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I. Introduction

Dissipation and decoherence in quantum sys-
tems is a highly relevant topic in quantum
computing. Even at very low temperatures,
current quantum computers can only remain
in a coherent state for a time of the order of
milliseconds [1]. This is because the coherent
state decoheres due to the interaction with the
environment. It is hence very important that
the interaction of the quantum computer with
its environment can be modeled in an adequate
manner. We present a method to model the
dynamics of dissipation and decoherence in a
non-perturbative way using integrable models.
Before starting the discussion of the integrable
model, however, we first consider dissipation
in the harmonic oscillator system. The avail-
ability of analytic solutions for this system
greatly facilitates the interpretation of the un-
derlying physics and contributes strongly to
the understanding of damping in open quan-
tum systems.
When considering the integrable models, we
focus on the p + ip model. This is mainly be-
cause this model exhibits a rich quantum phase
diagram and because of its potential for quan-
tum computation in quantum computing [2].
We first consider the isolated system and then
add bath-interaction terms to the Hamiltonian.

II. The quantum harmonic
oscillator

We consider the following Hamiltonian

Ĥ = h̄ω(â† â +
1
2
) + βâ† + γâ, (1)

where â and â† are the conventional ladder
operators. The first two terms correspond to
the regular quantum harmonic oscillator and
preserve the number of quanta in the system.
The last two terms break the conservation of
quanta in the system and can therefore be inter-
preted as an interaction with the environment.
As we do not impose that γ = β∗, this Hamil-
tonian is not hermitian in general. This has a
few important consequences:
1. For a hermitian operator, one has that the
eigenvalues have to be real. For non-hermitian
operators this is no longer the case. This im-
plies that the eigenenergies can become com-
plex, which can lead to dissipation or amplifi-
cation.
2. The eigenfunctions of a hermitian operator
are mutually orthogonal and form a complete
set. When the operator is non-hermitian, this
is no longer guaranteed. This implies that we
may lose the possibility to expand every wave-
function in terms of the eigenfunctions of the
Hamiltonian.
3. When Ĥ is non-hermitian, the time evo-
lution operator e

iĤt
h̄ will no longer be unitary.

This causes the norm of the wavefunctions to
change through time.
4. When Ĥ is hermitian, we have that
(Ĥ |ψ〉)† = 〈ψ| Ĥ. In the non-hermitian case
this will not hold anymore and we will have
to make a distinction between the left and the
right eigenstates.



(a) β = 9 + 4i, γ = 5 + 3i (b) β = 9 + 4i, γ = 5 + 3i (c) β = 5 + 3i, γ = 5− 3i

Figure 1: The three different types of time evolution of the displacement: amplification, damping
and oscillation. For all figure the following values were chosen ω = 50, α = 5 and m = 1.

In order to be able to interpret the damping
effects, we would like to make a connection to
the classical case. We therefore introduce the
Glauber state |α〉, which by definition satisfies

â |α〉 = α |α〉 . (2)

It turns out that for this state, the norm evolves
as

〈α′(t)|α′(t)〉 = e4|α′ || γ−β∗
h̄ω | sin ( ωt

2 −φ) sin ωt
2 × (3)

ei γβ−γ∗β∗
h̄2ω2 ωt.

The two exponentials have a very different be-
havior. The first one is causing the norm to
oscillate, but doesn’t contribute to damping or
oscillating on the long term. This is the case for
the latter factor, which clearly causes an expo-
nential damping as γβ−γ∗β∗

h̄2ω2 is imaginary. Each
expectation value with respect to the Glauber
state will be proportional to the norm of the
Glauber state. In Figure 1, we show the time
evolution of the displacement as an example.
Depending on the values of β and γ we can
obtain a damped, an amplified or an oscillating
regime.
It turns out that all the obtained results can
straightforwardly be generalized to a system
of coupled oscillators.
Because of the difficulties with the interpreta-
tion of non-normalized wavefunction, we also
briefly consider different methods to introduce
dissipation in a quantum system. We find that
the most natural way is by employing the den-
sity operator formalism, in which the Hilbert

space of the system can be easily embedded in
a bigger Hilbert space, which represents the en-
vironment. Not coincidentally, this formalism
is often employed in describing decoherence.

III. Integrable models

We consider the p + ip Hamiltonian

Ĥp+ip =
L

∑
i=1

ε2
i

(
Ŝ0

i +
1
2

)
+ g

L

∑
i,k

k 6=i

εiεkŜ†
i Ŝk, (4)

where each of the L single-particle levels i has
a single-particle energy εi and closes an su(2)
algebra {Ŝ†

i , Ŝi, Ŝ0
i }.

Figure 2: The quantum phase diagram of the
px + ipy model [3].

The model has a rich phase diagram as
shown in Figure 2. The two lines on the figure
are called the Moore-Read line and the Read-
Green line. At the Read-Green line, there is a
rare third order phase transition. At these lines,



there appear degeneracies in the eigenenergies.
To obtain an expression for the eigenstate of the
Hamiltonian, we propose the following ansatz
for the wavefunction

|ψ〉 =
N

∏
α=1

Ŝ†
α |θ〉 , (5)

which is known as the Bethe ansatz wavefunc-
tion [4]. |θ〉 is the vacuum state, N is the num-
ber of excitations of the state and Ŝ†

α is the
generalized creation operator, given by

Ŝ†
α =

L

∑
i=1

εi

ε2
i − Eα

Ŝ†
i . (6)

It is found that this wavefunction is indeed an
eigenstate with the eigenenergy given by

E = ∑
α

Eα −∑
k

ε2
kdk, (7)

when the rapidities satisfy the following set of
equations

1 + 2g ∑
i

ε2
i di

ε2
i − Eα

− 2g ∑
β 6=α

Eα

Eβ − Eα
= 0, (8)

which should hold for each α and with di
the degeneracy of the orbital. Throughout
this work, we will only consider the case
di = 1

2 ∀i. These equations are called the
Richardson-Gaudin equations. Solving the
eigenvalue problem is hence reduced to solv-
ing a set of L algebraic equations in Eα. How-
ever, the Richardson-Gaudin equations contain
so-called singular points that cause numeri-
cal instabilities when solving for the rapidities.
In order to sidestep this problem, it is conve-
nient to rewrite the Richardson-Gaudin equa-
tions in terms of eigenvalue-based variables

Λi = ∑N
α=1

ε2
i

Eα−ε2
i
. Expressed in terms of these

new variables, the Richardson-Gaudin equa-
tions can be solved straightforwardly [5]. Once
a solution for eigenvalue-based variables is ob-
tained, it is possible to retrieve the rapidities
from them [5], although many physical proper-
ties can be computed by solely relying on the
eigenvalue-based variables.
From equation (7), it is clear that in case of a

finite number of particles degeneracies appear
whenever one of the rapidities Eα becomes zero.
At the Moore-Read line all the rapidities col-
lapse to zero, whereas at the Read-Green line
exactly one rapidity becomes zero. The follow-
ing relation between the coupling strength g
and the number of excitations N holds at the
Moore-Read points [3]

1
g
= 2N − L− 2, (9)

whereas at the Read-Green points

1
g
= N − L− 1. (10)

In a completely analogous manner as for the
harmonic oscillator, we can now introduce in-
teraction to an environment by breaking the
particle-number conservation

Ĥ =
L

∑
i=1

ε2
i

(
Ŝ0

i +
1
2

)
+ gγεiŜ†

i − gλεiŜi (11)

+ g
L

∑
i,k

k 6=i

εiεkŜ†
i Ŝk.

This model is still integrable [6], so that we can
again use the Bethe ansatz wavefunction (5),
but now the generalized creation operator is
given by [7]

Ŝ†
α = λ +

L

∑
k=1

εk

ε2
k − Eα

Ŝ†
k . (12)

The Richardson-Gaudin equations expressed
in terms of the eigenvalue-based variables are
given by

gεiΛ2
i = −Λi + g

L

∑
j 6=i

ε2
i Λi − ε2

j Λj

ε2
i − ε2

j
− gγλ.

(13)

This set of equations can be solved very effi-
ciently for Λi.
It is possible to express the overlap of the eigen-
state |{vα}〉 with a direct product state

|{ia}〉 =
N

∏
k=1

Ŝ†
k |θ〉 (14)



in terms of the eigenvalues-based variables

〈{ia}|{Eα}〉 = λL−N

(
N

∏
j=1

)
εja det Jaβ, (15)

with

Jaβ
ij =





Λβ
i −∑N

j 6=i
1

ε2
ia
−ε2

ja
if i = j

1
ε2

ia
−ε2

ja
if i 6= j

(16)

Using these overlaps, we can compute
the time-dependent expectation values
〈{ia}(t)|Ŝ†

i |{ia}(t)〉and 〈{ia}(t)|Ŝ0
i |{ia}(t)〉.

These expectation values reveal important
information about the dynamics of the sys-
tems.

IV. Numerical results

The results in this section are for an eight-level
system, L = 8, with ε2

i = i for i = 1, ..., 8.

I. Statics

Figure 3: The occupation of the ground state as
a function of the coupling strength at γ = 10−3.

In Figure 3 we see how the number of pairs
in the ground state changes strongly around
g = 1

7 , g = 1
5 , g = 1

3 and g = 1. Not sur-
prisingly, these values correspond to the Read-
Green points. We find that the transition is
more abrupt as γ decreases. This is because
for small γ the interaction between states with
a different number of pairs will be very weak
and hence the states involved in the transi-
tion will only interact in a very small interval
around the Read-Green points.

Figure 4: The expectation value of Ŝ†
i of the

ground state as a function of the coupling
strength at γ = 10−3.

For the expectation value of Ŝ†
tot with re-

spect to the ground state, shown in Figure 4,
we find that for small γ there are only sig-
nificant peaks around the Read-Green points,
indicating that there is indeed a strong interac-
tion between the ground state and the excited
states at these points.

Figure 5: The eigenenergies of the first exci-
tation sector with respect to the ground state
energy at γ = 10−3.

We see that at the Read-Green points, there
is an avoided crossing between the ground
state and the eigenstate of the first excitation
sector with the lowest energy. The other states
of the sector have no tendency to interact with
the ground state and the difference between
the ground state energy and the eigenenergy
of these states increases monotonically with
increasing coupling strength. The gap between
the no-crossing states is proportional to γ, be-
ing of the order 10−2 for γ = 10−4 and of the
order 1 for γ = 10−2. The unsmooth behav-
ior of the eigenenergy of the lowest excited



state can be explained by looking at Figure 6.
The lowest excited eigenstate also has avoided
crossings with eigenstates from higher excita-
tion sectors. In order not to overload the plot,
we only show the eigenenergy of the most rel-
evant eigenstate of each excitation sector. It is
remarkable how the non-crossing only occur
between the first excitation sector and higher
order excitation sectors and not between the
higher order excitation sectors mutually. For
higher values of γ these avoided crossings are
present. The absence of the no-crossing of the
eigenstates for small values of γ is probably
due to the limited numerical precision.

Figure 6: The eigenenergy of the eigenstate
that, for each excitation sector, interacts most
strongly with the vacuum state as a function
of the coupling strength γ = 10−3.

II. Dynamics

Figure 7 shows the expectation value of Ŝ0
tot

with respect to the vacuum state. There is a
sharp peak at the Read-Green point g = 1

7
for γ = 10−3. The magnitude of this peak in-
creases monotonously through time. For larger
values of γ, the peak becomes broader and
there also appear peaks at other Read-Green
points. For instance, we find peaks both at
g = 1

7 and g = 1
3 for γ = 10−2. The presence

of these peaks also seems to depend on the
number of levels in the system. For a four-level
system, there appeared a very small, large peak
for 1

2 that doesn’t seem to have an equivalent
in the eight-level system. In Figure 8 we see
that for the expectation value of Ŝ†

tot with re-
spect to the vacuum state there is also peak at

g = 1
3 . The peak here is slightly broader than

that of the occupancy. The time evolution is
very similar to that of the occupancy.

V. Conclusion

We studied the dynamics of dissipation in
quantum systems by considering two differ-
ent models, the harmonic oscillator and the
integrable p + ip model. The interaction with
the environment was included by breaking the
particle-number conservation in the Hamilto-
nian. For the harmonic oscillator, we found
that damping or amplification can be obtained
by breaking the hermicity of the Hamiltonian.
For the integrable p + ip model, we found
that there occurs avoided crossing at the Read-
Green points. Based on the time-dependent
expectation values 〈{ia}(t)|Ŝ†

i |{ia}(t)〉and
〈{ia}(t)|Ŝ0

i |{ia}(t)〉, we found that the Read-
Green points also play an important role in the
dynamics of the model, which can be observed
in sharp peaks.
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1

Chapter 1

Introduction

In this thesis we aim to study the dissipation dynamics in (integrable) quantum systems.
This subject is becoming increasingly more relevant, now that decoherence turns out to be
one of the main challenges in quantum computation and spintronics1 [1, 2].
In this chapter we will outline the structure of this thesis, briefly discuss some of the main
concepts that will be used throughout this work and mention some of the applications.

1.1 Dynamics in quantum systems
In 1925 Schrödinger formulated his well-known equation [3]

i~
∂

∂t
|ψ〉 = Ĥ |ψ〉 (1.1)

which describes the dynamics of a non-relativistic quantum system. This equation implies
that given the Hamiltonian Ĥ of a system and an initial state, we know how the state will
evolve through time. The Hamiltonian therefore contains the essential information on the
dynamics of the system. If the Hamiltonian is time-independent, which will almost always
be the case in this thesis, the equation can be formally solved to yield

|ψ(t)〉 = e−
iĤt
~ |ψ(0)〉 , (1.2)

so that the time evolution operator is a unitary transformation if the Hamiltonian is her-
mitian. If one desires to further simplify the expression, one can expand |ψ〉 in terms of
the eigenstates of the Hamiltonian, which can be determined by solving the corresponding
eigenvalue equation. Thus, describing the dynamics of a quantum system boils down to

1For the relation between dissipation and decoherence, see section 1.2



1.2. DISSIPATION AND DECOHERENCE 2

solving an eigenvalue equation. Unfortunately, the dimension of the Hilbert space in which
the eigenvalue equation has to be solved scales exponentially with the number of degrees
of freedom in the system [4]. Therefore, one very seldom encounters a quantum system
for which the dynamics can be described exactly. In this work we will focus on a special
subclass of quantum models, for which we can still solve the eigenvalue equation exactly
for many degrees of freedom. As we can thus obtain all the eigenstates, each possible state
can be expanded in terms of the eigenstates and we can calculate how the state propagates
in an exact manner. It is therefore possible to infer how the system will evolve after a
sudden perturbation, also called a quantum quench [5].

1.2 Dissipation and decoherence
Under dissipation we understand the loss of (useful) energy in the system. From thermo-
dynamics we know that dissipation can never occur in an isolated system. If we want to
include dissipative effects, we will need interaction of the system with an external environ-
ment. Decoherence is the loss of interference, or the ordering of the phase angles, between
the components in a system [6]. Decoherence relates to the loss of information, whereas
dissipation refers to the loss of (useful) energy. In the context of quantum computing the
typical timescale of decoherence is usually much smaller than that of dissipation. For an
accessible discussion see [7]. In this work we will use the term dissipation, bearing in mind
that the presented framework can also be used to describe decoherence.
The most general approach to include interaction with an environment is to split the
Hamiltonian in three parts: one describing the system, one describing the environment
and one describing the coupling between the system and the environment. As the envi-
ronment usually contains a vast amount of degrees of freedom, the Hamiltonian describing
the environment can be approximated or even neglected2.

1.3 Quantum computing
In this section we will briefly describe a possible application. In quantum computing, one
wants to make use of the entanglement in a quantum system to perform highly parallel
computations. We will not discuss the underlying fundamentals, but we refer to [8] for an
accessible overview of quantum computing. We here wish to focus on a possible method to
create a quantum computer using spins and how the work presented here could be relevant

2We will discuss some methods to include damping in section 2.2.
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in the modeling thereof.
In Figure 1.1a a nitrogen-vacancy impurity in diamond is depicted. The current state of
technology allows to create this kind of impurities in synthetic diamond [9]. The impurity
has energy levels in the band gap of diamond and from Figure 1.1b it is clear that for
instance the |3A2,+1〉 and the |3A2, 0〉 state behave as a two state system, which can be
used as a qubit3 for quantum computation. This setup is appealing to many quantum
computing researchers, because it conserves entanglement well at room temperature4, thus
offering the long term prospective of a quantum computer at room temperature [10].

(a) A graphical illustration of a N-V impu-
rity in diamond [11].

(b) The spin dynamics diagram [12]. There
are two triplet states, |3E〉 and |3A2〉, and
two intermediate singlet states,|1E〉 and
|1A1〉 [13].

However, there are still many challenges ahead and a better understanding of spin de-
coherence is one of those. In [14] the model we discuss in chapter 5 is used to describe
decoherence in such a spin system. The model used has the disadvantage that the en-
vironment has to be modeled as well. This drawback can be remedied by the model we
introduce in chapter 6.

3A qubit is in fact the quantum information terminology for any two state system.
4In the reference a decoherence time of about 1 millisecond is mentioned. This should be enough to

perform about 100,000 operations.
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1.4 Outline
The aim of this thesis is to discuss the dissipation in integrable systems as set out in chapter
6. In order to better understand this kind of interaction with an environment, we study
the same kind of dissipation in the harmonic oscillator, see chapter 2. The connection
to the classical case is made several times, because this facilitates the interpretation. In
chapter 3 we introduce integrable models and propose an ansatz for the eigenstates. We
find that the eigenstates can be obtained by solving a set of algebraic equations that
scales linearly with the system size. We note several analogies between the harmonic
oscillator and the integrable models. In chapter 4 we discuss how these equations can be
solved efficiently. In chapter 5 we introduce an isolated integrable system that exhibits an
interesting phase diagram and to which we will add dissipation in chapter 6. We discuss
how we can numerically compute the relevant physical properties of the model. In chapter
7 we proceed to numerically analyze both the statics and the dynamics of the model. In
chapter 8 we give the conclusion and the outlook.
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Chapter 2

Dissipation dynamics in the
harmonic oscillator

The harmonic oscillator will be the starting point for our study of the dissipation dynam-
ics in quantum integrable models, because for this system closed-form solutions can be
obtained, facilitating the interpretation of the underlying physics. We will start by consid-
ering the regular harmonic oscillator and search for a state that mimics the dynamics of the
classical harmonic oscillator. More specifically, we wish to construct a quantum equivalent
of the damped classical pendulum. The connection to classical physics is made, because
we thus hope to better understand the nature of damping in the quantum case. Next we
will show that the discussion of the single oscillator can straightforwardly be extended to
a set of coupled oscillators.

