence. While

these convergence issues can be partially lifted in higher dimensions, as the phase space can

be connected through infinitely more paths, the complexity of the phase space and the num-

ber of minima can increase as well (vide infra), such that the consistency and convergence

thresholds can still be relevant.

Additionally, the OGRe protocol requires the umbrella potential at Node i to be defined by

an umbrella strength parameter κi, and an umbrella center parameter ξi, for it to be refined

by the post-processing protocol in its current version. In this work, the default harmonic

potential κij(ξij−ξj)
2/2 is used for the jth dimension in simulation i. Moreover, while OGRe

aims to predict the same final free energy surface irrespective of the initial US parameters,

the efficiency of the algorithm can be significantly impacted by this initial parameter choice.
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Although the described refinement algorithms succeed in converging to consistent values for

the Grid, a bad choice will evidently lead to a much larger number of iterations, and thus

simulations. As such, its efficiency is, to some extent, reliant on the user. This will be

further illustrated in Section 3 by performing a Pareto analysis on the error as a function of

the number of simulations, and determining the Pareto optimal set, that balances the need

for a low free energy error with the need to limit the amount of simulations.

Finally, the HISTOGRAM_BIN_WIDTHS parameter determines the spatial resolution of all his-

tograms (and free energy profiles) during the OGRe run. As such, varying the bin width

affects the overlap, consistency, and convergence checks as they are histogram-based, and

can significantly affect the free energy profile. A large bin width will limit the maximal gra-

dient in free energy, which may artificially lower barrier heights and free energy differences,

whereas a small bin width results in noise, as the number of samples per bin decreases (see

also Section S3). Ideally, the bin width should be chosen large enough such that each bin is

still significantly sampled, but low enough to avoid cases where the data of a single trajectory

is fully contained in a single bin. In the benchmarking simulations discussed below, the bin

width is chosen as small as possible, to increase the MAX_KAPPA value (see eq. S3.3) at the

cost of more noise on the FES data. Overall, this results in a lower error, especially for large

CONFINEMENT_THR, which naturally require larger κi values.

3 Benchmarking

The optimal values of the different hyperparameters are inherently correlated and depend on

the initial Grid and simulation parameters. However, a set of reliable hyperparameters for

accurate free energies is a requirement for ease-of-use and broad applicability of the proposed

package. To this end, a benchmarking study is performed on several 1D and 2D analytic

potentials, illustrated in Figure 7. These potentials facilitate a fast parameter screening
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Figure 7: Illustration of the four 1D and 2D analytical benchmark potentials.
The benchmark potentials constitute two 1D potentials: (a) the skewed bimodal, and (b)
the trimodal potentials; and two 2D potentials: (c) the double well, and (d) the Ackley
potentials.

and direct error measure through comparison of the predicted FES with the analytical FES

used as input, as discussed in Section S2. The potentials were selected to showcase difficult

to capture FES features, such as flat energy profiles, equivalent minima, and high barriers,

typically used when testing optimization algorithms,33 and which are prone to consistency

errors.

For these analytic potentials, the error can easily be defined as the root mean squared error

(RMSE) between the predicted and the analytical free energy differences, summed over al

bins, relative to their respective free energy minimum (∆Fk = Fk − min(F )):
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RMSE =

√√√√ 1

B

B∑
k=1

(
∆F calc

k −∆F analytic
k

)2

(10)

1D: skewed bimodal As an initial test, the OGRe protocol is applied to reproduce the

following analytical potential:

U b(ξ) = 3ξ − ξ2 + 0.01ξ4 with − 10 ≤ ξ ≤ 10 (11)

This potential, illustrated in Figure 7a, represents a bimodal free energy profile–typically

found for activated processes–with a significant barrier height and difference in the free

energy of the minima (kBT ≈ 2.5 kJ/mol at 300 K). In what follows, we will investigate how

different OGRe input parameters (initial κi value and initial ∆l value) and hyperparameters

(CONFINEMENT_THR, OVERLAP_THR, MAX_LAYERS, and KAPPA_GROWTH_FACTOR) affect the final

error on the free energy profile, and the number of US simulations. This investigation is

performed through consideration of a large set of parameter combinations, as presented in

Figure S4. As such, we highlight which parameter combinations should be used, and which

parameter values should be avoided entirely.