2.1 The single harmonic oscillator
In this section we will to find a wavefunction that gives the same time evolution of the
displacement as in the classical case. The results for the classical case are derived in
Appendix A. We summarize the most important results. The classical Hamiltonian of a
a particle with a mass m in a harmonic oscillator potential with spring constant mω2 is
given by

H = p2

2m + mω2x2

2 , (2.1)

from which the well-known equation of motion can be derived
d2x

dt2
= −ω2x, (2.2)
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the general solution of which is given by

x(t) = A cos(ωt+ φ), (2.3)

with A, ω and φ real. We are hence looking for a wavefunction ψ(t) so that

〈ψ(t)|X̂|ψ(t)〉 = A cos(ωt+ φ). (2.4)

2.1.1 The harmonic oscillator without damping

The undamped quantum harmonic oscillator is described by the following Hamiltonian

Ĥ = P̂ 2

2m + mω2X̂2

2 , (2.5)

where the hat symbol indicates an operator. This Hamiltonian is the same as in the classical
case, but in the quantum case the canonical coordinates are replaced by operators. By using
the Dirac recipe

{, } → i~[, ], (2.6)

with {, } the Poisson bracket and [, ] the commutator, we find the quantum equivalent of
equation (A.4)

[X̂, P̂ ] = i~. (2.7)

In coordinate space, these operators have the well known representation

X̂ → x (2.8)

P̂ → −i~ ∂
∂x
, (2.9)

which clearly satisfies equation (2.7). By considering the eigenvalue equation of the Hamil-
tonian

Ĥ |ψn〉 = En |ψn〉 (2.10)

in coordinate space

− ~2

2m
∂2ψn
∂x2 + mω2x2

2 ψn = Enψn, (2.11)
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we obtain a differential equation that can straightforwardly be solved. The eigenenergies
are then given by

En = ~ω(n+ 1
2), n ∈ N. (2.12)

As depicted in Figure 2.1, the spectrum of the harmonic oscillator is equidistant and the
ground state has an energy different from zero, which is called the zero-point energy. The
corresponding eigenfunctions are given by

ψn(x) = 1√
2nn!

(mω
π~

)1/4e−
mωx2

2~ Hn(
√
mω

~
x). (2.13)

Here, Hn is the nth-order Hermite polynomial and n is the excitation level. It is convenient
to write the normalized eigenfunction in terms of dimensionless variables

ψn(ζ) = 1√
2nn!

( 1
π

)1/4e−
ζ2
2 Hn(ζ), (2.14)

with ζ =
√

mω
~ x.

The ground state is given by

ψ0(ζ) = ( 1
π

)1/4e−
ζ2
2 , (2.15)

which is a Gaussian function centered around zero. This can be seen as the quantum
mechanical equivalent of a classical particle at rest. The non-zero variance in the position,
σ2
x = ~

mω
, is necessary to comply with the Heisenberg uncertainty principle. In the limit of

large excitations, n→∞, we obtain a particle density that is very similar to the classical

Figure 2.1: The eigenfunctions of harmonic oscillator Hamiltonian and their spectrum [15].
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case, as shown in Figure 2.2. This is conform the correspondence principle, that stipulates
that for large quantum numbers one should be able to reproduce classical results. We see
that the particle is most likely to be found at the "walls" of the potential. It is easy to see
that the expectation value of X̂ with respect to an eigenstate is zero at each moment. This
is clearly different from what we find in the classical case. Therefore, the correspondence
principle won’t help us to find a wavefunction that satisfies equation (2.4). For the lower
excited states, no exact analogy can be made with the classical case, as due to presence of
the Hermite polynomials, the particle will be less likely found at the "walls" of the harmonic
potential than in the classical case, as can be seen in Figure 2.1.
It is customary to introduce the creation and annihilation operators

â =
√
mω

2~ (X̂ + i

mω
P̂ ), (2.16)

â† =
√
mω

2~ (X̂ − i

mω
P̂ ). (2.17)

These operators satisfy

[â, â†] = 1, [N̂ , â†] = â†, [N̂ , â] = −â, (2.18)

Figure 2.2: Comparison of the classical density (dashed curve) and the density of the
wavefunction |ψn=100(x)|2 [16].
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where we have introduced the number operator, N̂ , â†â. We can write the original
operators in terms of the new ones

X̂ =
√

~
2mω (â+ â†), P̂ = i

√
mω~

2 (â− â†), (2.19)

Ĥ = ~ω(N̂ + 1
2), (2.20)

The â† can be considered as an operator that creates an energy quantum with an energy
of ~ω and similarly â annihilates such a quantum. The total energy in the system then
equals the number of energy quanta times ~ω plus the zero-point energy. This is precisely
what the Hamiltonian expresses. Written in terms of the creation operator, the normalized
eigenstates of the Hamiltonian are

ψn = (â†)n√
n!
|0〉 , (2.21)

with |0〉 the vacuum state. Each of the eigenstates has a distinct number of energy quanta.
Because commutator relations are involved, the energy quanta behave as bosons [4]. We
wonder whether it is possible to find a superposition of eigenstates for which the dynamical
analogy, as in equation (2.4), does hold. In literature, states that have dynamics strongly
resembling the classical case are called coherent states or Glauber states and are frequently
used in quantum optics [17, 18, 19]. These states satisfy

â |α〉 = α |α〉 . (2.22)

As Glauber states are the right eigenstates, as opposed to a left eigenstate, of the anni-
hilation operator, we see that coherent states don’t have a well defined number of energy
quanta. Taking the hermitian conjugate of this definition, we find that

〈α| â† = 〈α|α∗, (2.23)

showing that the corresponding bra is a left eigenstate of the creation operator. Also note
that, since â |0〉 = 0, the ground state is also a Glauber state with α = 0.
The Glauber states can be expanded in terms of the eigenstates of the Hamiltonian as

|α〉 = C
∞∑
n=0

(αâ†)n
n! |0〉 = Ceαâ

† |0〉 , (2.24)

with C a normalization constant. To determine C we first introduce the displacement
operator

D̂(α) = eαâ
†−α∗â, (2.25)
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which is clearly a unitary operator, since the operator in the exponent is antihermitian.
Using the Baker-Campbell-Hausdorff formula, examined in Appendix B, we can rewrite
this as

D̂(α) = e−
|α|2

2 eαâ
†
e−α

∗â. (2.26)

Again using the Baker-Campbell-Hausdorff formula, we can prove that

D̂†(α)âD̂(α) = â− [α∗â− αâ†, â] = â+ α. (2.27)

Using this, it is straightforward to see that a Glauber state can also be written as

|α〉 = D̂(a) |0〉 . (2.28)

This can be most easily shown by considering

âD̂(α) |0〉 = D̂(α)D̂†(α)âD̂(α) |0〉
= D̂(α)(â+ α) |0〉
= αD̂(α) |0〉 (2.29)

We can now determine the normalization constant. First note that C is also the overlap
with the ground state, C = 〈0|α〉. Writing |α〉 in terms of the displacement operator, we
get

C = 〈0|α〉 = 〈0|D̂(α)|0〉 = e−
|α|2

2 〈0|eαâ†e−α∗â|0〉 . (2.30)

If we now expand the exponentials in the braket, we immediately see that only the zeroth
order in (α∗â) is retained, so that we finally obtain

C = e−
|α|2

2 . (2.31)

The overlap of a coherent state |α〉 with the eigenfunctions of the harmonic oscillator are
hence given by

〈n|α〉 = αne−
α2
2

√
n!

. (2.32)

The squared modulus of these coefficients is thus a Poisson distribution.
Being able to expand |α〉 in terms of eigenstates of the Hamiltonian, we can determine its
time evolution |α(t)〉 as

|α(t)〉 = e−
iHt
~ |α〉 =

∞∑
n=0
〈n|α〉 e−i(n+ 1

2 )ωt |n〉 = e−
|α|2

2 e
−iωt

2

∞∑
n=0

(αe−iωt)n√
n!

|n〉 , (2.33)
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which is, up to a phase factor e−iωt2 , again a Glauber state with the time-dependent eigen-
value αe−iωt.
To obtain more insight in the behavior of Glauber states, we can derive their representation
in coordinate space. Using the definition of a Glauber state, see equation 2.22, we find

â |α〉 =
√
mω

2~ (X̂ + i

mω
P̂ ) |α〉 = α |α〉 , (2.34)

so that in coordinate space√
mω

2~ (x+ ~
mω

d

dx
) 〈x|α〉 = α 〈x|α〉 . (2.35)

The solution of this linear differential equation is

〈x|α〉 =
(
mω

π~

)1/4
e−

(√mω
~ x−

√
2α)2

2 =
( 1
π

)1/4
e−

(ζ−
√

2α)2

2 . (2.36)

This is clearly the (dimensionless) ground state shifted to the right by
√

2α. Hence, the
particle is no longer at rest in the bottom of the harmonic potential, but ζ has an expec-
tation value of

√
2α. This clearly corresponds to a classical pendulum moved away from

equilibrium and hence "excited". We’ve thus succeeded in finding the quantum mechanical
equivalent of a classical oscillator, as depicted in Figure 2.3. In order to derive an expres-
sion for the expectation value of X̂ with respect to a Glauber state |α〉, we start by using
the completeness relation of the eigenstates

〈α(t)|X̂|α(t)〉 =
∑
n,m

〈α(t)|n〉 〈n|X̂|m〉 〈m|α(t)〉 . (2.37)

The overlaps 〈α(t)|n〉 are already determined in equation (2.32), but we still have to find an
expression for 〈n|X̂|m〉. We start by noting that these elements are symmetric, so that we
can restrict ourselves to n ≤ m, or since all diagonal elements will be zero due to the odd
parity, n < m. As the Hermite polynomials are complete and orthogonal, only m = n− 1
will yield non-zero results. We can use the recursion relation

Hn+1(x) = 2xHn(x)− 2nHn−1(x) (2.38)

to obtain

〈n| ˆ̂X|n− 1〉 =
√

~n
2mω. (2.39)
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Figure 2.3: A graphical representation of the Glauber states in coordinate space. [16]

Hence, no integrals need to be computed in order to calculate the expectation value of X̂.
For the time evolution, we can now compare the quantum Glauber state with the classical
case. We consider a classical harmonic oscillator that has no initial speed

x(t) = A cos (ωt). (2.40)

For the Glauber state, we have that

〈α|X̂|α〉 =
∞∑
n,m

〈α(t)|ψn〉 〈ψn|X̂|ψm〉 〈ψm|α(t)〉

=
∞∑
n=0

(eiωt 〈α|ψn〉 〈ψn|X̂|ψn+1〉 〈ψn+1|α〉+ e−iωt 〈α|ψn+1〉 〈ψn+1|X̂|ψn〉 〈ψn|α〉)

= 2 cos (ωt)
∞∑
n=0
〈n|α〉 〈n+ 1|α〉 〈n|X̂|n+ 1〉

= 2 cos(ωt)
√

~
mω

∞∑
n=0

|α|ne−|
α|2
2

√
n!

|α|n+1e−
|α|2

2
√
n+ 1!

√
n+ 1

2

= 2 cos(ωt)
√

~
mω

|α|√
2

∞∑
n=0

|α|ne−|α|2

n!

=
√

2~
mω
|α| cos(ωt). (2.41)

We obtain the classical result if we put A =
√

2~
mω
|α|.

In what follows, we will also need the expectation value of X̂2. We therefore perform the
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calculation here. Based on the recursion formula of Hermite polynomials, we find that

2x2Hn(x) = 1
2Hn+2(x) + (2n+ 1)Hn(x) + n(n− 1)Hn−2(x). (2.42)

We can use this formula to obtain

〈α|X̂2|α〉 =
N∑
i=0

(e2iωt 〈α|i〉 〈i+ 2|α〉 〈i|X̂2|i+ 2〉

+ e−2iωt 〈α|i+ 2〉 〈i|α〉 〈i+ 2|X̂2|i〉+ 〈α|i〉 〈i|α〉 〈i|X̂2|i〉)

= 2 cos(2ωt) ~
mω

N∑
i=0

|α|ie−|
α|2
2

√
i!

|α|i+2e−|
α|2
2

√
i+ 2!

1
2
√

(i+ 1)(i+ 2)

+ ~
mω

N∑
i=0

|α|ie−|
α|2
2

√
i!

|α|ie−|
α|2
2

√
i!

2i+ 1
2

= 2~
mω

cos2(ωt)|α|2 + ~
2mω. (2.43)

We see that the expectation value contains both a static and a dynamic contribution. The
dynamic contribution is exactly what we would expect in the classical case. The static
contribution accounts for the fact that we are considering a Gaussian wavepacket rather
than a classical pendulum. Note that the variance is exactly the variance of the ground
state, ~

2mω and that it is time-independent. This explains the name coherent state: the
wavepacket doesn’t spread out as time is evolving. It is customary to make the displacement
dimensionless by rescaling it with

√
mω
~ . We then find that the dimensionless standard

deviation on the position is given by σζ = 1√
2 . Proceeding analogously for the momentum,

we find that

〈α(t)|P̂ |α(t)〉 =
√

2m~ω|α| sin(ωt) (2.44)

〈α(t)|P̂ 2|α(t)〉 = 2m~ω|α|2 sin2(ωt) + mω~
2 . (2.45)

The variance is hence given by mω~
2 , which is again time-independent. Rescaling the mo-

mentum with
√

1
mω~ , we find that the rescaled standard deviation of the momentum is the

same as for the position, 1√
2 . This is also an important feature of the coherent states: the

standard deviation of the dimensionless displacement is the same as the standard deviation
of the dimensionless momentum. Multiplying standard deviation of the displacement with
that of the momentum, we find

σxσp = ~
2 , (2.46)



2.1. THE SINGLE HARMONIC OSCILLATOR 14

so that coherent states exactly satisfy the Heisenberg uncertainty principle. States that do
satisfy the Heisenberg principle, but that don’t have an equal variance in the dimension-
less momentum and the dimensionless displacement such as our coherent state are called
squeezed states [20].

We now repeat the above calculation using the creation and annihilation operators.
Considering again the Glauber state

â |α〉 = α |α〉 , (2.47)

we can, as argued before, obtain the correct description of the time evolution when calcu-
lating expectation values by replacing α with α(t) = αe−iωt, because the extra phase factor
e−iωt drops out. Writing α = |α|eiφ, we obtain immediately

〈α(t)|X̂|α(t)〉 =
√

~
2mω (α∗(t) + α(t)) =

√
2~
mω
|α| cos(ωt− φ) (2.48)

〈α(t)|P̂ |α(t)〉 = i

√
~mω

2 (α∗(t)− α(t)) =
√

2~mω|α| sin(ωt− φ). (2.49)

The latter result could have immediately obtained if we had used the Ehrenfest theorem.
For X̂2 we find

〈α(t)|X̂2|α(t)〉 = ~
2mω (α∗2(t) + α2(t) + 2α∗(t)α(t) + 1)

= ~
2mω ((α∗(t) + α(t))2 + 1)

= 2~
mω
|α|2 cos2(ωt− φ) + ~

2mω. (2.50)

From the above it becomes clear that working with the annihilation and creation operators
rather than working in coordinate space usually makes the calculations more compact and
elegant. Therefore, we will mainly use the ladder operator formalism throughout the rest
of this chapter.

2.1.2 Consequences of a non-hermitian Hamiltonian

In the next subsection we will examine systems with a non-hermitian Hamiltonian. This
has a few important consequences which we will briefly discuss here.
1. For a hermitian operator, one has that the eigenvalues have to be real. For non-
hermitian operators this is no longer the case. This implies that the eigenenergies can
become complex, which can lead to dissipation or amplification.
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2. The eigenfunctions of a hermitian operator are mutually orthogonal and they form a
complete set. When the operator is non-hermitian, this is no longer guaranteed. This
implies that we may lose the possibility to expand every wavefunction in terms of the
eigenfunctions of the Hamiltonian.
3. When Ĥ is non-hermitian, the time evolution operator e iĤt~ will no longer be unitary.
This causes the norm of the wavefunctions to change through time. The norm of the
wavefunction will hence no longer be one at each time.
4. When Ĥ is hermitian, we have that (Ĥ |ψ〉)† = 〈ψ| Ĥ, implying that the left and right
eigenstate are the same. In the non-hermitian case this will not hold anymore and we will
have to make a distinction between the left and the right eigenstates.

2.1.3 Single oscillator with dissipation

In the previous subsection we looked at the textbook quantum harmonic oscillator and
made a connection to classical physics. In this subsection, we would like to include damp-
ing into the model. Damping can be seen as an energy transfer from the system to an
environment, a "bath" to use the thermodynamical jargon. In order to have damping we
must thus allow for the exchange of particles carrying energy between the system and the
bath. This will have to be taken into account when constructing a suitable Hamiltonian.
We should point out, however, that it is in generally very difficult to introduce damping in
the Hamilton-Lagrange formalism, because it is by definition a non-conservative force and
these cannot be described with said formalism. In the classical case, damping can easily be
introduced within the Newton formalism. It suffices to add an extra term to the equation
of motion that is proportional to the velocity

m
d2x

dt2
= −kx− γ dx

dt
, (2.51)

with γ > 0.This differential equation can easily be solved to give solutions of the form:

x(t) = e−
γt
2 cos (ωeff t) , (2.52)

with ωeff =
√
ω2 − (γ2 )2.

In the quantum mechanical case, we can introduce the following Hamiltonian

Ĥ = P̂ 2

2m + mω2X̂2

2 + βâ† + γâ = ~ω(â†â+ 1
2) + βâ† + γâ. (2.53)

With, as before:

â =
√
mω

2~ (X̂ + i

mω
P̂ )â† =

√
mω

2~ (X̂ − i

mω
P̂ ). (2.54)
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The two added terms will allow to exchange particles with the environment. Already, we
can predict that there will be a competition between β and γ to determine whether there
will be a net influx or outflux of particles.
Note that the above Hamiltonian will only be hermitian when γ = β∗. We purposely
choose not to impose this condition right away, in order to be able to analyze the influence
of γ and β separately.
To get an idea of how the eigenfunctions change due to the presence of the two extra terms,
we will solve the eigenvalue equation in coordinate space. The Hamiltonian in coordinate
space is given by

Ĥ = − ~2

2m
∂2

∂x2 + mω2x2

2 + (γ + β)
√
mω

2~ x+ (γ − β)
√

~
2mω

∂

∂x
. (2.55)

We now consider the eigenvalue equation

Ĥφ = − ~2

2m
∂2

∂x2φ+ mω2x2

2 φ+ (γ + β)
√
mω

2~ xφ+ (γ − β)
√

~
2mω

∂

∂x
φ = Eφ. (2.56)

We define A = (γ+β)
ω

√
1

2~mω and write

~2

2m(− ∂2

∂x2φ+ 2(γ − β
~

)
√

m

2ω~
∂

∂x
φ) + mω2(x+ A)2

2 φ = (E + mω2A2

2 )φ. (2.57)

We define B = (γ−β)
~

√
m

2ω~ and write

− ~2

2m( ∂
2

∂x2φ− 2B ∂

∂x
φ+B2φ) + mω2(x+ A)2

2 φ = (E + mω2A2

2 − ~2B2

2m )φ. (2.58)

Defining ψ = φe−Bx, we obtain, after multiplying each side with e−Bx, the eigenvalue
equation

− ~2

2m
∂2

∂x′2
ψ + mω2(x′)2

2 ψ = (E + mω2A2

2 − ~2B2

2m )ψ. (2.59)

We have put x′ = x + A. Formally we have again obtained the single harmonic oscillator
equation, of which the solution was thoroughly discussed before. A few changes have taken
place:
1. The coordinate is shifted by A to the left.
2. The wave function is changed by a factor e−Bx.
3. The energy is changed by mω2A2

2 − B2

2m = γβ
~ω .

This change can be interpreted as a shift in vacuum energy. To find the expression for the
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new creation and annihilation operators it suffices to note that the new coordinates were
obtained by making the following substitutions

x→ x+ A, p→ p+ i~B, (2.60)

so that we can write

â
′ =

√
mω

2~ (X̂ ′ + i

mω
P̂
′) =

√
mω

2~ (X̂ ′ + i

mω
P̂ + A− ~

mω
B)

=
√
mω

2~ (X̂ ′ + i

mω
P̂ + β

ω

√
2

~mω
) = a+ β

~ω
(2.61)

â†
′

=
√
mω

2~ (X̂ ′ − i

mω
P̂
′) =

√
mω

2~ (X̂ ′ − i

mω
P̂ + A+ ~

mω
B)

=
√
mω

2~ (X̂ ′ + i

mω
P̂ + γ

ω

√
2

~mω
) = a† + γ

~ω
. (2.62)

In order to keep the notation as simple as possible we introduce the following definition

â†
′

= â† + γ

~ω
= â†γ (2.63)

â
′ = â+ β

~ω
= â†β. (2.64)

We note that the commutation relations are preserved

[âβ, â†γ] = 1 (2.65)
[âβ, âγ] = [â†β, â†γ] = 0 (2.66)

We also have that

(âβ)† = â†β∗ (2.67)
(â†γ)† = âγ∗ (2.68)

â†β = â†γ + β − γ
~ω

(2.69)

The Hamiltonian can thus be written as

Ĥ = ~ω(â†γ âβ + 1
2 −

γβ

~2ω2 ) , ~ωâ†γ âβ + Evac, (2.70)

where we have defined Evac , ~ω
2 −

γβ
~ω as the new vacuum energy. We will consider the most

general case with β 6= γ∗ and Ĥ is not hermitian. As pointed out before, we are then no
longer sure that the eigenstates will be orthogonal, nor that the right and left eigenfunction
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will be the same. We will therefore calculate the overlap matrix of the eigenfunctions. A
right eigenstate can be written as

|Rn〉 =
(â†γ)n√
n!
|0rβ〉 , (2.71)

where |0rβ〉 is the right vacuum that is annihilated by aβ

âβ |0rβ〉 = 0. (2.72)

From this it is immediately clear that the new right vacuum is a Glauber state with
eigenvalue − β

~ω of the system discussed in previous section

â |0rβ〉 = − β

~ω
|0rβ〉 . (2.73)

Similarly, we find that a left eigenstate is given by

〈Ln| = 〈0lγ|
(âβ)n√
n!
, (2.74)

where 〈0lγ| is the vacuum that is annihilated by aγ

〈0lγ| â†γ = 0. (2.75)

We now proceed to compute 〈Rm|Rn〉. We first consider the case where m ≤ n

〈Rm|Rn〉 = 1√
m!n!

〈0rβ|amγ∗(a†γ)n|0rβ〉

= 1√
m!n!

〈0rβ|(aβ + γ∗ − β
~ω

)m(a†γ)n|0rβ〉

= 1√
m!n!

m∑
k=0

(
m

k

)
(γ
∗ − β
~ω

)m−k 〈0rβ|(aβ)k(a†γ)n|0rβ〉

= 1√
m!n!

m∑
k=0

(
m

k

)
(γ
∗ − β
~ω

)m−k n!
(n− k)! 〈0

r
β|(a†γ)n−k|0rβ〉

= 1√
m!n!

m∑
k=0

(
m

k

)
(γ
∗ − β
~ω

)m−k n!
(n− k)! 〈0

r
β|(a

†
β∗ −

β∗ − γ
~ω

)n−k|0rβ〉

= 1√
m!n!

m∑
k=0

(
m

k

)
(γ
∗ − β
~ω

)m−k n!
(n− k)!(

γ − β∗

~ω
)n−k

=
√
m!n!

m∑
k=0

1
k!(m− k)!(n− k)!(

γ∗ − β
~ω

)m−k(γ − β
∗

~ω
)n−k (2.76)
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If n ≤ m, we find analogously

〈Rm|Rn〉 =
√
m!n!

n∑
k=0

1
k!(m− k)!(n− k)!(

γ∗ − β
~ω

)m−k(γ − β
∗

~ω
)n−k, (2.77)

so that we can summarize the results as

〈Rm|Rn〉 =
√
m!n!

min(m,n)∑
k=0

1
k!(m− k)!(n− k)!(

γ∗ − β
~ω

)m−k(γ − β
∗

~ω
)n−k = 〈Rn|Rm〉∗ .

(2.78)

We see that for γ 6= β∗, the eigenstates indeed aren’t orthogonal.
We again define the Glauber state as

âβ |α
′〉 = α

′ |α′〉 . (2.79)

For the old annihilation operator we find

â |α′〉 = (α′ − β

~ω
) |α′〉 , (2.80)

so that the index represents the value over which the eigenvalue of the Glauber state is
translated. For the creation operator, we find analogously

〈α′ | â†γ = 〈α| (α∗ + γ − β∗

~ω
). (2.81)

It is interesting to wonder whether the new eigenstates still form a complete set. By
construction, we still have that

|α′〉 = Nα′

∞∑
n=0

(α′ â†γ)n |0rβ〉 , (2.82)

with Nα′ a normalization constant that will be determined in the next subsection, satisfies
the definition of a Glauber state, see equation (2.79). As the Glauber states with respect
to the new annihilation operator are just translated versions of the original Glauber states,
we find that the set of new Glauber states is still complete. Since we can construct a set
of complete eigenstates with the new eigenstates, they form a complete set.
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2.1.4 Time evolution in the damped single harmonic oscillator

We proceed to check the time dependency

〈α′(t)|X̂|α′(t)〉 = 〈α′ |e iH
†t

~ X̂e−
iHt
~ |α′〉

=
√

~
2mω 〈α

′ |eiω(â†
β∗ âγ∗+ 1

2−
γ∗β∗

~2ω2 )t(â+ â†)e−iω(â†γ âβ+ 1
2−

γβ

~2ω2 )t|α′〉

=
√

~
2mω 〈α

′ |eiω(â†
β∗ âγ∗+ 1

2−
γ∗β∗

~2ω2 )t(âβ + â†β∗ −
β + β∗

~ω
)e−iω(â†γ âβ+ 1

2−
γβ

~2ω2 )t|α′〉

(2.83)

For the first term, we can use the formula AeBA = eABA, with here A = âβ and B = â†γ to
pull the annihilation operator through the time evolution operator. For the second term
we can proceed similarly, resulting in

=
√

~
2mω

[
〈α′ |eiω(â†

β∗ âγ∗+ 1
2−

γ∗β∗

~2ω2 )te−iω(âβ â†γ+ 1
2−

γβ

~2ω2 )tâβ

+â†β∗e
iω(â†

β∗ âγ∗+ 1
2−

γ∗β∗

~2ω2 )te−iω(âβ â†γ+ 1
2−

γβ

~2ω2 )t|α′〉 − β + β∗

~ω
〈α′(t)|α′(t)〉

]
. (2.84)

We now use the fact that [âβ, â†γ] = 1 to rewrite the exponentials and obtain

=
√

~
2mω (α′∗eiωt + α

′
e−iωt − β + β∗

~ω
) 〈α′(t)|α′(t)〉 (2.85)

To further simplify this expression, we need to know how the Glauber state propagates
through time. To do this, we expand the Glauber states in terms of the new eigenfunctions

|α′〉 = Nα′

∞∑
n=0

(α′ â†γ)n |0rβ〉 , (2.86)
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with Nα′ a normalization constant, since this satisfies the definition of the Glauber state
(2.79). We first determine Nα′ :

〈α′ |α′〉

= |Nα′ |2
∞∑
m=0

∞∑
n=0

(α
′∗)m(α′)n√
m!n!

〈Rm|Rn〉

= |Nα′ |2
∞∑
m=0

∞∑
n=0

(α′∗)m(α′)n
min(m,n)∑
k=0

1
k!(m− k)!(n− k)!(

γ∗ − β
~ω

)m−k(γ − β
∗

~ω
)n−k

= |Nα′ |2
∞∑
m=0

∞∑
n=0

(α
′∗γ∗ − α′∗β

~ω
)m(α

′
γ − α′β∗

~ω
)n

min(m,n)∑
k=0

1
k!(m− k)!(n− k)! |

γ∗ − β
~ω

|−2k

= |Nα′ |2
∞∑
k=0

1
k! |

γ∗ − β
~ω

|−2k(
∞∑
m=k

1
(m− k)!(

α
′∗γ∗ − α′∗β

~ω
)m)(

∞∑
m=k

( 1
(n− k)!

α
′
γ − α′β∗

~ω
)n)

= |Nα′ |2
∞∑
k=0

1
k! |

γ∗ − β
~ω

|−2k(α
′∗γ∗ − α′∗β

~ω
)ke

α
′∗γ∗−α

′∗β
~ω (α

′
γ − α′β∗

~ω
)ke

α
′
γ−α

′
β∗

~ω

= |Nα′ |2e
α
′∗γ∗−α

′∗β
~ω e

α
′
γ−α

′
β∗

~ω e|α
′ |2 . (2.87)

Demanding that the norm be one, we thus find for |Nα|2:

|Nα|2 = e−
α
′∗γ∗−α

′∗β
~ω e−

α
′
γ−α

′
β∗

~ω e−|α
′ |2 . (2.88)

The time evolution of the state is given by

|α(t)〉 = Nα′e
− iĤt~

∞∑
n=0

(α′ â†γ)n |0
′〉

= Nα′e
− iEvact~

∞∑
n=0

(α′ â†γe−iωt)n |0
′〉 . (2.89)

Using this and equation (2.88), we immediately find for the norm

〈α′(t)|α′(t)〉 = e4|α′ || γ−β
∗

~ω | sin (ωt2 −φ) sin ωt
2 ei

γβ−γ∗β∗

~2ω2 ωt. (2.90)

The two exponentials have a very different behavior. The first one is causing the norm to
oscillate, but doesn’t contribute to damping or oscillating on the long term. This is the case
for the latter factor, which clearly causes an exponential damping as γβ−γ∗β∗

~2ω2 is imaginary.
When we want to mimic the classical damping, only the second factor is desirable.
The expectation value of X̂ now becomes

〈α′(t)|X̂|α′(t)〉 =
√

~
2mω (α′∗eiωt + α

′
e−iωt − β + β∗

~ω
)e4|α′ || γ−β

∗
~ω | sin (ωt2 −φ) sin ωt

2 ei
γβ−γ∗β∗

~2ω2 ωt.

(2.91)
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(a) β = 9− 4i, γ = 5− 3i (b) β = 9 + 4i, γ = 5 + 3i (c) β = 5 + 3i, γ = 5− 3i

Figure 2.4: The three different types of time evolution of the displacement: amplification,
damping and oscillation. For all figures the following values were chosen ω = 50, α = 5
and m = 1.

The evolution of the expectation value of the displacement in time is shown in Figure 2.4
for a few well chosen values of γ and β. We see that the displacement will either be damped,
amplified or oscillating. The latter is the case when Ĥ is hermitian. Note that the function
is slightly shifted to below due to the presence of the linear terms in â and â†, which can
also be see by the extra term −β+β∗

~ω in equation (2.91). For the other two regimes, we
note that we indeed managed to introduce both damping and amplification. However, due
to the extra oscillating behavior of the norm, the evolution of the displacement is different
from the classical case.
For the expectation value of X̂2 we find

〈α′(t)|X̂2|α′(t)〉 = ~
2mω 〈α

′(t)|(âβ + â†β −
β + β∗

~ω
)2|α′(t)〉

= ~
2mω 〈α

′(t)|(âβ + â†β)2 − 2β + β∗

~ω
(âβ + â†β) + (β + β∗

~ω
)2|α′(t)〉

= ~
2mω 〈α

′(t)|â2
β + 1 + 2â†βâβ + â†2β − 2β + β∗

~ω
(âβ + â†β) + (β + β∗

~ω
)2|α′(t)〉

= ~
2mω ((α′)2e2iωt + 1 + 2(α′)(α′∗)

+ (α′∗)2e−2iωt − 2β + β∗
~ω

((α′)e−iωt + (α′∗)eiωt) + (β + β∗

~ω
)2) 〈α′(t)|α′(t)〉

= ~
2mω (1 + ((α′)e−iωt + (α′∗)eiωt)2 + (β + β∗

~ω
)2

− 2β + β∗
~ω

((α′)e−iωt + (α′∗)eiωt)) 〈α′(t)|α′(t)〉

= 〈α′(t)|X̂|α′(t)〉2 + ~
2mω 〈α

′(t)|α′(t)〉 (2.92)
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We see that the variance in the displacement is a constant. A similar calculation for the
momentum gives

〈α′(t)|P̂ 2|α′(t)〉 = 〈α′(t)|P̂ |α′(t)〉2 + ~mω
2 〈α′(t)|α′(t)〉 , (2.93)

so that we still have that the equality in the uncertainty principle is respected1: σpσx = ~
2 .

We can also compute the expectation value of the number of quanta in the original HO
system

〈α′(t)|â†â|α′(t)〉 = 〈α′(t)|(â†β∗ −
β∗

~ω
)(âβ −

β

~ω
)|α′(t)〉

= 〈α′(t)|â†β∗ âβ −
β∗

~ω
âβ −

β

~ω
â†β∗ + |β|

2

~2ω2 |α
′(t)〉

= (|α′|2 − β∗α

~ω
e−iωt − βα∗

~ω
eiωt + |β|

2

~2ω2 ) 〈α′(t)|α′(t)〉

= (|α′|2 − 2|α′β|
~ω

cos (ωt− φα′β∗) + |β|
2

~2ω2 ) 〈α′(t)|α′(t)〉

= (|α′|2 − 2|α′β|
~ω

cos (ωt− φα′β∗) + |β|
2

~2ω2 )e4|α′ || γ−β
∗

~ω | sin (ωt2 −φ) sin ωt
2 ei

γβ−γ∗β∗

~2ω2 ωt,

(2.94)

with φα∗β the phase of α∗β. This expectation value is formally identical to the expectation
value of the displacement: a cosine that is shifted upwards and damped due to the change
in norm of the Glauber state. Therefore, the discussion is completely analogous to that of
the displacement. We can also look at the time evolution of the original HO-orbitals:

〈n(t)|m(t)〉 = 1√
n!m!

〈0|âne iĤ
†t

~ e
−iĤt

~ (â†)m|0〉

= 1√
n!m!

〈0|(â∗γ −
γ∗

~ω
)ne iĤ

†t
~ e

−iĤt
~ (â†γ −

γ

~ω
)m|0〉

= 1√
n!m!

〈0|e iĤ
†t

~ (âγ∗eiωt −
γ∗

~ω
)n(â†γe−iωt −

γ

~ω
)me

−iĤt
~ |0〉 . (2.95)

Consider the case where n ≤ m. We use the following formula

Ân(B̂)m =
n∑
l=0

n!m!
(n− l)!(m− l)!l!B̂

m−lÂn−l, (2.96)

1Because the Heisenberg uncertainty relation is only valid for wavefunctions normalized to one, the
factor 〈α′(t)|α′(t)〉 drops out.
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with [Â, B̂] = 1. This formula can easily be proven by induction. The overlap of the
eigenstates of the undamped oscillator then becomes

〈n(t)|m(t)〉

=
√
n!m!

n∑
l=0

1
(n− l)!(m− l)!l! 〈0|e

iĤ†t
~ (â†γe−iωt −

γ

~ω
)m−l(âγ∗eiωt −

γ∗

~ω
)n−le−iĤt~ |0〉

=
√
n!m!

n∑
l=0

1
(n− l)!(m− l)!l!

〈0|e iĤ
†t

~ ((â†γ∗ + γ − β∗

~ω
)e−iωt − γ

~ω
)m−l((âβ + γ∗ − β

~ω
)eiωt − γ∗

~ω
)n−le−iĤt~ |0〉

=
√
n!m!

n∑
l=0

1
(n− l)!(m− l)!l! (2.97)

〈0|((â†β∗eiωt + γ − β∗

~ω
)e−iωt − γ

~ω
)m−le iĤ

†t
~ e

−iĤt
~ ((âβe−iωt + γ∗ − β

~ω
)eiωt − γ∗

~ω
)n−l|0〉 .

In the last line we used the same trick as before to pull the creation and annihilation opera-
tors through the time evolution operator. We now write the new creation and annihilation
operators in terms of the old ones and apply them to their vacuum state |0〉

〈n(t)|m(t)〉

=
√
n!m!

n∑
l=0

1
(n− l)!(m− l)!l! ((

γ − β∗

~ω
)e−iωt + β∗ − γ

~ω
)m−l((γ

∗ − β
~ω

)eiωt + β − γ∗

~ω
)n−l

〈0|e iĤ
†t

~ e
−iĤt

~ |0〉

=
√
n!m!

n∑
l=0

1
(n− l)!(m− l)!l! ((

γ − β∗

~ω
)e−iωt + β∗ − γ

~ω
)m−l((γ

∗ − β
~ω

)eiωt + β − γ∗

~ω
)n−l

〈 β
~ω

(t)| β
~ω

(t)〉 . (2.98)

In the last line we used that |0〉 is a Glauber state with eigenvalue β
~ω . This is a useful

observation, because we already know how the norm of such a state changes through time,
see equation (2.90). As the expression is again proportional to the norm of a Glauber state,
the same conclusions with regard to damping and amplification apply. The case n > m can
be treated analogously. The time dependency in the overlap of the undamped harmonic
oscillator eigenstates is thus completely determined by the shift of the vacuum state, β

~ω .
The overlap | 〈n = 3(t)|n = 4(t)〉 | is shown in Figure 2.5.

2.1.5 A set of coupled harmonic oscillators

Coupled oscillators play an important role in many physical models. An example is spec-
troscopy, where the molecular Hamiltonian can usually be well approximated by a set of
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Figure 2.5: The overlap | 〈n = 3|n = 4〉 | as a function of time. The used values are β =
9 + 4i, γ = 5 + 3i and ω = 50.

coupled oscillators. The vibrational motion of the atoms can be decomposed into a set of
normal modes, which are harmonic oscillations at a fixed frequency. It is the symmetry
of these modes that will determine the infrared spectrum of the molecules. The normal
modes of CO2 are shown in Figure 2.6. The Hamiltonian of N coupled harmonic oscillators
in coordinate space is given by

Ĥ =
N∑
i

P̂ 2
i

2mi

+ 1
2

N∑
i,j

KijX̂iX̂j = −
N∑
i

~2

2mi

∂2

∂x2
i

+ 1
2

N∑
i,j

Kijxixj. (2.99)

To find the eigenstates of the Hamiltonian, we introduce new coordinates

qi = √mixi (2.100)

and define the new K-matrix

K
′

ij = 1
√
mi

Kij
1
√
mj

. (2.101)

Written out in these new coordinates, the Hamiltonian becomes

H = −
N∑
i

~2

2
∂2

∂q2
i

+ 1
2

N∑
i,j

K
′

ijqiqj. (2.102)

As Kij and hence K ′ij is symmetric, we can diagonalize it in order to uncouple the oscilla-
tors. We define the normal coordinates as

Qi =
N∑
j=1

Vijqj, (2.103)
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Figure 2.6: The normal modes of CO2. [21]

with V an orthogonal matrix that diagonalizes K ′ij, so that

H = −
N∑
i

~2

2
∂2

∂Q2
i

+ 1
2

N∑
i

ω2
iQ

2
i , (2.104)

with ω2 the eigenvalues of K ′ij. By introducing the notation ω2, we have assumed K to
be positive definite. We have obtained a sum of single harmonic oscillator Hamiltonians,
which correspond to the normal modes. The total energy is simply the sum of the individual
energies

Etot = ~
N∑
i=1

ωi(ni + 1
2). (2.105)

The total wavefunction can now be written in terms of the normal coordinates as

Ψn1,...,nN =
N∏
i=1

ψni =
N∏
i=1

1√
2nini!