Below, in Figures 8-10, specific combinations are compared to explore the effect of different

initial grid parameters and hyperparameters on the FES error. Then, the convergence of

the OGRe protocol is discussed, which relates to the different hatches that overlay the error

data. Finally, the efficiency is discussed based on the Pareto plot in Figure 11. In all simula-

tions, the MAX_KAPPA hyperparameter is fixed in correspondence with the Nyquist-Shannon

sampling theorem,34 to avoid unstable simulations, while also accounting for the finite HIS-

TOGRAM_BIN_WIDTHS as elaborated in Section S3. Additionally, fixed CONSISTENCY_THR and

CONVERGENCE_THR are chosen to enforce convergence of each Node in the refined Grid. Their

values are chosen high enough to avoid multiple minima in the biased free energy profile,
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Figure 8: Effect of the initial κi value on the efficacy of the OGRe protocol using
the skewed bimodal potential. The error (in kJ/mol) with respect to the analytical FES
for varying initial κi values as a function of the CONFINEMENT_THR and OVERLAP_THR, for
an increasing MAX_LAYERS limit. A fixed initial ∆l of 2.0 and KAPPA_GROWTH_FACTOR of 2 is
employed for all OGRe runs in this figure. The definition of the possible hatches is given at
the top.

mainly impacting the κi values of Nodes around the secondary minimum of the skewed

bimodal potential. The numerical values of all fixed hyperparameters and simulation pa-

rameters are reported in Tables S4-S5.

Generally, the error decreases with increasing CONFINEMENT_THR and OVERLAP_THR, resulting

from increased sampling at the steepest free energy gradients and increased overlap between

the biased probability densities. This is for instance clear from Figure 8, with an increasingly

green hue towards the upper right corner. Additionally, this figure illustrates the effect of

increasing the initial κi value for a fixed initial ∆l of 2.0 and KAPPA_GROWTH_FACTOR of 2. A

clear difference can be observed between small and large initial κi values. In the latter case,

several spatial refinements are necessary (i.e., several layers) before overlap occurs and the
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Figure 9: Effect of the initial ∆l value on the efficacy of the OGRe protocol using
the skewed bimodal potential. The error (in kJ/mol) with respect to the analytical FES
for varying initial ∆l values as a function of the CONFINEMENT_THR and OVERLAP_THR, for
an increasing MAX_LAYERS limit. A fixed initial κi of 1.0 and KAPPA_GROWTH_FACTOR of 2 is
employed for all OGRe runs in this figure. The definition of the possible hatches is given at
the top.

free energy profile can be accurately reproduced, which is apparent from the completely red

and yellow hues in the first and second layer for large initial κi values. In contrast, for very

small initial κi, the protocol can refine the κi values at each Node towards its optimal value,

resulting in a low RMSE, at the cost of additional simulations. A very similar picture can be

observed in Figure 9, which illustrates the effect of different initial ∆l values. With a fixed

initial κi of 1.0 and KAPPA_GROWTH_FACTOR of 2, a large initial ∆l requires several spatial

refinements before overlap can occur, in contrast to the smaller initial ∆l value, where some

overlap is immediately possible.

Finally, the effect of the KAPPA_GROWTH_FACTOR is examined in Figure 10, with a fixed

initial κi of 1.0 and ∆l of 2.0. The KAPPA_GROWTH_FACTOR mainly determines the trade-off
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Figure 10: Effect of the KAPPA_GROWTH_FACTOR value on the efficacy of the OGRe
protocol using the skewed bimodal potential. The error (in kJ/mol) with respect to
the analytical FES for varying initial ∆l values as a function of the CONFINEMENT_THR and
OVERLAP_THR, for an increasing MAX_LAYERS limit. A fixed initial κi of 1.0 and ∆l of 2.0 is
employed for all OGRe runs in this figure. The definition of the possible hatches is given at
the top.

between convergence speed and accuracy of the refinement procedure, affecting the FES

error in a more indirect way. This follows from the fact that low multiplication factors for

the refinement procedure allow for extremely well refined κi values to accommodate the free

energy gradient, at the cost of many refinements, whereas a large KAPPA_GROWTH_FACTOR

will quickly increase the κi value to be high enough. However, when increasing the κi value

too fast, the change in confinement might be too drastic, requiring many spatial refinements

before overlap can occur.

The convergence behavior in Figures 8-10 is determined by the finite MAX_LAYERS and MAX_-

KAPPA. When an OGRe run attempts to create a new Layer with an increased density beyond

MAX_LAYERS, the protocol is not converged, indicated by a diagonal hatch. This is especially

encountered when choosing large initial κ values, large initial ∆l values, and/or large OVER-

LAP_THR values. Similarly, when the protocol attempts to increase the κi value for a single

Node beyond MAX_KAPPA, the protocol is not converged, indicated by crossed hatches when at

least one Node reaches this limit. This is especially encountered for large CONFINEMENT_THR
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values, if the MAX_LAYERS hyperparameter allows it. Additionally, as the error can only be

determined for those points of the calculated FES with a finite energy (non-zero probability),

a dotted hatch indicates those OGRe runs where the FES could not be determined for at

least 90% of the desired CV range. As the error could be artificially high or low, depend-

ing on which (unconnected) regions are covered, these parameter combinations should also

not be taken into account. Low coverage is typically caused by a severe lack of overlap or

confinement in certain CV regions, and typically occurs at the lowest CONFINEMENT_THR or

OVERLAP_THR in Figures 8-10.

Several general trends in the convergence behavior can be observed. First, the number

of converged OGRe runs increases as a function of the number of layers, creating a lower

triangular section of converged simulations in the error matrix. This follows from the fact

that an increased CONFINEMENT_THR results in a reduced potential for overlap, as already

discussed in Section 2. However, deviations from the lower triangular shape can be expected

due to the imposed CONSISTENCY_THR, which can supersede the required CONFINEMENT_-

THR. Second, a zero OVERLAP_THR will always lead to convergence (not taking MAX_KAPPA

into account), as no new Nodes are ever required and the existing Nodes will be refined

towards the required CONFINEMENT_THR. Third, when only a single layer is allowed, the

OVERLAP_THR has no effect, and all parameter combinations in any given column have the

same value. Fourth, a zero CONFINEMENT_THR precludes any κi refinement, such that some

overlap thresholds can never be attained, as the umbrella potential never dominates certain

free energy gradients of the underlying profile. Finally, as mentioned above, for those runs

with a limited CONFINEMENT_THR, a limited OVERLAP_THR, or both, the free energy profile

may not be adequately defined within the required CV range.

Looking at the variation as a function of the initial κi and ∆l value, it is clear more OGRe

runs converge for a given MAX_LAYERS for the lowest initial values, as there is a higher poten-

tial for overlap through either more closely spaced Nodes (initial ∆l) or broader umbrellas
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(initial κi). However, as the ∆l values grow smaller, it becomes more difficult to attain con-

finement within the Node cell volume, resulting in an increase in κ value until the MAX_KAPPA

value is achieved (indicated by the crossed hatches). Finally, larger KAPPA_GROWTH_FACTOR

values decrease the number of OGRe runs that are converged in terms of both the MAX_KAPPA

(diagonal hatches) and the lack of overlap for a given MAX_LAYERS (crossed hatches).

As evidenced by this proof of concept, our OGRe protocol can accommodate for a large

range of initial parameters, determining the 1D free energy profile well beyond chemical

accuracy (4 kJ/mol). However, up to this point, we have not taken efficiency into account.

To increase the efficiency, the user could adapt its guesses for the initial parameters based

on prior knowledge of the profile, or after the first grid run. When all simulations fail either

on the confinement, consistency, or, optionally, convergence metric, it is recommended to

increase the initial κi value. In contrast, when all simulations fail their overlap test, it is

recommended to decrease the initial κi values or the initial ∆l value. In general, a lower

initial κi value will always result in a better reproduction of the profile at the expense of

more simulations required.

Based on all the converged OGRe runs, their error, and the corresponding number of simu-

lations (Figure S4), a Pareto analysis can be performed to find the optimal hyperparameter

combinations that simultaneously minimize the error and the required number of simula-

tions. This is visualized in Figure 11, whereas the corresponding Pareto optimal set is

reported in Table S1. Complementary, the insets in Figure 11 depict the average values

of the corresponding initial parameters and hyperparameters. This shows that increasing

the OVERLAP_THR generally decreases the RMSE, although the data is biased against high

OVERLAP_THR values as these OGRe runs typically did not converge. Moreover, the Pareto

front is accompanied by median CONFINEMENT_THR values, with the error and number of

simulations typically increasing for large CONFINEMENT_THR values. OGRe runs with a large