( ωi
π~

)1/4e−
ωiQ

2
i

2~ Hni(
√
ωi
~
Qi) =

N∏
i=1

1√
2nini!

( 1
π

)1/4e−
ξ2
i
2 Hni(ξi),

(2.106)

with again ξi =
√

ωi
~ Qi.

We will now try to find a state that mimics the classical case, where only one of the
pendulums has an initial displacement and all pendulums have zero velocity. Writing the
new, dimensionless variables in terms of the old ones, we have that

ξi =
N∑
j=1

Vij

√
ωimj

~
xj, (2.107)
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and by inverting this also

xj =
N∑
i=1

Vij

√√√√ ~
ωimj

ξi. (2.108)

Based on the single oscillator case, we pick one original coordinate x0 and shift it to the
right by A: x′0 = x0 − A. It is easy to see that this will lead to

ξ
′

j = ξj − Vj0
√
ωjm0

~
A. (2.109)

the index 0 refers to the oscillator that gets an initial displacement. Hence, we see that
each of the normal ground states becomes a Glauber state with |αj| = Vj0

√
ωjm0

~
A√
2 and

we write formally

|Ψα1,...,αN 〉 = ⊗Ni=1 |αi〉 . (2.110)

We now compute the expectation value of X̂k

〈X̂k〉 = 〈Ψα1,...,αN |X̂k|Ψα1,...,αN 〉

=
N∑
i=1

Vik√
mk

〈αi|Q̂i|αi〉

=
N∑
i=1

Vik

√
2~
mkωi

|αi| cos(ωit)

=
√
ml

mk

A
N∑
i=1

VikVi0 cos(ωit). (2.111)

The time evolution of 〈X̂0〉 is shown in Figure 2.7. The parameters used in the plot are

Figure 2.7: The displacement of the oscillator with index 0.
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N = 4 and

Kij =


i if i = j√

N − i if j = 1
√
N − j if i = 1

(2.112)

for i, j = 1, .., N . These parameters will be used in all plots in this section. We used the
result from the single oscillator to evaluate the matrix element. At t = 0, we get

〈X̂k〉 = δk0A. (2.113)

By comparing the quantum solution to the classical one, we see that both solutions are
completely the same. We have thus succeeded in finding a wavefunction that completely
mimics the dynamics of the classical harmonic oscillator.

We are also interested in correlations between the expectation values of the original coor-
dinates. We obtain

〈Ψα1,...,αN |X̂kX̂p|Ψα1,...,αN 〉 =
N∑

i,j=1
i 6=j

Vik√
mk

Vjp√
mp

〈αi|Q̂i|αi〉 〈αj|Q̂j|αj〉

+
N∑
i=1

VikVip√
mkmp

〈αi|Q̂i
2|αi〉

= ml√
mkmp

A2
N∑
i=1

VikVi0 cos(ωit)
N∑
i=1

VjpVj0 cos(ωjt) (2.114)

+ ~
2√mkmp

N∑
i=1

VikVip
ωi

.

We again obtain a result that is very close to the classical one, but there is an extra term
necessary to comply with the uncertainty principle. In the limit ~ → 0 we get the exact
correspondence.

2.1.6 Damped coupled oscillators

Similarly to the single damped oscillator case, we will consider a Hamiltonian of the form

Ĥ =
N∑
i

P̂ 2
i

2mi

+ 1
2

N∑
i,j

KijX̂iX̂j +
N∑
l=1

(
AlX̂l +BlP̂l

)
. (2.115)

Here we have added linear terms in X̂l and P̂l, because we can only introduce creation and
annihilation operators after having decomposed the system in normal modes. As X̂ and
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Figure 2.8: The correlation of the displacement the oscillator with index 0 and an oscillator
without initial displacement as a function of time.

P̂ are linear combinations of the creation and annihilation operator in the single oscillator
case, we presume that we will eventually obtain the same kind of damping as for the single
oscillator. To diagonalize the Hamiltonian, we transform to normal coordinates

ξi =
N∑
j=1

Vij

√
ωimj

~
xj, (2.116)

where ω2
i is a labeled eigenvalue of Kij. Inverting the above coordinate transformation, we

find the original coordinates in terms of the normal ones

xj =
N∑
i=1

Vij

√√√√ ~
ωimj

ξi. (2.117)

We can now write the Hamiltonian in normal coordinates as

H =
N∑
i

~ωi
(
â†i âi + 1

2

)
+

N∑
l

AlVil

√
~

ωiml

ξi − iBlVil
√
~ωiml

∂

∂ξi

=
N∑
i

~ωi
(
â†i âi + 1

2

)
+

N∑
l

AlVil

√
~

2ωiml

(
ai + a†i

)
+BlVil

√
~ωiml

2
(
ai − a†i

)

=
N∑
i

~ωi
(
â†i âi + 1

2

)
+

N∑
l

AlVil
√

~
2ωiml

+BlVil

√
~ωiml

2

 ai (2.118)

+
N∑
l

AlVil
√

~
2ωiml

−BlVil

√
~ωiml

2

 a†i .
We formally retrieve the uncoupled equations. If we put

γi =
N∑
l

(
AlVil
ωi

√
1

2~ωiml

+BlVil

√
ml

2~ωi

)
(2.119)
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βi =
N∑
l

(
AlVil
ωi

√
1

2~ωiml

−BlVil

√
ml

2~ωi

)
, (2.120)

we can simplify the notation to

Ĥ =
N∑
i=1

~ωi
(
â†i âi + 1

2 + βiâ
†
i + γiâi

)
. (2.121)

We now proceed to compute the time-dependent expectation value of the displacement
using Glauber states in the normal coordinates. We impose the initial condition

xj(t = 0) = Cδj0, (2.122)

so only the oscillator labeled with index 0 has an initial displacement of C. The other
oscillators have zero displacement. Using the same reasoning as we did for the undamped
oscillator, we find for the eigenvalue αi of the Glauber state in the i-th normal coordinate
that

|αi| = Vi0

√
ωim0

~
C. (2.123)

Using the results from the previous section, we can obtain an expression for the expectation
value of X̂

〈X̂k〉 = 〈Ψα1,...,αN (t)|X̂k|Ψα1,...,αN (t)〉

=
N∑
i=1

Vik√
mk

〈αi(t)|Q̂i|αi(t)〉
∏
j 6=i
〈αj(t)|αj(t)〉

=
N∑
i=1

Vik√
mk

√
~

2ωi

[(
α∗i + β∗i

~ωi

)
eiωit +

(
αi + βi

~ωi

)
e−iωit − βi + β∗i

~ωi

]
N∏
j=1
〈αj(t)|αj(t)〉 .

(2.124)

We see that the expectation value of the position is proportional to ∏N
j=1 〈αj(t)|αj(t)〉,

which will be responsible for the damping or amplification of the displacement. This
factor is independent of the index k, which indicates the harmonic oscillator for which we
calculate the expectation value of the displacement. Therefore, each of the oscillators will
be damped in the same way. This conclusion is not restricted to the displacement, since all
expectation values will be proportional to this factor. If we demand that Ĥ be hermitian,
we have that βi = γ∗i . Using this and the fact that the norm of the Glauber state remains
one throughout time, we can greatly simplify the formula to

=
N∑
i=1

Vik√
mk

√
~
ωi

[
Vil

√
ωiml

~
A√
2

+
N∑
l=1

(
AlVil
ωi

√
1

2~ωiml

−BoVil

√
ml

2~ωi

)
cosωit (2.125)

−
N∑
l=1

(
AlVil
ωi

√
1

2~ωiml

−BlVil

√
ml

2~ωi

)]
,
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where l′ is the fixed coordinate with the initial value equal to C. In Figure 2.9 we show an
example. As we are interested in the correlations, we also compute

Figure 2.9: The displacement of the oscillator with index 0 as a function of time.

〈Ψα1,...,αN |X̂kX̂p|Ψα1,...,αN 〉

=
N∑

i,j=1
i 6=j

Vik√
mk

Vjp√
mp

〈αi(t)|Q̂i|αi(t)〉 〈αj(t)|Q̂j|αj(t)〉+
N∑
i=1

VikVip√
mkmp

〈αi(t)|Q̂i
2|αi(t)〉

=
N∑

i,j=1

Vik√
mk

Vjp√
mp

〈αi(t)|Q̂i|αi(t)〉 〈αj(t)|Q̂j|αj(t)〉+
N∑
i=1

VikVip√
mkmp

~
2ωi

(2.126)

Figure 2.10: The correlation of the displacement the oscillator with index 0 and an oscillator
without initial displacement as a function of time.
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2.1.7 Conclusion

In the previous section we found that by breaking the hermiticity of the Hamiltonian Ĥ,
the norm of the states changes through time. This should not be surprising, since the time
evolution operator e−iĤt~ is then no longer unitary. It is, however, questionable whether we
can interpret the change in norm as damping or amplification. This is because according
to the Copenhagen interpretation of quantum mechanics, the norm should represent a
probability and should therefore be normalized to one at all time. In the results we present
above this is clearly not the case. An approach to solve this is by renormalizing each state
at each time. However, is it clear that we then lose the damping and amplification effects
we encountered above, since these were solely attributable to the change of the norm of
the states through time.
Another interpretation is that the reduction or increase of the norm can be seen as bosonic
particles respectively leaving or entering the system, thus effectively causing damping or
amplification. In this case, one has to arbitrarily choose a initial moment t0 and set the
norm at that moment equal to one. The norm, and hence the number of particles, are then
referred to with respect to the norm at the initial time. This interpretation implies that it
is possible to describe damping of a quantum system within the Hamilton formalism.
It may be clear that the way damping was introduced in this section is straightforward,
yet unconventional. In the following section we will briefly discuss some other methods to
introduce damping in a harmonic oscillator.

2.2 Others methods of introducing damping

2.2.1 Quadratic terms

An obvious extension to the use of linear terms in creation and annihilation operators in
order to introduce damping would be to add quadratic terms to the Hamiltonian. We will
consider a Hamiltonian of the following form

Ĥ = ~ω
2 (â†â+ ââ†) + iV ~

2 (ââ− â†â†), (2.127)

with ω positive and V real. In our discussion we will make a distinction between the cases
V 2 < ω2,V 2 > ω2 and V 2 = ω2. We won’t aim for completeness or mathematical rigor in
this subsection and refer the interested reader to [22]. We will determine the time evolution
of the displacement with respect to a Glauber state. To do this, we will use a quasi-particle
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transformation as put forward by Bogoliubov and Valentin in 1958 [23, 24] to simplify the
Hamiltonian.

The case V 2 < ω2

Here the term iV ~
2 (ââ − â†â†) in the Hamiltonian can be seen as a perturbation to the

harmonic oscillator. We can now try to formally retrieve the original harmonic oscillator
Hamiltonian by performing a linear transformation of the annihilation and creation oper-
ators. In order to preserve the commutation relations, the transformation should have a
determinant of one. Therefore, we put forward following transformation

â = cosh θĉ+ i sinh θĉ† (2.128)
â† = −i sinh θĉ+ cosh θĉ†. (2.129)

We obtain the desired form if

tanh(2θ) = V

ω
. (2.130)

The transformation will hence only yield the correct result if V 2 < ω2, because otherwise
the transformations (2.131) and (2.132) will no longer be each others complex conjugate.
Written in terms of the new creation and annihilation operators, the Hamiltonian becomes

Ĥ = ~ω′(ĉ†ĉ+ 1
2)− ~ω′ sinh2 θ

2 . (2.131)

Here ω′ is given by

ω
′ = ω

cosh 2θ =
√

1− V 2

ω2 ω. (2.132)

We again define the Glauber state as

â |α〉 = α |α〉 . (2.133)

Next, we proceed to compute the expectation value of X̂

〈α(t)|X̂|α(t)〉 = 〈α|e iĤt~ X̂e−
iĤt
~ |α〉 (2.134)

=
√

~
2mω ((1− i sinh 2θ)αe−iω

′
t + (1 + i sinh 2θ)α∗eiω

′
t). (2.135)

If we now define α′ = (1 + i sinh 2θ)α, we can write this as

〈α(t)|X̂|α(t)〉 =
√

~
2mω (α′e−iω

′
t + α

′∗eiω
′
t), (2.136)

so that compared to the regular harmonic oscillator, we only get a change of frequency and
a change in α, which can be interpreted as the initial displacement.
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The case V 2 = ω2

If we define

ĉ = â− iâ† (2.137)
ĉ† = iâ+ â† = iĉ, (2.138)

We formally retrieve the regular harmonic oscillator Hamiltonian

Ĥ = ~ω
2 ĉ†ĉ, (2.139)

but in this case we have that the creation operator is proportional to the annihilation
operator and hence that [ĉ†, ĉ] = 0. We also note that the transformation (2.140) isn’t
invertible, so that we cannot express operators such as X̂ in terms of the new operators.
Therefore, we will need a different approach if we want to compute the time evolution of
the expectation value of X̂. We would like to use following formula, which is based on the
Baker-Hausdorff-Campbell formula

e
iĤt
~ X̂e−

iĤt
~ = X̂ + [Ĥ, X̂]it

~
− [Ĥ, [Ĥ, X̂]] t

2

2~2 + · · · . (2.140)

We have that

[Ĥ, X̂] = iĉ

√
2~
mω

[â− iâ†, â+ â†] =
√

2~
mω

(i− 1)ĉ. (2.141)

From this, it is easy to see that [Ĥ, [Ĥ, X̂]] = 0 and so we only retain the first two terms
in the expansion. We thus find

e
iĤt
~ X̂e−

iĤt
~ = X̂ −

√
2

m~ω
(1 + i)tĉ (2.142)

=
√

~
2mω (â+ â†)−

√
2

m~ω
(1 + i)t(â− iâ†). (2.143)

In the last step, we have expressed everything in terms of the original creation and anni-
hilation operators, so that we can easily evaluate

〈α(t)|X̂|α(t)〉 =
√

2~
mω

(αe−iωt + α∗eiωt)−
√

2
m~ω

((1 + i)αe−iωt + (1− i)α∗eiωt)t (2.144)

The spectrum of the Hamiltonian is the positive real axis and it is doubly degenerate. The
proof of this can be found in [22].
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The case V 2 > ω2

We can find a transformation so that the Hamiltonian becomes

Ĥ = iV
′

2 (ĉĉ− ĉ†ĉ†), (2.145)

where V ′ is real. If we use the same transformations as before, see equations (2.131) and
(2.132), we find that θ is given by

tanh(2θ) = ω

V
. (2.146)

To determine the expectation value of the displacement, we first define the squeeze operator

Ŝ(ξ) = e
ξ∗â
2 −

ξ∗â†
2 , (2.147)

where ξ = reiθ is a complex number (r > 0 and 0 < θ < 2π). Note that the squeeze
operator is unitary, as the exponent is antihermitian.
Next, we use the following operator identity

Ŝ(ξ)†âŜ(ξ) = â cosh r − eiθâ† sinh r, (2.148)

which can be quickly verified by writing down the series expansion in â and â†. If we now
realize that the Hamiltonian in the new coordinates is in fact the squeeze operator with
ξ = V

′
t, we can use this formula to obtain

〈α(t)|X̂|α(t)〉 =
√

~
2mω 〈α|e

iHt
~ (â† + â)e− iHt~ |α〉

=
√

~
2mωe

−V ′ t 〈α|â+ â†|α〉

=
√

~
2mωe

−V ′ t(α∗ + α) (2.149)

We conclude that there are three completely different regimes and that the nature of
the system is completely determined by ω2 − V 2. In the first case we obtain the typical
oscillating behavior of the harmonic oscillator. In the second case, we obtain a damped
or driven exponential for the displacement. The third transition regime exhibits a linearly
decreasing displacement upon which an oscillating behavior is superposed. The spectrum
of the Hamiltonian is the entire real axis and it is doubly degenerate. The proof of this
can be found in [22].
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2.2.2 Time-dependent Hamiltonian

A different approach in achieving classical damping in the harmonic oscillator model is
taken in [25]. Here, the authors start from a general Hamiltonian of the form

Ĥ(q, p, t) = [A(t)p2 +B(t)(pq + qp) + C(t)q2] +D(t)q + E(t)p+ F (t) (2.150)

and impose that the equation of motion should be the same as in the classical, damped
case

∂2q

∂t2
+ γ

∂q

∂t
+ ω2q = 0. (2.151)

Thus the correspondence with damping in the classical case is imposed at operator level. It
is found that there is a rather broad class of Hamiltonians that yields the desired equation
of motion. One of the simpler solutions is

Ĥ = e−γt
P̂ 2

2 + e−γtP̂ + eγt
ω2Q̂2

2 . (2.152)

To introduce a Glauber state, we will an approach similar as in [26]. We can define creation
and annihilation operators by

â =
√
e−γt

2~ω (eγt(ω + i
γ

2 )Q̂+ iP̂ + i) (2.153)

â† =
√
e−γt

2~ω (eγt(ω − iγ2 )Q̂− iP̂ − i). (2.154)

Writing Q̂ in terms of these operators, we find

Q̂ =
√

~
2ωe

− γt2 (â† + â). (2.155)

The problem with this approach is that the Glauber state itself becomes time dependent, so
that the state is not stable through time. It is a very difficult task to find a stable Glauber
state for a given time-dependent Hamiltonian. In the next subsection we illustrate a case
where it is possible to do this in a relatively simple manner.