KAPPA_GROWTH_FACTOR are clustered at low numbers of simulations, although those com-
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Figure 11: Pareto analysis as a function of the RMSE and number of simulations
using the skewed bimodal potential. The Pareto curve connects those points that are
optimal in this multi-object optimization of error and computational cost. They represent
those combinations that cannot be improved in one of the aspects without worsening the
other. The insets represent interpolated average values of the initial parameters (∆l and κi)
and the hyperparameters (CONFINEMENT_THR, OVERLAP_THR, and KAPPA_GROWTH_FACTOR).

binations with large KAPPA_GROWTH_FACTOR in the Pareto optimal set generally show large

RMSE values (see Table S1), in line with the conclusions from Figure 10. Finally, lower ini-

tial ∆l values and κi values mainly result in a larger number of simulation, but are generally

accompanied by lower RMSE values, in line with Figures 8-9.

1D: trimodal Similarly, the OGRe protocol is applied to reproduce the following analytical

potential:

U b(ξ) = 0.1ξ4 − 2ξ2 − 8e−ξ2 + 10 with − 6 ≤ ξ ≤ 6 (12)
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as illustrated in Figure 7b, similar to a process with a stable intermediate. The effect of

the aforementioned hyperparameters and initial parameters on the error and the number of

simulations is illustrated in Figure S5. As the region of interest for the CV was halved with

respect to the skewed bimodal potential, an even lower initial ∆l value was considered here.

Despite the change in CV range, a lower initial ∆l, and the different 1D potential energy

profile (with more minima and different energy barriers), the protocol performs robustly and

produces free energy profiles beyond chemical accuracy when avoiding the lowest CONFINE-

MENT_THR and OVERLAP_THR, as seen in the Pareto and parameter density plots illustrated

in Figures S6-S7.

2D potentials Finally, the OGRe protocol is applied to the two-dimensional analytic

potentials, the double well potential:

U b(ξx, ξy) = (ξ2x + ξ2y)
2 − 10 exp

[
−30(ξx − 0.2)2 − 3(ξy − 0.4)2

]
− 10 exp

[
−30(ξx + 0.2)2 − 3(ξy + 0.4)2

]
(13)

and the Ackley potential:

U b(ξx, ξy) = −20 exp

[
0.2

√
ξ2x + ξ2y

2

]
− exp

[
cos(2πξx) + cos(2πξy)

2

]
+ exp(1) + 20 (14)

The first potential is the two-dimensional equivalent of the previously investigated skewed

bimodal potential, showcasing two equivalent minima separated by a barrier, shown in Figure

7c. In contrast, the second potential challenges the protocol with a single global minimum,

embedded in a very flat energy surface with a periodic arrangement of different equivalent
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minima, shown in Figure 7d. Similar to the 1D potentials, Figures S8 and S12 depict the

RMSE and convergence behavior of the double well and Ackley potentials, in line with the

1D results, which again illustrate that the OGRe protocol can successfully reproduce the free

energy surface beyond chemical accuracy. This is explicitly visualized in Figure 12 for the

Ackley potential, by comparing the analytical FES and the calculated FES for a particular

parameter combination. Notably, to accommodate the exponentially larger phase space for

the 2D potentials, the number of MD steps per US simulation was increased significantly

compared to the 1D simulations (see Table S5). If instead the original number of MD steps

is used, as illustrated in Figure S16, the OGRe protocol compensates by requiring more

simulations, as the required overlap thresholds are more difficult to meet, and generally

showcases a higher RMSE. In Figures S10 and S14, the average parameter values as a function

of the error and the number of simulations are illustrated for both 2D potentials, which allows

for very similar conclusions to be drawn with respect to the 1D potentials. The effect of

the CONSISTENCY_THR was also investigated, to assess its influence in higher dimensions, as

discussed in Section 2.4. As illustrated in Figures S11 and S15, a significant decrease in

the error can be obtained, at the cost of more simulations, which is more pronounced for

the Ackley potential. This likely follows from the fact that the Ackley potential has many

more local minima which can influence the consistency of each simulation, counteracting the

increased number of paths connecting the phase space in higher dimensions. Consequently,

it is recommended for the CONSISTENCY_THR to be used for any number of dimensions, when

dealing with multiple minima.

4 Application on physical systems

To showcase the performance of the OGRe package on physical systems, it is first applied

on a well-documented 1D case study, namely proton hopping in zeolites. Afterwards, it is
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Figure 12: Efficacy of the OGRe protocol. Comparison between the (left) analytical,
(middle) calculated, and (right) difference plot of the free energy surface of the Ackley
potential, with an RMSE value of 0.29. Calculated with an initial ∆l of 2.0, initial κi

of 1.0, KAPPA_GROWTH_FACTOR of 2, CONFINEMENT_THR of 0.33, OVERLAP_THR of 0.50, and
CONSISTENCY_THR of 0.96.

applied on the difficult to capture two-dimensional free energy landscape of layer stacking in

the prototypical two-dimensional covalent organic framework, COF-5.

Proton hopping in zeolites Although proton hopping is a fundamental activated event

within zeolite chemistry, and despite its straightforward transition mechanism (see Figure

13), there is a large spread in both the experimentally and theoretically predicted transition

barriers. A recent study by Bocus et al. highlighted a fundamental lack of nuclear quantum

effects in the theoretical calculations of these barriers, which is prohibitively expensive to

take into account at the density functional theory (DFT) level.35 To this end, they derived

a reactive machine learning potential (MLP), dramatically increasing the attainable space

and time scales, with a similar accuracy to DFT. This allowed them to perform extended

US simulations on a dense grid, with increased convergence of the individual simulations.

We validated the OGRe protocol on a specific proton hopping path at 873 K, denoted as 2-3

in ref. 35, where a difference in the coordination number between the proton and the two

oxygen atoms involved in the hopping was used as the CV (see Figure 13 for the nomencla-

ture). Evaluating the OGRe metrics on the available trajectory data of the corresponding
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Figure 13: Proton hopping reaction within the H-CHA zeolite. (a) Schematic illus-
tration of the hopping reaction. (b) Part of the H-CHA unit cell, showing the conventional
nomenclature of the oxygen atoms in the first coordination sphere of the Al defect adopted
herein (Si is in yellow, O in red, Al in blue and H in white). Reproduced from ref. 35 with
permission of Springer Nature, copyright 2023.

US simulations revealed large overlaps between adjacent simulations, but highlighted a con-

finement of zero at the edges of the FES, and low confinements in the intermediate regions

between the minima and the maximum, as shown in Figure 14b, due to the large free energy

gradient. By limiting the range of the CVs to [-0.85,0.85] instead of [-0.95,0.95], and per-

forming several umbrella strength refinements, the OGRe protocol did converge with only a

handful of additional simulations, also performed with Yaff in correspondence to the original

simulations.28 This refinement was based on a CONFINEMENT_THR and OVERLAP_THR of 0.33,

and a CONSISTENCY_THR of 0.95. With these thresholds, the OGRe refinement resulted in a

slight decrease of the free energy difference between the two minima, as illustrated in Figure

14a. The bin width was also lowered with respect to the original bin width in accordance

with Section S3, to allow for a sufficiently high MAX_KAPPA value. All OGRe parameters are

reported in Tables S6-S7, whereas the computational details are discussed in Section S6.

While no consistency issues were raised by the OGRe protocol at a CONSISTENCY_THR value

of 0.95, both the reference profile and the OGRe profile did showcase some deviation between

the sampled and predicted biased probability distribution, as illustrated in Figure 14c. In an

attempt to improve on this FES, the CONSISTENCY_THR was increased to 0.98. However, no

35

https://doi.org/10.26434/chemrxiv-2023-nl8r3 ORCID: https://orcid.org/0000-0002-9187-4293 Content not peer-reviewed by ChemRxiv. License: CC BY-NC 4.0

https://doi.org/10.26434/chemrxiv-2023-nl8r3
https://orcid.org/0000-0002-9187-4293
https://creativecommons.org/licenses/by-nc/4.0/


Figure 14: Application of the OGRe protocol on proton hopping in zeolites. (a)
Comparison between the converged FES as calculated through the OGRe protocol, and the
reference pattern from ref. 35. (b) Overview of the confinement metric ci, for the reference
trajectories (in orange) and the OGRe trajectories (in green). The imposed CONFINEMENT_-
THR of 0.33 is indicated with the dashed line. (c) Consistency analysis in the secondary
minimum, showing a minor deviation between the sampled and predicted biased probability
distribution, indicating that there is likely a finer structure to the FES.

amount of umbrella strength refinements could resolve the inconsistency. As such, it is likely

that the consistency issue is not related to any ergodicity problems in terms of the CV, but

rather the orthogonal degrees of freedom that are not biased. Evidence of this conjecture

can also be found in Supplementary Figure 6 of ref. 35, where a two-dimensional expansion
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of the one-dimensional FES along the H–O2 and H–O3 distances highlights a structure that

the coordination number alone might not be able to describe.