2.2.3 Time-dependent interaction with a bath

In [26] a Hamiltonian of the following kind is considered

Ĥ = ~
(
ωâ†â+ β∗(t)â+ β(t)â† + b(t)

)
. (2.156)
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Here β(t) is a possibly complex function of time and b(t) is a real function. The interaction
with the environment is thus time-dependent, but Ĥ is hermitian at all time. Usually, time
dependent problems are very difficult to solve, because we can no longer use the formal
solution, see equation (1.2), of the Schrödinger equation. However, in [26] a different
approach is used. Instead of solving the Schrödinger equation, an invariant Î is constructed.
This invariant satisfies

dÎ

dt
= ∂Î

∂t
+ 1
i~

[Î , Ĥ] = 0 (2.157)

and is hence time-independent. This implies that the eigenvalues will also be time-
independent. All time-dependence is hence found in the eigenstates, which we can denote
by |λ, t). It can be checked that the wavefunction

|λ, t〉 = eiΦλt|λ, t) (2.158)

satisfies the Schrödinger equation, provided that

dΦλ

dt
= (λ, t|i~ ∂

∂t
− Ĥ|λ, t). (2.159)

For the Hamiltonian in equation 2.159, it is found that Î is given by

Î =
(
â†â+ θ(t)â+ θ∗(t)â† + δ(t)

)
, (2.160)

with

dθ(t)
dt

= ωθ + β, (2.161)

i
dδ(t)
dt

= θ∗β − θβ∗. (2.162)

Introducing the new creation and annihilation operators

â†−θ∗ = â† − θ∗, (2.163)

â−θ = â† − θ, (2.164)

the invariant Î can be rewritten as

Î = â†−θ∗ â−θ +
(
χ− |β|2

)
. (2.165)
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From this it is clear that Î has the same structure as the Hamiltonian harmonic oscillator.
Its eigenstates can therefore be constructed in the same way. We are especially interested
in its vacuum state |0〉, for which we have that

â−θ |0〉 = 0 or â |0〉 = θ |0〉 . (2.166)

The vacuum state of the invariant is hence a stable Glauber state. The Φλ in the extra
phase factor eiΦλt necessary to satisfy the Schrödinger equation will be equal to zero when

b(t) = −<(β∗θ). (2.167)

We can wonder whether it is possible to find a γ(t) and b(t), so that we obtain classical
damping for the expectation value of the displacement. The displacement with respect to
the stable Glauber state is given by

〈θ(t)|X̂|θ(t)〉 =
√

~
2mω 〈θ(t)|â+ â†|θ(t)〉 (2.168)

=
√

~
2mω (θ∗(t) + θ(t)) , (2.169)

so that we obtain the desired outcome if θ(t) = e−(iω+γ)t, with γ real. Based on equation
(2.164), we find for β(t)

β(t) = iγe−(iω+γ)t (2.170)

if we impose the initial value β(t = 0) = iγ. Using equation (2.170), we find for b(t)

b(t) = 0. (2.171)

The Hamiltonian is given by

Ĥ = ~
(
ωâ†â− iγe(iω−γ)tâ+ iγe−(iω+γ)tâ†

)
, (2.172)

and for its eigenvalue spectrum we find

En = n~
(
ω − γ2e−2γt

ω

)
(2.173)
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2.2.4 Bath of harmonic oscillators

An often encountered method in literature, see e.g. [27] and the references therein, to
include damping within a quantum system, is by coupling the system to a bath of harmonic
oscillators. The Hamiltonian can then be written as follows

Ĥ = ĤS + ĤB + ĤI , (2.174)

where ĤS is the Hamiltonian of the system under consideration, ĤB is the Hamiltonian of
the bath and ĤI describes the coupling of the system with the bath. In our case, both the
system and the bath are a system of coupled oscillators.

ĤS = p2

2M + Mω2q2

2 (2.175)

ĤB =
N∑
i=1

( p
2
i

2mi

+ miω
2
i x

2
i

2 ) (2.176)

The coupling Hamiltonian is chosen to be bilinear, which is justified by the assumption of
weak coupling, and is given by

ĤI = −q
N∑
i=1

cixi. (2.177)

This type of model is known in literature as the Caldeira-Legett model [27], although in
that model an extra term is usually included to ensure that the effective potential of the
system doesn’t change. If we know consider the entire Hamiltonian, we see that we get
exactly the same Hamiltonian as discussed in paragraph 2.1.5. It should be pointed out,
however, that due to the oscillating behavior, we will get a state that is very similar to the
initial state, after a sufficiently long time span, which is called the Poincaré recurrence time.
This phenomenon is known in literature as quantum revival and is of course undesired in
a damped model as the dissipated energy is eventually fed back into the system. This
is mainly due to the finite number N of oscillators in the bath. However, it turns out
that already for a small number of oscillators the Poincaré recurrence time can become
practically infinite.
We have thus managed to introduce damping in the system. Still, there are a few remarks
to be made. Firstly, the damping is approximative as an infinite amount of oscillators in
the bath is needed to really make the Poincaré recurrence time infinite. Secondly, for the
system to be ergodic, it should be possible for the system and the bath to exchange an
infinitesimal amount of energy. Otherwise, depending on the initial state, the equilibrium
state might never be reachable. We would thus need a continuum of oscillators with
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circular frequencies starting from zero. There are closed form solutions at hand for this
continuum of oscillators, but we won’t discuss them here. We refer to [27] for a more
extensive discussion.

2.2.5 Damping in the density operator formalism

Perhaps the most conventional method of introducing damping is by using the density
operator formalism to embed the system in an environment. See for example [28] or [29]
for an accessible introduction. We start by deriving the time evolution equation for the
density operator ρ̂ = |ψ(t)〉 〈ψ(t)| of the harmonic oscillator. Starting from the Schrödinger
equation

i~
∂

∂t
|ψ〉 = Ĥ |ψ(t)〉 , (2.178)

we immediately derive the time evolution equation for the density operator

i~
∂ρ̂

∂t
= [Ĥ, ρ̂], (2.179)

which can be rewritten as

∂ρ̂

∂t
= −i[ωN̂, ρ̂]. (2.180)

Damping is now introduced by adding extra terms to this equation

∂ρ̂

∂t
= −i[ωN̂, ρ̂]− γ

2 (ρ̂â†â+ â†âρ̂− 2âρ̂â†), (2.181)

with γ a positive constant. This equation is called the Lindblad equation and plays an
important role in quantum optics [29]. We will not give the derivation of the equation here.
We point out, however, that several approximations were made in deriving the equation.
An important assumption, of which the validity is hard to check in practice, is that the
evolution of the density operator only depends on the actual state of the system. In
statistics, a system that changes states based on a transition rule that only depends on the
current state of the system is called a Markov process. The Lindblad equation is therefore
called a Markovian type of master equation.
If we start from an initial state |α0〉 and therefore ρ̂0 = |α0〉 〈α0|, it is straightforward to
check that the solution to this equation is given by

ρ̂ = |αt〉 〈αt| , (2.182)
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with αt = α0 exp−iωt− γ2 t. The eigenvalue of the Glauber state will go to zero for t going to
infinity, thus reaching the ground state. When we calculate the expectation value of the
position, X̂, we get

〈αt|X̂|αt〉 = e−γt 〈α0|X̂|α0〉 , (2.183)

which is what we would expect in the classical case. We have thus managed to find an
equivalent to classical damping. It is interesting to wonder whether we can obtain the same
result within the Hamilton formalism. From formula (2.182), it is clear that the extra terms
added to the time evolution equation are impossible to add to include in the Hamilton
formalism, as they cannot be written as commutators of ρ̂ with some Hamiltonian.

2.3 Relation to integrable models

(a) The coupled pendulums experiment.

(b) The central spin model as an example of an
integrable. The red ball in the center has a spin
that interacts with the spins of the gray balls.
The spins of the gray balls don’t interact mutu-
ally.

Figure 2.11: The similarties between a coupled harmonic oscillator system and an integrable
model.

In Figure 2.11a an experimental setup of the coupled pendulums experiment is shown.
All pendulums are connected by a rod, which we assume to also behave as a harmonic
oscillator. The pendulums move in and out of the plane of the picture. The rod connecting
the pendulums is also considered to be a harmonic oscillator. For this experimental setup
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shown, we can presume that K has the following form

K =



∗ 0 0 0 ∗
0 ∗ 0 0 ∗
0 0 ∗ 0 ∗
0 0 0 ∗ ∗
∗ ∗ ∗ ∗ ∗


, (2.184)

which expresses that each of the pendulums is coupled only to the bar and not directly to
the other pendulums. Matrices of this type are suggestively called arrowhead matrices. If
we write

K =
 D z

zT δ

 , (2.185)

with D = diag(d1, d2, . . . , dn−1), z =
[
ζ1 ζ2 · · · ζn−1

]T
and δ a real scalar, we find the

following eigenvalue equation

γ − λ− zT (D − λI)−1z ≡ γ − ω2 −
n−1∑
i=1

ζ2
i

di − ω2 = 0. (2.186)

This set of equations is then to be solved for ω2, which are the eigenvalues of K. This
equation will also be encountered in the following chapter on integrable systems, indicating
the intricate link between these models. This link can be appreciated by considering Figure
2.11. Both figures depict a system, the rod or the central spin, that is coupled to a set of
non-interacting oscillators or spin, which can be considered as non-interacting baths.
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Chapter 3

Richardson-Gaudin models

In physics, one rarely encounters a nontrivial model that can be solved exactly. This is
mainly due to the exponential scaling of the Hilbert space, which makes exact diagonaliza-
tion usually impossible. In most of the cases, one has to use approximative and/or numer-
ical methods in order to obtain some insight in the model. However, these approximative
solutions might overlook some of the essential features. Therefore, it is interesting to look
at models that can be solved exactly. Especially for systems with strongly-correlated par-
ticles, where typical quantum phenomena appear, the existence of exactly solvable models
is essential for the understanding of these systems.
An important class of exactly solvable models are the Richardson-Gaudin models. These
models are extremely well-suited to describe pairing phenomena in strongly correlated sys-
tems. Richardson-Gaudin models play an important role in describing superconductivity
and superfluidity [30]. The models also have a great potential for quantum computation
[31, 32].
In this chapter we introduce the Richardson-Gaudin models and discuss how they can be
exactly solved. As an example, we will examine the BCS Hamiltonian, which is historically
very important.

3.1 Integrable models
Integrable models are special in the sense that (i) they can be exactly solved and (ii) they
possess a number of conservation laws scaling with the system size. However, the notion of
quantum integrability is not so well defined as its classical analogue [33]. In the following
integrable models are defined as models for which one can construct a set of L non-trivial,
mutually commuting operators that commute with the Hamiltonian, resulting a in set of
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L conserved charges, with L the degrees of freedom in the system [34]. It is usually a very
difficult or even impossible task to find such a set of operators for a given Hamiltonian.
Therefore, a possible method of constructing integrable Hamiltonians is by starting from
a given set of mutually commuting operators and by taking suitable linear combinations
of these operators. As all the operators of the set commute mutually and by construction
with the Hamiltonian, the system is by definition integrable and there is a common basis of
eigenstates. It suffices thus to know the eigenstate of one of the operators in order to know
the eigenstates of the Hamiltonian. The difficulty in this approach is to give a physical
sense to the constructed Hamiltonian.

3.2 The pairing problem
Due to the importance of the Richardson-Gaudin integrability in the description of pairing
phenomena, we will discuss a general framework for describing pairing of fermions in phys-
ical systems in this section. The Hamiltonian will be defined in second quantization using
creation and annihilation operators. The operator âα is called the annihilation operator
and annihilates a fermion in the state with label α. α does not necessarily represent one
quantum number, but can also refer to a set of quantum numbers. The operator â†α is called
the creation operator and creates a fermion in the state with label α. The creation and an-
nihilation operators introduced here are very similar to the ladder operators encountered in
the harmonic oscillator system, where the particles represent quanta of energy. The main
advantage of using these operators is that one automatically obtains the correct particle
symmetry by imposing the correct commutation relations. For example, fermions should
be antisymmetric upon exchange of two particles and it should be impossible to have two
particles with the same quantum numbers. To express this in second quantization, we
introduce the following anti-commutation relations

{âα, â†α′} = δαα′ , {â†α, â
†
α′} = 0, {âα, âα′} = 0, (3.1)

with δij the Kronecker delta symbol and {} the anti-commutator, {Â, B̂} = ÂB̂ + B̂Â.
The equations (3.1) indeed express the impossibility of finding two particles in the same
quantum state

{â†α, â†α} = 2â†αâ†α = 0. (3.2)

We see that the use of the anti-commutator is necessary to get this result. If one would
use the commutator, equation (3.2) would automatically be zero and no restriction on the
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amount of particles in the same state could be imposed. For bosons there is no such re-
striction and therefore commutation relations are used for their creation and annihilation
operators. Indeed, recall that for the ladder operators in the harmonic oscillator commu-
tation relations are imposed. This is because the energy quanta are bosons.
We are now set to discuss the pairing problem. To keep the discussion as general as pos-
sible, we will consider the framework used for the description of nuclear superfluidity [35].
When pairing is present, fermions of the opposite spins will have the tendency to occupy
identical spatial orbitals. In order to have pairing in a system it should hence be energeti-
cally favorable for the fermions of opposite spins to occupy the same spatial orbitals. We
can therefore describe pairing by introducing the following Hamiltonian

Ĥ =
∑
jm

εj â
†
jmâjm + 1

4
∑

jj′mm′
Vjj′ (−1)j+j

′+m+m′ â†jmâ
†
j−mâj′m′ âj′−m′ , (3.3)

with εj the energy of the single particle state with quantum number j and Vjj′ a real,
symmetric matrix. It is this part of the Hamiltonian that will induce pairing. The operators
âjm and â†jm annihilate, respectively create, a particle in the state labeled with indices j
and m. The quantum number j is the total angular momentum of the fermion, arising
from the coupling between the spatial angular momentum and the spin. The quantum
number m is the projection of this total angular momentum and can therefore take values
m = −j,−j+1, ..., j−1, j. Throughout the remainder of this discussion we will assume that
these two quantum numbers are sufficient to completely specify a state. The degeneracy
Ωj of a state with quantum number j is Ωj = 2j + 1. The first term of the Hamiltonian
is reminiscent of the harmonic oscillator and represents the single-particle energies. The
second term of the Hamiltonian is the one responsible for the pairing of the particles. For
suitable values of Vjj′ it will be energetically favorable for the particles to doubly occupy
the same orbital and hence to form pairs. The extra phase factor (−1)j+j

′+m+m′ ensures
that the Hamiltonian has time-reversal symmetry. This can be made more explicitly by
introducing following notations

âj,m̄ = (−)j+mâj,−m, â†j,m̄ = (−)j+mâ†j,−m, (3.4)

so that (j, m̄) is the time-reversed state of (j,m). Using this notation, the time reversal
symmetry becomes apparent

Ĥ =
∑
jm

εj â
†
j,mâj,m + 1

4
∑

jj′mm′
Vjj′ â

†
j,mâ

†
j,m̄âj′ ,m′ âj′ ,m̄′ . (3.5)
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The form of the Hamiltonian suggests the introduction of a new set of operators

Ŝ†j =
∑
m

1
2(â†j,mâ

†
j,m̄), (3.6)

Ŝj = (Ŝ†j )† =
∑
m

1
2(âj,mâj,m̄), (3.7)

Ŝ0
j = 1

2
∑
m

â†j,mâj,m −
1
4Ωj = 1

2 n̂j −
1
4Ωj, (3.8)

where we have introduced the number operator n̂j ,
∑
m â
†
j,mâj,m, which counts the number

of particles in level j. Ŝ†j creates a pair of fermions in level j, Ŝj annihilates one and Ŝ0

contains the information on the occupation of the level. These operators are called the
quasi-spin operators[35]. The following commutations relations hold

[Ŝ0
i , Ŝ

†
j ] = δijS

†
i , [Ŝ0

i , Ŝj] = −δijSi, [Ŝ†i , Ŝj] = 2δijS0
i , (3.9)

so that these operators close an su(2) algebra. We can rewrite the Hamiltonian in terms
of the new operators as

Ĥ =
∑
j

εj(2Ŝ0
j + 1

2Ωj) +
∑
jj
′
Vjj′ Ŝ

†
j Ŝj′ . (3.10)

The new algebra (3.9) is the same as the angular momentum and the spin algebra, thus
motivating the denoting of a "quasi-spin" algebra. For the spin vector ˆ̄S = (Ŝ1, Ŝ2, Ŝ3) with
the familiar commutation relations

[Ŝl, Ŝm] = i
3∑

n=1
εlmnŜn (3.11)

we can define

Ŝ+ = Ŝx + iŜy, Ŝ− = Ŝx − iŜy, Ŝ0 = Ŝz, (3.12)

which indeed satisfy the same commutation relations as respectively Ŝ†, Ŝ, Ŝ0. Quasispin
states |di, µi〉 can now be constructed in the same way as for the spin

Ŝ†i |di, µi〉 =
√

(di − µi)(si +mui + 1) |di, µi + 1〉 (3.13)

Ŝi |di, µi〉 =
√

(di + µi)(si −mui + 1) |di, µi − 1〉 (3.14)
Ŝ0
i |di, µi〉 = µi |di, µi〉 , (3.15)

where µi ranges from −di to di. We thus have found a representation for the quasi-spin
states. The physical interpretation of the newly introduced quantum numbers di and µi
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can be deduced by elaborating on the analogy with the spin case. When using the usual
operators Ŝ2 and Ŝz to label spin states, we see that the quantum number associated with
Ŝ2 determines the maximum (absolute) value that the projection of the spin can take. The
quantum number di can therefore be given an analogous interpretation as the maximum
allowable number of pairs in level i. Just like in the spin case, it is the quantum number
associated with the Casimir operator, which for the quasi-spin algebra is given by

Ĉ [su(2)i] = 1
2(Ŝ†i Ŝi + ŜiŜ

†
i ) + (Ŝ0

i )2. (3.16)

Casimir operators of an algebra are special operators, since they commute with all other
operators. This maximum amount of pairs in the level is given by Ωi

2 = ji + 1
2 . Besides

pairs it is also possible to have unpaired fermions occupying a state at level i. The presence
of each such a fermion prevents a pair to occupy an orbital in level i. This is called the
blocking effect [35]. Denoting vi as the number of unpaired fermions in the level, also
called the seniority of level i, the maximum amount of pairs allowed at the level is given
by Ωi

2 − vi = ji − vi
2 . The eigenstates of Ŝ0

i with the lowest eigenvalue is |di,−di〉 and is
destroyed by Ŝi. The state |di,−di〉 therefore has no pairs in level i. Bearing in mind all
this and the definition of Ŝ0, we find that

di = Ωi

2 −
vi
2 (3.17)

µi = ni
2 −

Ωi

2 , (3.18)

where ni is the total number of fermions in level i. For a given seniority, we can now define
the vacuum |θ〉 as

|θ〉 = |d1,−d1〉 ⊗ ...⊗ |di,−di〉 ... (3.19)

From the above discussion it should be clear that there is no difference between spin and
quasi-spin systems on the mathematical level. In what follows, we will not make a clear
distinction between spin and quasi-spin systems in the notation. For instance, a direct
product state is denoted as |↑ · · · ↓〉. The uparrow may represent either a state filled with
a pair or a +1

2 spin projection, whereas the downarrow can refer to either an empty state
or a +1

2 spin projection.

3.3 Integrability conditions
In this section we aim to construct a set of L commuting operators, where L is the number
of degree of freedom in the model. We can then construct an integrable Hamiltonian by



3.3. INTEGRABILITY CONDITIONS 48

taking a linear combination of these operators. By construction the Hamiltonian will be
integrable. As our pairing Hamiltonian is quadratic in the operators, we propose operators
of the following form

Ri =
3∑

α=1
Aαi Ŝ

α + g
n∑
k 6=i

3∑
α=1

Xα
ikŜ

α
i S

α
k , (3.20)

with g a real number, representing the coupling strength. By imposing these operators to
commute mutually, we retrieve after a calculation the following equations [36]

εαβγ
(
Aαi X

β
ji + AαjX

γ
ij

)
= 0 (3.21)

Xα
ij +Xα

ji = 0, ∀α = 1, 2, 3 (3.22)
X1
kiX

2
ij +X2

jkX
3
ki +X3

ijX
1
jk = 0. (3.23)

From the pairing Hamiltonian, equation (3.10), it should be clear that A3
j 6= 0. Imposing

this, we find

Xij = ±Yij, (3.24)

where the notation {X1, X2, X3} = {X, Y, Z} was introduced and also that, dependent on
the sign chosen in equation (3.24), A3

i = ±A3
j . Only retaining A3

i and putting A1
i = A2

1 = 0
has the advantage that the operator conserves the number of particles, which is necessary
for a closed system. Usually the plus sign is chosen and this gives rise to the XXZ integrable
models. The operators become

R̂i = Ŝ0
i + g

∑
k 6=i

1
2Xik

(
Ŝ†i Ŝk + ŜiŜ

†
k

)
+ ZikŜ

0
i Ŝ

0
k (3.25)

and the Gaudin equations are given by

Xij +Xji = 0, Zij + Zji = 0, (3.26)
XkiXij +XjkZki + ZijXjk = 0. (3.27)

Using these equations, it can be proven that [37]

X2
ij − Z2

ij = Γ, ∀i, j. (3.28)

The value of Γ can help us to make a distinction between the several classes of solutions.
There are three main classes of solutions to this set of equations. As antisymmetry is re-
quired, it is useful to write the solutions as an odd function in terms of arbitrary parameters
ηi − ηj , as shown in the following
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1. The rational model (Γ = 0)

Xij = Zij = 1
ηi − ηj

(3.29)

2. The trigonometric model (Γ > 0)

Xij = 1
sin (ηi − ηj)

, Zij = cot (ηi − ηj) (3.30)

3. The hyperbolic model (Γ < 0)

Xij = 1
sinh (ηi − ηj)

, Zij = coth (ηi − ηj) (3.31)

The first model is also called the XXX model and the other two are called XXZ models.
There do exist XYZ models, also called elliptic models [37], but we won’t discuss them
here.