Layer stacking in COF-5 It has already been well established that 2D COFs showcase

dynamic layer behavior, with a random stacking orientation, yet a fixed offset.36–43 This

has been attributed to the interplay of electrostatic and van der Waals interactions, with in

particular Pauli repulsion. Although the 2D potential energy surface for COF-5 has already

been reported several times,38,40,43 the free energy surface at operating condition has not been

predicted before. For optimal accuracy, while avoiding a new hyperparameter screening, the

hyperparameters for the OGRe protocol were chosen in correspondence with Section 3, and

have been tabulated along with the simulation parameters in Tables S6-S7. The CVs to

describe layer stacking were chosen in correspondence to previous work,41,43 as described in

Section S5.1, together with a derivation of the equations required to bias along these CVs in

a US simulation. Finally, a 1 × 1 × 2 supercell (with the last dimension along the stacking

direction) was used to allow for sufficient freedom, as illustrated in Figure 15a, whereas the

interactions were modeled with a previously derived force field,41 and the simulations were

performed with Yaff,28 as discussed in Section S6. Figure 15b visualizes the resulting free

energy surface, where the expected fixed layer offset at with a random orientation is apparent

from the ring of minimal energy, centered around the origin indicating perfect alignment.

Looking beyond, at higher layer offsets, the structure and symmetry of the layer geometry is

apparent, originating from the variations in the interplay of interactions. Notably, the layer

offset predicted by the force field (2.3 Å) is slightly larger than the DFT predicted value

at 0 K (1.6 Å).38,43 However, as discussed in Section S7, this shift in the layer offset is not

driven by entropic effects, but rather enthalpically driven through the force field (see Figure

S18).
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Figure 15: Application of the OGRe protocol on layer stacking in COF-5 (a) The
atomic structure of COF-5. (b) Free energy surface of the layer stacking in COF-5, where
the hexagonal boundaries delineate the periodicity of the FES.

5 Conclusions

We herein presented OGRe, an easy-to-use and flexible Python package aiming to create an

optimal sampling grid for free energy evaluation methods that require an overlap of simulated

probability densities, such as WHAM, based on underlying US simulations. Through an

iterative procedure, the OGRe protocol refines an initial grid in both bias strength and local

sampling density, to obtain a maximum accuracy with minimal computational effort. This

process is facilitated by three metrics that gauge the confinement, consistency, and overlap of

each simulation, based on the requirements for an accurate WHAM calculation of the FES.

The efficacy of these metrics is clearly established, and rules were established on how OGRe

leverages these metrics to improve on the initial grid of umbrella parameters. In particular,

the consistency metric proves to be an excellent gauge for possible ergodicity errors, which

should prove highly valuable for free energy methods in general.

Because the choice of hyperparameters for the refinement protocol is crucial, benchmarked
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values have been calculated, with a robust working range. Generally, by increasing the

CONFINEMENT_THR and OVERLAP_THR values, the error on the generated free energy surfaces

decreases, following the increased sampling for the steepest free energy gradients and better

conditioned WHAM equations through increased overlap. However, higher threshold values

also increase the required number of simulations for convergence as evidenced by the Pareto

analysis. Regardless, the difficult choice of grid density and bias strength for umbrella

sampling simulations is partially lifted through automatic refinement, and the robust working

range for each parameter in OGRe. As such OGRe proves to be successful in deriving FESs

within chemical accuracy, largely independent of the initially provided parameters, while

its efficiency remains, to some extent, user-driven. Moreover, through the benchmarking

on analytic potentials, several issues with histogram-based methods are highlighted, along

with suggested workarounds. In particular, due to the finiteness of the bin width, care

should be taken with the maximal κi value. When the umbrella strength grows too large, all

samples could be assigned to a single bin, resulting in a poor reproduction of the underlying

probability distribution.

When applied on physical systems, the OGRe protocol is capable of improving upon previ-

ously reported free energy profiles, and can highlight the potential for further refinement, as

indicated with our example on proton hopping in zeolites. Through application on the layer

stacking of 2D COFs, we furthermore highlight its potential to characterize the underlying

phase landscape for layer alignment, driven by the collective variables as defined in this

work. Hopefully, the OGRe protocol, and its metrics, will prove to be very valuable towards

a perfect chemical precision for free energy calculations, and this work provides the impetus

to uncover previously challenging free energy landscapes through automated procedures.
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