3.4 Bethe ansatz wavefunction
Now that we have found a set of commuting operators, we still need to find the eigenstates
of the operators. As all the operators commute, it suffices to find the eigenstate of one of
a single operator R̂i.

To do this, we start by defining the following operators, based on the Gaudin algebra

Ŝ†α =
L∑
i=1

XiαŜ
†
i (3.32)

Ŝα = (Ŝ†α∗)† =
L∑
i=1

XiαŜi (3.33)

S0
α =

L∑
i=1

ZiαŜ
0
i . (3.34)

We use the notational convention that the greek indices are not referring to the (quasi-)spin
copies, but merely label the newly defined operators. We put forward that Xiα and Ziα still
satisfy the Gaudin equations, so that we can parametrize them with the extra variables ηα
in equations (3.29-3.31). The new, generalized operators are thus linear combinations of
the old ones, with the coefficients satisfying the integrability conditions.
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We use the following ansatz for the eigenstate

|ψ〉 =
N∏
α=1

Ŝ†α |θ〉 , (3.35)

with |θ〉 the vacuum state and N the number of pair/quasi-spin excitations. A similar
ansatz was first made by Hans Bethe in 1931 to find the exact eigenspectrum of the one-
dimensional anti-ferromagnetic Heisenberg model [38]. We impose that this state is an
eigenstate of the R̂i, so that

R̂i

N∏
α=1

Ŝ†α |θ〉 = ri
N∏
α=1

Ŝ†α |θ〉 , (3.36)

should hold. Making use of the following commutation relations

[R̂i, Ŝ
†
α] = XiαŜ

†
i (1− gŜ0

α)− gZαiŜ†αŜ0
i (3.37)

[[R̂i, Ŝ
†
α], Ŝ†β] = −gŜ†iZαβ(XiβŜ

†
α −XiαŜ

†
β) (3.38)

and the action of R̂i on the vacuum

R̂i |θ〉 = di(−1 + g
∑
k 6=i

Zikdk) |θ〉 , (3.39)

we can pull Ri through the product state [54]

R̂i

N∏
α=1

Ŝ†α |θ〉 =
N∑
α=1

N∑
β=α+1

 N∏
γ 6=α,β

Ŝ†γ

[[R̂i, Ŝα
]
, Ŝ†β

]
|θ〉+

N∑
α=1

 N∏
β 6=α

Ŝ†β

[R̂i, Ŝα
]
|θ〉

+
N∏
α=1

(
Ŝ†α
)
R̂i |θ〉

=
N∑
α=1

Xiα(1 + gdα)− g
N∑
β 6=α

ZβαXiα

 Ŝ†i N∏
γ 6=α

Ŝ†γ |θ〉 (3.40)

+ di

−1 + g
∑
k 6=i

Zikdk + g
N∑
β=1

Zβi

 N∏
α

Ŝ†α |θ〉 ,

with dα = ∑m
i Ziαdi. We find that ∏N

α Ŝ
†
α |θ〉 is an eigenstate with its eigenvalue given by

ri = di

−1 + g
∑
k 6=i

Zikdk + g
N∑
β=1

Zβi

 , (3.41)
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with di is the spin degeneracy of orbital i, when the term that is not proportional to∏N
α Ŝ

†
α |θ〉 disappears

1 + gdα − g
N∑
β 6=α

Zαβ = 0, ∀α. (3.42)

These equation are called the Richardson-Gaudin equations. In order to find the wave-
function, we thus need to solve this set of equations that grows linearly in the number of
particles. See section 3.6 for an example of how this is done. We have thus obtained a
much more favorable scaling than the usual exponential one encountered in many-body
problems. Besides, many powerful methods to solve these equations have been conceived,
so that it is possible to model systems of the mesoscopic scale, see for instance [39]. In
chapter 4 we discuss how to solve these equations.

3.5 Dual states
The wavefunction in equation (3.35) can alternatively be defined as

|ψ〉 =
(L−N)∏
µ=1

Ŝµ |↑↑↑ · · ·〉 . (3.43)

Instead of adding particles to the vacuum |θ〉 = |↓↓↓↓↓↓↓↓〉, particles are removed from the
completely filled state. This can also be seen as creating holes. Clearly, each state can be
defined both in terms of particles as in terms of holes. This implies that there is a duality
between particles and holes and hence between creation and annihilation operators. The
state in equation (3.43) is called a dual state. Expressions for the eigenvalues and the
Richardson-Gaudin equation can be derived in a similar way as in the previous section.
In the next section we will discuss the BCS hamiltonian as an example of an integrable
model.

3.6 Example of an integrable system: The reduced
BCS Hamiltonian

In 1957 Bardeen, Cooper and Schrieffer managed to successfully describe superconductivity
at low temperatures in certain materials [40]. They proposed a Hamiltonian that was very
similar to the pairing Hamiltonian we introduced in equation (3.10). Under the assumption
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that the superconductivity is isotropic, the BCS Hamiltonian reduces to

Ĥ =
∑
j

εj(2Ŝ0
j + 1

2Ωj) + g
∑
jj′
Ŝ†j Ŝj′ , (3.44)

which is just (3.10) with Vjj′ = g. This kind of isotropic superconductivity is called s-wave
superconductivity [41]. Bardeen, Cooper and Schrieffer had proposed a variational method
to approximate the eigenstates of this Hamiltonian using following coherent state

|ψ〉 ∝ e
∑

ν
vν
uν
â†ν â
†
ν̄ |θ〉 . (3.45)

The obtained solution had the right thermodynamical limit, but for smaller systems it gave
the wrong results, because of large fluctuations in the particle number. In 1963 Richardson
[42] solved the pairing problem exactly by proposing an ansatz of the form

|ψ〉 =
∏
α

Ŝ†α |θ〉 , (3.46)

with

Ŝ†α =
∑
i

Ŝ†i
2εi − Eα

. (3.47)

This ansatz wavefunction was found to be the exact eigenstate of the Hamiltonian if Eα
satisfies

1 + 2g
∑
j

dj
2εj − Eα

+ 2g
N∑
β 6=α

1
Eβ − Eα

= 0, α = 1, ..., N. (3.48)

These equations are called the Richardson equations. The energy of the system is given by

E =
N∑
α

Eα +
∑
j

εjvj. (3.49)

The first term is the contribution of the pairs to the energy and the second term is the
contribution of the unpaired fermions and, for fixed seniority, this corresponds to the
vacuum energy. Eα can hence be loosely interpreted as the energy of pair α and is also
called a rapidity. Note that the solutions can be complex, but as pairs will always appear
in complex conjugates, (3.49) will always be real.
As the BCS theory got the right thermodynamic limit little attention was paid to this
exact solution. It was only in the late ’90s that Richardson’s solution came back into
prominence, as it was realized that the BCS theory could not be applied to small systems
such as ultrasmall superconducting grains. In 1997 Cambiaggio et al. [43] conceived a
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framework making the connection between Richardson’s solution and the Gaudin algebra.
By taking a suitable linear combination of the operators R̂i, we can indeed obtain the
reduced BCS Hamiltonian. We use the rational model, so that

Xij = Zij = 1
εi − εj

. (3.50)

The operators R̂i become

R̂i = Ŝ0
i + g

∑
j 6=i

1
εi − εj

[1
2(Ŝ†i Ŝj + ŜiŜ

†
j ) + Ŝ0

i Ŝ
0
j

]

= Ŝ0
i + g

∑
j 6=i

~̂Si · ~̂Sj
εi − εj

. (3.51)

The Hamiltonian can now be found as

∑
i

2εiR̂i = ĤBCS − g
∑
i

Ĉ [su(2)i] + g

(∑
i

Ŝ0
i

)(∑
i

Ŝ0
i − 1

)
, (3.52)

where the last two terms commute with ĤBCS. It is indeed straightforward to see that
the wavefunction (3.46) proposed by Richardson is the Bethe ansatz wavefunction in the
rational model with the small, conventional difference that there is a 2εi in the denominator
instead of εi. From the previous it should be clear how the Gaudin algebra in combination
with the Bethe ansatz wavefunction provide a more general framework for the ansatz
(3.46) proposed by Richardson. Figures 3.1 and 3.2 show some exact results of an eight
level system. In the next chapter we will discuss how these results can be obtained.
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(a) The evolution of the rapidities in
the complex plane for changing coupling
strength.

(b) The eigenenergy of the first excited
eigenstate as a function of the coupling
strength.

Figure 3.1: Numerical results of the reduced BCS Hamiltonian for an eight level system.

Figure 3.2: The real and imaginary part of the rapidities as a function of the coupling
strength. At the single-particle energies 1 and 3, the rapidities become degenerate.
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Chapter 4

Solving the Richardson-Gaudin
equations

In this chapter we will discuss how to numerically solve the Richardson-Gaudin equations
(3.42). Using the Richardson equation as an example, we will first demonstrate some of
the obstacles encountered when straightforwardly solving the equations. Next, we will in-
troduce the eigenvalue based variables and show how solving for these variables completely
sidesteps the usual problems. We then demonstrate how the rapidities can be retrieved
from the eigenvalue-based variables. Finally, we will give a short overview of other popular
methods to solve the Richardson-Gaudin equations.

4.1 Difficulties in solving the Richardson-Gaudin equa-
tions

Consider as an example the Richardson equations we have encountered while discussing
the reduced BCS Hamiltonian

1 + 2g
L∑
j

dj
2εj − Eα

+ 2g
N∑
β 6=α

1
Eβ − Eα

= 0, α = 1, ..., N. (4.1)

The rapidities Eα can, for fixed values of the single particle energies, be seen as functions of
the coupling strength g. As the coupling strength is changed the rapidities will also change.
It turns out that for certain values of the coupling strength some of the rapidities might take
the value of a single-particle energy, Eα = 2εj. This is shown in Figure 3.2. This implies
that the denominator of a term in the first summation of equation (4.1) becomes zero and
the term goes to infinity. This was already encountered by Richardson in his numerical
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study [44] and has since then been thoroughly discussed in many papers, for example
[45, 46, 47, 48]. The values of the coupling strength for which this happens are therefore
called singular points. Still, the equality can remain satisfied if another rapidity also takes
the value of the same single-particle energy, Eα = Eβ, such that the contributions of the
second and third term cancel each other exactly. However, this poses serious computational
problems, as the numerical methods cannot deal with the singularities. In the remainder
of the chapter we will discuss a method to overcome these numerical difficulties.

4.2 The eigenvalue-based variables method
In this method we prefer not to solve directly for the rapidities, but rather to rewrite the
Richardson-Gaudin equations in terms of variables that aren’t plagued by singularities.
Based on the expression for the eigenvalues, see equation (3.41) we define [49]

Λi =
N∑
α=1

Ziα, (4.2)

so that expressed in these new variables the eigenvalues become

ri = di(−1 + g
L∑
k 6=i

Zikdk − gΛi). (4.3)

Therefore the eigenvalues ri only depend on the rapidities through the variables Λi, explain-
ing the name eigenvalue-based variables. We would like to rewrite the Richardson-Gaudin
equations, see equation (3.42), in terms of these variables. To do so, we start by noting
that

Λ2
i =

N∑
α=1

N∑
β=1

ZiαZiβ = −
N∑
α=1

N∑
β 6=α

ZαiZiβ +
N∑
α=1

Z2
iα. (4.4)

We now use the relation

ZkiZij + ZjkZki + ZijZjk = Γ, (4.5)

which can be derived directly from the Gaudin Equations (3.26) to obtain

Λ2
i = −N(N − 1)Γ + 2

N∑
α=1

Zαi
N∑
β 6=α

Zβα +
N∑
α=1

Z2
iα. (4.6)
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So far, we have only made use of the Gaudin algebra to rewrite Λ2
i . To make the connection

with the Bethe ansatz we will use equation (3.42) to get rid of ∑N
β 6=α Zβα

Λ2
i = −N(N − 1)Γ + 2

N∑
α=1

Zαi(
1
g

+
L∑
k=1

dkZkα) +
N∑
α=1

Z2
iα. (4.7)

If we now again use equation 4.5, we finally obtain

Λ2
i = N(

L∑
k 6=i

2dk −N + 1)Γ− 2
g

Λi + 2
L∑
k=1

dkZki(Λk − Λi) + (1− 2di)
N∑
α=1

Z2
iα. (4.8)

This is in general not a closed set of equations in Λi, because of the Ziα in the last term
the expression still depends explicitly on the rapidities. Fortunately, for the case where all
levels are doubly degenerate, di = 1

2 , the last term drops out and we obtain

Λ2
i = N(L−N)Γ− 2

g
Λi +

L∑
k=1

Zki(Λk − Λi). (4.9)

This is the set of equations we have to solve numerically. In Appendix C we discuss a
numerical method to solve this set of equations. To apply the method, we need a suitable
initial guess and the Jacobian of this set of equations. We will now explain how these can
be obtained.

4.2.1 A suitable initial guess

One possible solution method would be to start from a system for which the solution is
explicitly known and to gradually deform this system until the desired model is obtained.
At each step of this path, the solution of the previous step can be used as initial guess for
the Newton-Raphson algorithm at the current step. Here, this will be done starting from
the weak-coupling limit and gradually increasing the coupling strength. If we consider the
weak coupling limit, we can propose a series expansion of the eigenvalue based variables
to zeroth order

Λi = λ
(−1)
i

g
+ λ

(0)
i +O(g). (4.10)

If we plug this expansion in (4.9), we find

λ
(−1)
i = 0 or − 2 (4.11)

λ
(0)
i = 1(

2λ(−1)
i + 2

) L∑
j 6=i

Zji(λ(−1)
j − λ(−1)

i ). (4.12)
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If we are now interested in the eigenvalue based variables at very weak coupling strength
we can use zero as an initial guess and solve this using the Newton-Raphson method. The
obtained solution can then serve as an initial guess for the eigenvalue based variables at a
slightly stronger coupling strength by taking

Λi|g+dg ≈ Λi|g + ∂Λi

∂g

∣∣∣∣∣
g

dg. (4.13)

Repeating this procedure, we can obtain the eigenvalue based variables at any value of
the coupling strength. The partial derivative ∂Λi

∂g
can be obtained by taking the partial

derivative to g of equation (4.9). After rewriting this equation, we find

(2Λi +
L∑
k=1

dkZki + 2
g

)∂Λi

∂g
−

L∑
k=1

dkZki
∂Λk

∂g
= 2
g2 Λi, (4.14)

which is a linear set of equations in ∂Λi
∂g

and can as such be easily solved. Note that from
equation (4.10) it becomes apparent that Λi might still exhibit singular behavior in the
limit g → 0. It is therefore numerically favorable to solve for the variables gΛi.

4.2.2 Determining the derivatives

From equation (C.4) it is clear that we need to know the Jacobian. This can be done by
taking the partial derivatives obtained in equation (4.9). We find

Jik =

2Λi + 2
g

+∑N
k 6=i Zki if i = k

−Zki if i 6= k
(4.15)

The Jacobian can thus be easily computed.

4.3 Retrieving the rapidities
Although many physical properties can be computed by relying solely on the eigenvalue
based variables [50, 49], it might be useful in certain cases to obtain the rapidities. In this
section we discuss how the rapidities can be obtained from the eigenvalue-based values.
We will assume that once Ziα is found, xα can be easily retrieved from this, so that we can
focus on finding Ziα. We start from equation (4.5) and rewrite it to obtain

Ziα = Γ + ZriZrα
Zri − Zrα

, (4.16)
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here r refers to an auxiliary single-particle level or an additional rapidity εr. Once the
expression for Zij is known, we can easily compute Zri, as we are free to choose εr. Making
the summation over α on both sides, we find

Λi =
N∑
α=1

Ziα =
N∑
α=1

Γ− ZriZrα
Zri − Zrα

(4.17)

= −NZri + (Γ + Z2
ri)

N∑
α=1

1
Zri − Zrα

. (4.18)

Next, we define a polynomial with the full set of Ziα (α = 1, .., N) as its roots

P (z) =
N∏
α=1

(z − Zrα) =
N∑
k=0

PN−kz
k. (4.19)

The idea is that if we can find the coefficients PN−k, we only have to solve for the roots of
a polynomial to obtain the Ziα’s. An expression for the coefficients PN−k can be found by
noting that

P
′(z)
P (z) =

∑N
k=0 kPN−kz

k−1∑N
k=0 PN−kz

k
=

N∑
α=1

1
z − Zrα

(4.20)

so that for z = Zri, we get

P
′(Zri)
P (Zri)

= Λi +NZri
Γ + Z2

ri

. (4.21)

Writing the polynomials out in series expansion, we find the following m relations for the
coefficients

N−1∑
k=0

PN−k
[
kΓZk−1

ri − ΛZk
ri + (k −N)Zk+1

ri

]
= ΛiZ

N
ri −NΓZN−1

ri . (4.22)

From equation (4.17) it is clear that this set of equations is linearly dependent. As there
are only N < L variables to solve for, one should therefore select N of the above equations
and solve these. Once the coefficients of the polynomial have been determined, we have to
find the roots of this polynomial. Many efficient algorithms to do this have been conceived,
for instance Laguerre’s method or the Jenkins-Traub algorithm. As such, the rapidities
can be determined from the set of eigenvalue-based variables.
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Chapter 5

The p+ip model

5.1 Introduction
In this chapter we will examine the factorisable Richardson-Gaudin XXZ model. We will
focus on the p-wave pairing that might be found in unconventional superconductors such
as Sr2RuO4 [51], a material that has structures similar to the cuprates [52], which play
a very important role in high temperature superconductivity. This model exhibits a rare
third order phase transition [53].
We will start by introducing the px + ipy Hamiltonian and by examining the quantum
phase diagram. We will note that at certain values of the coupling strength, called the
Moore-Read points, the eigenstates of the system become degenerate. This degeneracy is
related to the rapidities becoming zero. In section 5.3 we will derive an expression for the
coupling strength to cause Moore-Read points.

5.2 The quantum phase diagram
The Hamiltonian of the system under consideration is given by

Ĥp+ip =
∑
k

|k|2

2m Ŝ0
k + g

4m

L∑
k,k

′

k 6=±k′

(kx + iky)(k
′

x − ik
′

y)Ŝ
†
kŜk′ . (5.1)

This system is called the px + ipy model and can be interpreted as describing the coupling
of spinless, two-dimensional fermions with momentum k and mass m. Note that this
Hamiltonian is particle-number conserving. The quantum phase diagram of this system is
shown in Figure 5.1. We see that there are three distinct regimes. The dashed line separates
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the weak-coupling BCS regime with the quasi-molecular Bose-Einstein condensate (BEC)
regime. There is no phase transition between both regimes, but rather a crossover. The
dashed line is called the Moore-Read line. The full line represents the transition between
BEC regime and the strong coupling regime. In [53] it is shown that this transition is a third
order phase transition, meaning that the third derivative of the energy is discontinuous at
this line. The full line is also called the Read-Green line. Note that we will use a different
sign convention for the coupling constant, so that in our case the coupling constant would
have to be negative in order to have the phase transition.

Figure 5.1: The quantum phase diagram of the px + ipy model [53].

5.3 Moore-Read points
Using the machinery outlined in chapter 3, we construct an integrable and factorisable
Hamiltonian in subsection 5.3.1. Next, we take a look at what happens when the rapidity
becomes zero.

5.3.1 A factorisable Hamiltonian

If we write k = |k|eiφ, the Hamiltonian in equation (5.1) becomes

Ĥp+ip =
∑
k

|k|2

2m Ŝ0
k + g

4m

L∑
k,k

′

k 6=±k′

|k|eiφ|k′|e−iφ
′

Ŝ†kŜk′ . (5.2)

This suggests the introduction of a new set of operators

S̃†i = e−iφŜ†i , S̃i = eiφŜi, S̃0
i = Ŝ0

i , (5.3)
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closing the same quasi-spin algebra as the original set, see equation (3.9). The Hamiltonian
becomes

Ĥp+ip =
∑
k

|k|2

2m S̃0
k + g

4m

L∑
k,k

′

k 6=±k′

|k||k′ |S̃†kS̃k′ . (5.4)

This is formally identical to the integrable Hamiltonian

Ĥfact =
L∑
i=1

ε2i Ŝ
0
i + g

L∑
i,k=1
k 6=i

εiεkŜ
†
i Ŝk, (5.5)

implying that the p+ ip Hamiltonian is integrable. It is straightforward to check that the
Hamiltonian in equation (5.5) is indeed integrable. Starting from the hyperbolic solutions
of the Gaudin equations

Xij = g
εiεj

ε2i − ε2j
, Zij = g

1
2
ε2i + ε2j
ε2i − ε2j

, (5.6)

which is a reparametrization of equation (3.31), we can define a set of operators R̂i, as
given by equation (3.25). Using these operators we can construct the Hamiltonian

Ĥ =
L∑
i=1

ε2i R̂i =
L∑
i=1

ε2i Ŝ
0
i + g

L∑
i,k=1

εiεkŜ
†
i Ŝk. (5.7)

This is the general pairing Hamiltonian, see equation (3.10), with Vij = εiεj, which explains
why this model is called factorisable.

5.3.2 The complex Bethe ansatz wavefunction

If we would blindly use the wavefunction suggested by equation (3.35) and the complex
Xij from equation (5.6), we would find

|ψ〉 =
N∏
α=1

L∑
i=1

XiαŜ
†
i |θ〉 =

N∏
α=1

L∑
i=1

εiEα
|εi|2 − Eα

Ŝ†i |θ〉 , (5.8)

with N the number of excitations, which we will also call pairons. However, we are inter-
ested in the case where at least one of the rapidities Eα becomes zero. This implies that the
ansatz wavefunction will also become zero. Fortunately, we can bring out a factor (∏αEα)
and rescale the wavefunction so that said factor can be omitted. The ansatz wavefunction
then becomes

|ψ〉 =
N∏
α=1

K̂†α |θ〉 . (5.9)
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with

K̂†α =
L∑
i=1

εi
|εi|2 − Eα

Ŝ†i . (5.10)

This is the generalized creation operator that will be used throughout this section. Simi-
larly, we can define

K̂α =
L∑
i=1

ε∗i
|εi|2 − Eα

Ŝi, K̂0
α =

L∑
i=1

|εi|2

|εi|2 − Eα
Ŝ0
i . (5.11)

Using these operators and proceeding in a similar fashion as outlined in chapter 3, we
eventually find that the Richardson-Gaudin equation is given by

1 + 2g
∑
i

|εi|2di
|εi|2 − Eα

− 2g
∑
β 6=α

Eβ
Eβ − Eα

= 0 (5.12)

and the eigenvalues of the Hamiltonian, see equation (5.5),

E =
∑
α

Eα −
∑
k

|εk|2dk. (5.13)

Hence, we can again loosely interpret the rapidities as the energy of a single pair.

5.3.3 Zero-rapidity condensation

Having done all the preliminaries, we can now examine the circumstances under which at
least one of the rapidities can becomes zero. We start by noting that when the rapidity is
zero, the Gaudin algebra becomes

K̂†0 =
L∑
i=1

εi
|εi|2

Ŝ†i , K̂0 =
L∑
i=1

ε∗i
|εi|2

Ŝi, K̂0
0 =

L∑
i=1

ε∗i
|εi|2

Ŝi. (5.14)

To be as general as possible, we will propose an ansatz state with p zero rapidity pairs and
q regular pairs [54]

|ψ〉 = (K̂†0)p
q∏

α=1
K̂†α |θ〉 . (5.15)

Using the same procedure as in section 3.4, we find eventually that the same Richardson-
Gaudin equations have to hold as equations (5.12) and a supplementary constraint

1
g

= 2q + p− 1− 2
L∑
k=1

dk − 1 = 2N − p− L− 1, (5.16)
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where we imposed dk = 1
2 ∀k as before. Note that the supplementary constraint is

There are two special cases:
1. p = 1, the Read-Green line. In this case there is one pairon with zero rapidity. In
Figure 5.1 this corresponds to the full line. To see this, note that in the thermodynamic
limit L → ∞, N/L → ρ and gL → G1, so from equation (5.16) that we indeed obtain
ρ = 1

2G + 1
2 .

2. p = N , the Moore-Read line. All the pairons have zero rapidity. In Figure 5.1 this
corresponds to the dashed line, as in the thermodynamic limit ρ = 1

G
+ 1.

Based on equation (5.13), it is clear that when a rapidity becomes zero, two eigenstates will
have the same energy, as the non-zero rapidities are the solutions of the same Richardson-
Gaudin equations 5.12.

5.4 Dynamics within the p+ip model
In this section we will discuss some elementary insights in the dynamics of the p+ip models.
As the Hamiltonian is particle-number conserving, the Hilbert space can be partitioned
into subspaces with an equal amount of particles. Each of these subspaces has a different
scaling. For instance, the vacuum state is the only state having no particles and therefore
the dimension of this subspace will be one regardless of L. For the states with one particle,
we have a linear scaling with L. In general for a states with N particles, we have a
dimension of L!

N !(L−N)! . Especially for the low and high excitation numbers, the favorable
scaling allows to investigate the behavior of the subspace for larger L.
If we define

Ŝ†tot =
L∑
j=1

Ŝ†j , Ŝ0
tot =

L∑
j=1

Ŝ0
j , (5.17)

we immediately find, due to the number of particles being conserved

〈i(t)|Ŝ†tot|i(t)〉 = 0, 〈i(t)|Ŝ0
tot|i(t)〉 = N − L

2 . (5.18)

The state |i(t)〉 denotes a time-evolved direct product state. For the single orbitals we still
have that

〈i(t)|Ŝ†j |i(t)〉 = 0, (5.19)

but the expectation value of Ŝ0
j with respect to a direct product state is no longer trivial,

except for the vacuum (=〈↓ · · · ↓ |Ŝ†j | ↓ · · · ↓〉 − 1
2) and the completely filled state

1The g in the figure is our −G.
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(=〈↑ · · · ↑ |Ŝ†j | ↑ · · · ↑〉 = 1
2). In Figure 5.2 the behavior of 〈i(t)|Ŝ0

tot|i(t)〉 is shown for a
direct product state with one excitation. In the next chapter, we will discuss a method
to break the particle-number conservation of the model and show how this leads to much
more complicated dynamics.

(a) g = 1.2 (b) t = 100

Figure 5.2: The expectation value of Ŝ0
8 , with respect to |↓↓↓↓↓↓↓↑〉 as a function of time

and the coupling strength. The used parameters are L = 8 and εi = i
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Chapter 6

RG models interacting with a bath

In this chapter, we will introduce some recently discovered Richardson-Gaudin models
for which the particle number is not conserved [55, 56]. This can be interpreted as a
system exchanging particles with an environment, similar to the additional interactions
we introduced in the harmonic oscillator. We will first introduce the model and derive
some important formulas for the expectation values of relevant operators. Next, we will
numerically investigate the time evolution of these expectation values. More concretely,
we are interested in how the system evolves through time if we start from direct product
state at t = 0. We thus perform a quantum quench from a non-interacting system to an
interacting one. The kind of dissipation we will introduce is exactly the same as the one
we have discussed for the harmonic oscillator in subsection 2.1.3.

6.1 Introducing interaction with a bath
In this section we wish to derive the integrability equations for an XXZ model interacting
with a bath. The effect of the bath will be approximated by allowing particle exchange
and as such we want to consider non-number conserving Hamiltonians. We will proceed in
a similar fashion as we did for the regular Richardson-Gaudin models. Starting from the
same set of operators

Ri =
3∑

α=1
Aαi Ŝ

α + g
n∑
k 6=i

3∑
α=1

Xα
ikŜ

α
i S

α
k , (6.1)

there are two important differences from the derivation given in section 3.3. Firstly, since
we want interaction with an environment, we will would like to retain the terms that are
linear in the creation and annihilation operators. This method of coupling the system to a
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bath is completely analogous to what we have done for the harmonic oscillator. We have
that at least one of the following equations should hold

A2
i 6= 0, A1

i 6= 0. (6.2)

Secondly, we will restrict the discussion to spin 1
2 particles. In this case, we can make use

of the following relation

Ŝαi Ŝ
β
i = i

2
∑
γ

εαβγŜ
γ
i + 1

4δαβI, (6.3)

with εαβγ the Levi-Civita symbol. Demanding that all operators R̂i commute mutually
and making use of (6.3), we eventually find that following relations should hold [57]

Aαi X
β
ji + AαjX

γ
ij = 0, (6.4)

−Xγ
ikX

β
ji −X

γ
jkX

α
ij +Xα

ikX
β
jk = 0, (6.5)

with α 6= β 6= γ. This can be compared to the previous derivation, see section 3.3, where
the restriction to spin 1

2 relaxes the integrability conditions. As we are considering the
XXZ model, we take X1

ij = X2
ij = Xij and X3

ij = Zij. Solving the equations (6.4), we find
that by putting A3

i = 1 we have

A1
i = g2 (γ − λ)2

2 Ai, A2
i = g2 (λ− γ)2

2 Ai. (6.6)

From the equations (6.5), we then have

Xik = AiAk
ε2i − ε2k

, Zik = A2
i

ε2i − ε2k
, (6.7)

(Ai)2 = cε2i + d, (6.8)

with λ, γ, c and d possibly complex numbers. In what follows, we set d = 0 and c = 1 to
formally obtain the following set of operators

R̂i =
(
Ŝ0
i + 1

2

)
+ gγεiŜ

†
i − gλεiŜi + g

∑
k 6=i

[
εiεk

ε2i − ε2k
(Ŝ†i Ŝk + ŜiŜ

†
k) + 2ε2i

ε2i − ε2k
(Ŝ0

i Ŝ
0
k −

1
4)
]
,

(6.9)

where we have added an extra term 1
2−g

1
4
∑
k 6=i

2ε2i
ε2i−ε

2
k
for convenience. This set of operators

was first introduced by Lukyanenko etal. [55], who proved the integrability through the
boundary quantum inverse scattering matrix. Recalling the general form of a pairing
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Hamiltonian, see equation (3.10), we would like to obtain a factorisable interaction of the
kind Vij = zizj, with zi = ε−1

i We can construct such a Hamiltonian by taking a suitable
linear combination

Ĥ =
∑
i=1

z2
i R̂i

=
∑
i=1

z2
i

(
Ŝ0
i + 1

2

)
+ gγziŜ

†
i − gλziŜi + g

∑
k 6=i

zizkŜ
†
i Ŝk. (6.10)

6.2 The Bethe Ansatz
We will use a wavefunction ansatz of the form

|ψ〉 =
L∏
α=1

Ŝ†α |↓ · · · ↓〉 , (6.11)

with the generalized creation operator given by [56].

Ŝ†α = λ+
L∑
k=1

εk
ε2k − v2

α

Ŝ†k. (6.12)

This can be compared to the non-hermitian harmonic oscillator, where the presence of
the non-number conserving interaction terms also shifted the creation and annihilation
operators by a constant (2.63). Note that equation (6.11) is different from equation (3.35),
because the former contains L pairons instead of N . We now demand that |ψ〉 is an
eigenfunction of R̂i in a similar fashion as before. We find that this is the case if

(1 + g)− g
L∑
j=1

v2
α

v2
α − ε2j

+ 2g
∑
β 6=α

v2
α

v2
α − v2

β

= gγλ

∏L
j=1(v2

α − ε2j)∏L
j=1(v2

α − v2
β)
, (6.13)

this expression was also obtained in [55]. The eigenvalues are then given by1

gri = −g
L∑
α=1

ε2i
ε2i − v2

α

. (6.14)

As we will also need the dual states, we give the necessary formulas here as well. We will
denote dual states with the greek indices µ and κ. The generalized annihilation operator
is given by

Ŝµ = γ +
L∑
k=1

εk
ε2k − v2

µ

Ŝk (6.15)

1We choose to define the eigenvalues as gri rather than ri for notational convenience.
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and the wavefunction ansatz is given by

〈ψ| = 〈↑ · · · ↑|
∏
µ=1

Ŝ†µ. (6.16)

The resulting eigenvalues become

ri = 1
g
−

L∑
µ=1

ε2i
ε2i − v2

µ

(6.17)

if the dual Richardson-Gaudin equations are satisfied

(1− g) + g
L∑
j=1

v2
µ

v2
µ − ε2j

− 2g
∑
κ6=µ

v2
µ

v2
µ − v2

κ

= −gγλ
∏L
j=1(v2

α − ε2j)∏L
κ6=µ(v2

µ − v2
κ)
. (6.18)

As the dual state represents the same physical state, the eigenvalues should be the same.
From this we immediately get that

Λdual
i = Λi + 1

gε2i
, (6.19)

where we have again introduced the eigenvalue-based variables

Λi =
L∑
α=1

1
ε2i − v2

α

and Λdual
i =

L∑
µ=1

1
ε2i − v2

µ

. (6.20)

Just as for the regular RG model it is possible to rewrite the Richardson-Gaudin equation
as a closed set of equations in terms of these variables. After a rather long calculation, we
get

gεiΛ2
i = −Λi + g

∑
j 6=i

ε2iΛi − ε2jΛj

ε2i − ε2j
− gγλ. (6.21)

6.3 Derivation of the expectation values
We would like to analyze the dynamics of the XXZ models introduced in previous sec-
tion. To do this, we will look at the overlap of the eigenstate with much more familiar
direct product states, denoted as |↑ · · · ↓〉. Once we know this overlap, it is straightfor-
ward to compute the time evolution of matrix elements such as 〈↑ · · · ↑ |Ŝ†i | ↑ · · · ↑〉 and
〈↑ · · · ↑ |Ŝ0

i | ↑ · · · ↑〉. The first expectation value reveals important information on the in-
teraction between states with a different number of excitations and the second expectation
value tells about the occupancy of the state.
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6.3.1 Overlap of the eigenstates with a direct product state

As presented before, an eigenstate of the system is given by

|{vα}〉 =
L∏
α=1

(λ+
L∑
k=1

εk
ε2k − v2

α

Ŝ†k) |↓ · · · ↓〉 , (6.22)

whereas a direct product state with N excitations is labeled as

|{ia}〉 =
N∏
a=1

Ŝ†ia |↓ · · · ↓〉 . (6.23)

Where the excited states are labeled as {ia}. We start by noting that, as the direct
product states are orthogonal, only the terms in |{vα}〉 that are proportional to |{ia}〉 will
be non-zero. Therefore, it is easy to see that the overlap can be written as

〈{ia}|{vα}〉 = λL−N

(L−N)!per



λ · · · λ ε1a
ε21a−v

2
1
· · · εNa

ε2Na−v
2
1

λ · · · λ ε1a
ε21a−v

2
2
· · · εNa

ε2Na−v
2
2

... · · · ... ... · · · ...
λ · · · λ ε1a

ε21a−v
2
L
· · · εNa

ε2Na−v
2
L

 , (6.24)

where the columns only contain those single particle energies that are excited in |{ia}〉. The
per stands for the permanent of the matrix, which differs from the determinant in that the
signature of the permutations are not taken into account. Calculating the permanent of a
matrix is a computationally intensive task, since it scales exponentially with the matrix size
[58]. This is because, unlike for the determinant which is invariant under certain algebraic
transformations, one can not use algebraic manipulations to make the computation easier.
Fortunately, we can rewrite this particular permanent as a determinant to reduce the
complexity of the calculation. One can prove that equation (6.24) can be rewritten as
[50, 56]

〈{ia}|{vα}〉 = λL−N
N∏
j=1

εja det Jaβ, (6.25)

with J given by

Jaβij =


∑L
β=1

1
ε2ia−v

2
β
−∑N

j 6=i
1

ε2ia−ε
2
ja

if i = j

1
ε2ia−ε

2
ja

if i 6= j

=


Λβ
i −

∑N
j 6=i

1
ε2ia−ε

2
ja

if i = j

1
ε2ia−ε

2
ja

if i 6= j
(6.26)
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We have thus succeeded in finding a computationally efficient way of finding the overlap
of a direct product state with an eigenstate. In the following subsection, we will use Greek
letters to label the eigenstates and Greek letters with a prime to label the dual eigenstates.

6.3.2 Normalization

The eigenstates we used in the previous section were not yet normalized. We will de-
scribe the procedure for the normalization in this subsection. We introduce the notations
|{vα}〉N = Nα |{vα}〉, with |{vα}〉N the normalized ket. Similarly, we write |{vµ′}〉N =
Nµ′ |{vµ′}〉. We clearly have that

〈{ia}|{vα}〉
〈{ia}|{vµ′}〉

= Nα

Nµ′
, (6.27)
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with 〈{ia}| an arbitrary direct product state. Using a similar reasoning as for the overlaps,
we also have that

N∗α′Nα = 〈{vα′}|{vα}〉 (6.28)

= 〈↑ ... ↑ |
L∏

α′=1

(−γ∗ +
L∑
k=1

εkŜ
†
k

ε2k − v2
α′

)
L∏
α=1

(λ+
L∑
j=1

εjŜ
†
j

ε2j − v2
α

)| ↓ ... ↓〉

= 1
L!per



λ · · · λ ε1
ε21−v

2
1
· · · εL

ε2L−v
2
1

λ · · · λ ε1
ε21−v

2
2
· · · εL

ε2L−v
2
2... · · · ... ... · · · ...

λ · · · λ ε1
ε21−v

2
L
· · · εL

ε2L−v
2
L

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εL

ε2L−v
′2
1

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εL

ε2L−v
′2
1... · · · ... ... · · · ...

−γ∗ · · · −γ∗ ε1
ε21−v

′2
L

· · · εL
ε2L−v

′2
L



=

(∏L
j εj

)
λL

L! per



1 · · · 1 1
ε21−v

2
1
· · · 1

ε2N−v
2
1

1 · · · 1 1
ε21−v

2
2
· · · 1

ε2N−v
2
2... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

2
L
· · · 1

ε2N−v
2
L

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2N−v
′2
1

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2N−v
′2
1... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

′2
L

· · · 1
ε2N−v

′2
L


=
 L∏

j

εj

λL det J (6.29)

with

Jαab =


∑
κ=β′∪β

1
ε2a−v2

κ
−∑N

k 6=a
1

ε2a−ε2k
if a = b

1
ε2a−ε2b

if a 6= b

=

2Λβ
a + α

ε2a
−∑N

j 6=a
1

ε2a−ε2j
if a = b

1
ε2a−ε2b

if a 6= b
(6.30)

In equation(6.29), we have imposed that γ = −λ∗, which is equivalent with demanding
that the Hamiltonian be hermitian. From equations (6.27) and (6.28) it is now possible to
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derive the Normalization constants. Note that only the amplitude of these constants are
fixed, so that the phase factor can be freely chosen.

6.3.3 Expectation value of Ŝ†i
In this section we wish to investigate how 〈{ia}(t)|Ŝ†i |{ia}(t)〉 evolves through time. We
will follow a similar approach as in [56]. We start by introducing completeness relations to
get rid of the time dependency within the brakets such that

|{ia}(t)〉 = e−
iĤt
~ |{ia}〉 =

∑
α

e−
iEαt

~ 〈{vα}|{ia}〉 (6.31)

〈{ia}(t)|Ŝ†i |{ia}(t)〉 =
∑
µ′ ,β

exp i(Eµ′ − Eβ)t 〈{ia}|xµ′ 〉 〈xµ′ |Ŝ
†
i |xβ〉 〈xβ|{ia}〉 . (6.32)

From the previous subsection it is easy to see that the last factor is given by

〈{vα}|{ia}〉 = (λ∗)L−N
 N∏
j=1

εja

 det Jαa (6.33)

with

Jαaij =


Λβ
i −

∑N
j 6=i

1
ε2ia−ε

2
ja

if i = j

1
ε2ia−ε

2
ja

if i 6= j
(6.34)

For the overlap of a braket and a dual eigenstate we can derive in a completely similar
fashion that

〈{ia}|{vµ′}〉 = (−γ)N
∏
j 6⊂ia

εj

 det Jaµ
′

(6.35)

with

Jaµ
′

ij =


Λµ
′

i + α
ε2ia
−∑L−N

j 6=i
1

ε2ia−ε
2
ja

if i = j

1
ε2ia−ε

2
ja

if i 6= j
(6.36)
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where α is the coefficient in front of Ŝ0 in the operators R̂i. Using the same kind of
combinatorics as we used to derive the overlap, we can derive an expression for

〈{vµ′}|Ŝ
†
i |{vβ}〉 = 〈↑ ... ↑ |

L∏
µ′=1

(−γ∗ +
L∑
k=1

εkŜ
†
k

ε2k − v2
µ′

)
L∏
β=1

(λ+
L∑
j=1

εjŜ
†
j

ε2j − v2
β

)Ŝ†i | ↓ ... ↓〉

= 〈↑ ... ↑ |
L∏

µ
′=1

(−γ∗ +
L∑
k=1

εk
ε2k − v2

µ′
)

L∏
β=1

(λ+
L∑
j=1

εj
ε2j − v2

β

)| ↓ ... ↑i ... ↓〉

= 1
(L+ 1)!per



λ · · · λ ε1
ε21−v

2
1
· · · εL

ε2L−v
2
1

λ · · · λ ε1
ε21−v

2
2
· · · εL

ε2L−v
2
2... · · · ... ... · · · ...

λ · · · λ ε1
ε21−v

2
L
· · · εL

ε2L−v
2
L

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εL

ε2L−v
′2
1

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εL

ε2L−v
′2
1... · · · ... ... · · · ...

−γ∗ · · · −γ∗ ε1
ε21−v

′2
L

· · · εL
ε2L−v

′2
L



=
(∏a6=i εa)λL+1

(L+ 1)! per



1 · · · 1 1
ε21−v

2
1
· · · 1

ε2N−v
2
1

1 · · · 1 1
ε21−v

2
2
· · · 1

ε2L−v
2
2... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

2
L
· · · 1

ε2L−v
2
L

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2L−v
′2
1

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2L−v
′2
1... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

′2
L

· · · 1
ε2L−v

′2
L


= (

∏
a6=i

εa)λL+1 det Jµ
′
β, (6.37)

where λ = −γ∗ was again imposed. Here the matrix J is given by

Jµ
′
β

ab =


∑
κ=µ′∪β

1
ε2a−v2

κ
−∑N

j 6=a,j 6=i
1

ε2a−ε2j
If a = b

1
ε2a−ε2b

If a 6= b

=


Λβ
a + Λµ

′

a + α
ε2a
−∑N

j 6=a,j 6=i
1

ε2a−ε2j
If a = b

1
ε2a−ε2b

If a 6= b
(6.38)

and a, b 6= i. All terms in this summation can be efficiently calculated within the eigenvalue-
based formalism.
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6.3.4 Expectation value of Ŝ0
i

In this section we will derive an expression for the time evolution of 〈{ia}(t)|Ŝ0
i |{ia}(t)〉.Before

starting the derivation, we will introduce a rescaled version of R̂i, see equation (6.9), to
simplify the notations in this section

R̂
′

i = R̂i

g
= α

(
Ŝ0
i + 1

2

)
+ γεiŜ

†
i − λεiŜi +

∑
k 6=i

[
εiεk

ε2i − ε2k
(Ŝ†i Ŝk + ŜiŜ

†
k) + 2ε2i

ε2i − ε2k
(Ŝ0

i Ŝ
0
k −

1
4)
]
,

(6.39)

with α = 1
g
.

By introducing completeness relations we obtain a similar equation as in (6.32). The
starting point for the derivation will be 〈xµ′ (α)|Ŝ0

i |xβ(α + dα)〉, which can rewriting using
the observation that ∂R̂

′
i

∂α
= Ŝ0

i + 1
2 , yielding

〈{vµ′}(α)|Ŝ0
i + 1

2 |{vβ}(α + dα)〉 = 〈{vµ′}(α)|∂R̂
′
i

∂α
|{vβ}(α + dα)〉

= 〈{vµ′}(α)|R̂
′
i(α + dα)− R̂′i(α)

dα
|{vβ}(α + dα)〉

= (rβi (α + dα)− rµ
′

i (α))
〈{vµ′}(α)|{vβ}(α + dα)〉

dα
.

(6.40)

In order to further simplify the expression, we will have to make a distinction between the
diagonal and the off-diagonal elements.

Diagonal elements

From the previous section we know that we can write the eigenvalues in terms of the
eigenvalue based variables as rβi = −ε2iΛ

β
i . We now Taylor expand rβi (α + dα) in equation

(6.40) to the first order and make use of the continuity of the scalar product to obtain

〈{vβ′}(α)|Ŝ0
i |{vβ}(α)〉 = ∂ri

∂α
〈{vβ′}(α)|{vβ}(α)〉

= −ε2i
∂Λβ

i

∂α
〈{vβ′}(α)|{vβ}(α)〉 . (6.41)

This can be rewritten as

〈{vβ′}(α)|Ŝ0
i |{vβ}(α)〉

〈{vβ′}(α)|{vβ}(α)〉 = −ε2i
∂Λβ

i

∂α
. (6.42)
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It might seem as if little progress has been made, since ∂Λβi
∂α

is still unknown. However,
we will demonstrate later on in this subsection how these partial derivatives can easily be
determined.

Off-diagonal elements

To find an expression for the off-diagonal elements, we start by writing the eigenvalues in
terms of the eigenvalue based variables

〈{vµ′}(α)|Ŝ0
i |{vβ}(α)〉 = (ε2iΛ

β
i (α)− ε2iΛ

µ
′

i (α))
〈{vµ′}(α)|{vβ}(α + dα)〉

dα
. (6.43)

The braket can be rewritten by using the by now usual procedure

〈{vµ′}(α)|{vβ}(α + dα)〉

= 〈↑ ... ↑ |
L∏

µ′=1

−γ∗ +
L∑
k=1

εkŜ
†
k

ε2k − v2
µ′

 ∣∣∣∣∣
α

L∏
β=1

λ+
L∑
j=1

εjŜ
†
j

ε2j − v2
β

 ∣∣∣∣∣
α+dα
| ↓ ... ↓〉

= 1
L!per



λ · · · λ ε1
ε21−v

2
1
· · · εN

ε2N−v
2
1

λ · · · λ ε1
ε21−v

2
2
· · · εN

ε2N−v
2
2... · · · ... ... · · · ...

λ · · · λ ε1
ε21−v

2
L
· · · εN

ε2N−v
2
L

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εN

ε2N−v
′2
1

−γ∗ · · · −γ∗ ε1
ε21−v

′2
1
· · · εN

ε2N−v
′2
1... · · · ... ... · · · ...

−γ∗ · · · −γ∗ ε1
ε21−v

′2
L

· · · εN
ε2N−v

′2
L



= (∏a εa)λL
L! per



1 · · · 1 1
ε21−v

2
1
· · · 1

ε2N−v
2
1

1 · · · 1 1
ε21−v

2
2
· · · 1

ε2N−v
2
2... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

2
L
· · · 1

ε2N−v
2
L

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2N−v
′2
1

1 · · · 1 1
ε21−v

′2
1
· · · 1

ε2N−v
′2
1... · · · ... ... · · · ...

1 · · · 1 1
ε21−v

′2
L

· · · 1
ε2N−v

′2
L


= (

∏
a

εa)λL det J, (6.44)
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with again λ = −γ∗ and with

Jµ
′
β

ij =


∑
κ=µ∪β

1
ε2i−v2

κ
−∑N

k 6=i
1

ε2i−ε
2
k

if i = j
1

ε2i−ε
2
j

if a 6= b

=


Λµ
i

∣∣∣∣∣
α

+ Λβ
i

∣∣∣∣∣
α+dα

+ α
ε2i
−∑N

k 6=i
1

ε2i−ε
2
k

if i = j

1
ε2i−ε

2
j

if i 6= j
(6.45)

The obtained expression is can be seen as a polynomial in dα. We can now proceed by
explicitly determining the zeroth and first order coefficients. Since the eigenstates are
orthogonal, the zeroth order in dα drops out. To find the first order coefficient, we start by
noting that only the diagonal elements contain terms in dα. We can find the contribution

of a diagonal element Jaa by Taylor expanding Λβ
a

∣∣∣∣∣
α+dα

to the first order and by only

considering the zeroth order of the other remaining diagonal elements. Doing this for each
of the diagonal elements, the first order in dα becomes

〈{vµ′}(α)|Ŝ0
i |{vβ}(α)〉 = (ε2iΛ

β
i (α)− ε2iΛ

µ
′

i (α))(
∏
a

εa)λL
L∑
k=1

∂Λβ
k

∂α
det J̃k (6.46)

with

J̃µ
′
βj

ij =


∑
κ=µ′∪β

1
ε2i−v2

κ
−∑N

k 6=i
1

ε2i−ε
2
k

if i = j
1

ε2i−ε
2
j

if i 6= j

=

Λβ
i + Λµ

i + α
ε2i
−∑N

k 6=a
1

ε2i−ε
2
k

if i = j
1

ε2i−ε
2
j

If i 6= j
(6.47)

with i, j 6= k.
Hence, we again need the partial derivatives to α. These can be obtained by considering
the closed set of equations for eigenvalue based variables

ε2iΛ2
i = −αΛi +

∑
j 6=i

ε2iΛi − ε2jΛj

ε2i − ε2j
− γλ, (6.48)

and by taking the partial derivative to α

2ε2iΛi
∂Λi

∂α
= −Λi − α

∂Λi

∂α
+
∑
j 6=i

ε2i
∂Λi
∂α
− ε2j

∂Λj
∂α

ε2i − ε2j
. (6.49)

The latter equation can be rewritten to give

(2ε2iΛi + α−
∑
j 6=i

ε2i
ε2i − ε2j

)∂Λi

∂α
+
∑
j 6=i

ε2j
ε2i − ε2j

∂Λj

∂α
= −Λi, (6.50)

which is a linear equation in ∂Λi
∂α

and can as such be easily solved.
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Chapter 7

Numerical analysis of the p+ip
model interacting with a bath

7.1 Introduction
In this chapter we will numerically analyze the properties of the p+ ip Hamiltonian inter-
acting with a bath using the formulas derived in the previous chapter. In section 7.3 we will
examine the static properties such as the eigenenergies, the overlaps and the expectation
values with respect to the eigenstates as a function of the coupling strength. In section
7.4 we consider the dynamical properties of the system. We start from a direct product
state and observe how the expectation value of Ŝ† and Ŝ0 evolve through time. Special
attention will be paid to the Moore-Read and Read-Green lines. In section 7.2 we briefly
discuss how we expect the behavior to change at these points when the number of particles
is no longer conserved.

7.2 Avoided crossing
When the number of particles is conserved, there is no interaction possible between states
containing a different number of particles. This was the case for the p + ip model we
considered in chapter 5. However, when breaking the particle conservation, interaction
between the degenerate eigenstates becomes possible and avoided crossing might occur
[59]. This is shown in Figure 7.1. Due to the additional system-bath interaction the
degeneracy is lifted, but the character of the eigenstates is still changed. From chapter
5 we know that these degeneracies occur at the Read-Green and the Moore-read points
in the p + ip model. We thus expect to observe avoided crossing at these points. We
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Figure 7.1: An illustration of avoided crossing. The parameter on the x-axis is the coupling
strength in this case [60].

can show that the gap between the two states involved in the crossing, ∆ in Figure 7.1,
is proportional to the interaction strength between the two involved states. Consider a
two-level Hamiltonian of the form

Ĥ =
E1 V

V E2

 , (7.1)

where all matrix elements are considered to be real and V can be considered to be a
perturbation, linking the two states. The eigenenergies are

E+ = (E1 + E2)
2 + 1

2
√

(E1 − E2)2 + 4|V |2 (7.2)

E− = (E1 + E2)
2 − 1

2
√

(E1 − E2)2 + 4|V |2. (7.3)

We thus find for the gap

∆ = E+ − E− =
√

(E1 − E2)2 + 4|V |2. (7.4)

When the two-state system is degenerate in the unperturbed situation, E1 = E2, we find
that ∆ = 2|V |. The interaction between the states thus lifts the degeneracy. Although
we only discussed a two-level system, the above conclusions are often valid for more levels
systems as well. This is because around the degeneracy the interactions between the states
involved in the no-crossing region is strong enough so that the interactions with the other
states can be neglected. In what follows, we can consider the terms in the Hamiltonian
6.10 that are proportional to γ as the perturbation and therefore we expect that in case of
non-crossing the gap will be proportional to γ.
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7.3 Statics

7.3.1 Total System

The ground state

(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.2: The occupation of the ground state as a function of the coupling strength.

All the numerical results throughout the remainder of this chapter were obtained with
the single-particle energies ε2i = i for i = 1, ..., L. In Figure 7.2b we see how the number
of pairs in the ground state changes strongly around g = 1

7 , g = 1
5 , g = 1

3 and g = 1.
Not surprisingly, these values correspond to the Read-Green points. We also see that
the transition is more abrupt as γ decreases. This is because for small γ the interaction
between states with a different number of pairs will be very weak and hence the states
involved in the transition will only interact in a very small interval around the Read-
Green points. For very large γ, see Figure 7.2d, we no longer get clear transitions in



7.3. STATICS 81

the number of pairs. At this point the terms proportional to γ in the Hamiltonian play
a more important role than the pairing terms. The system then becomes reminiscent
of the third regime we have encountered before in subsection 2.2.1, which can be given
the interpretation of a mean field theory where particle fluctuations are dominant. The
terms proportional to γ are also very similar to the mean-field Hamiltonian encountered
in the BCS theory [40]. For the expectation value of Ŝ†tot with respect to the ground

(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.3: The expectation value of Ŝ†i of the ground state as a function of the coupling
strength.

state, shown in Figure 7.3, we find that for small γ there are only significant peaks around
the Read-Green points, indicating that there is indeed a strong interaction between the
ground state and the excited states at these points. At these crossings, the eigenstates
are approximately given by 1√

2(|ψn〉+ |ψn+1〉), with n denoting the number of pairs in the
state, and a such 〈Ŝ†tot〉 = 〈ψn+1|Ŝ†tot|ψn〉. Farther from the crossing the eigenstates are
approximately unperturbed and 〈Ŝ†tot〉 = 〈ψn|Ŝ†tot|ψn〉 = 0. Away from the Read-Green
points, we see that for small γ the expectation value is close to zero, which is the same
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as what we found for the particle conserving p + ip model, see section 5.4. For larger γ,
the peaks start to spread out and they become less pronounced. For γ = 10−1 they have
completely disappeared. This is again an indication that at γ = 10−1 the model has entered
a different regime. It is clear that the number of excitations in an eigenstate no longer has
a clear meaning, as the states belonging to different excitation sectors1 interact strongly
with each other. The peaks in Figure 7.3 suggest that there is a strong interaction between

(a) γ = 10−2 (b) γ = 10−1

Figure 7.4: The squared overlap of the groundstate with the groups of direct products
states having the same number of excitations.

states with a different number of excitations. To further investigate this, we look at the
overlap of the groundstate with the direct product states containing a definite number of
particles. For clarity of the plot, we first group all direct product states with the same
number of excitations. The result for γ = 10−2 is shown in Figure 7.4. At each of the
Read-Green points the dominant number of excitations changes, leading to an effective
change of the number of particles in the system. This is consistent with what we saw in
Figure 7.15. It is also remarkable to see that the overlap with N = 3 sector is dominant in
a much larger interval than the N = 1 and N = 2 sectors. When we compare the γ = 10−2

to the γ = 10−1, we see that in the latter case the contribution of the dominant sector is
smaller than in the former case.
The alert reader might notice that the graph of N = 8 for γ = 10−2 exhibits a rough
behavior at higher coupling strength, as can be seen in the lower right corner in Figure
7.4a. This is probably because of numerical noise. From equation (6.24) it is clear that
we are dealing with factors of the order γN . If γ = 10−2 we can have an order of 1016

1We define an excitation sector to be the collection of states that can be adiabatically connected to the
set of direct product states with the same number of particles.
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difference in the computations2. For smaller values of γ it was found that the noise was too
big to produce reliable results. Fortunately, we are mainly interested in the lower excited
states, for which the numerical noise is not present. We have anticipated the occurrence

(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.5: The eigenenergies of the first excitation sector with respect to the ground state
energy.

of avoided crossings in section 7.2. The strong interactions between the different sectors
in combination with the change of (dominant) number of excitations at the Read-Green
points, suggest that at these points there is indeed an avoided crossing. To confirm this,
we look at the eigenenergies of the states in the first excitation sector, see Figure 7.5.
We indeed see that the state |↑↓↓↓↓↓↓↓〉g avoids crossing with the ground state. This is
the eigenstate with the lowest eigenenergy in the zero-coupling limit. The other states of
the sector have no tendency to interact with the ground state and the difference between

2One might also think that the noise is be caused by the computation of the determinant an 8 × 8
matrix containing small number. However, performing the calculations without the factor γN yielded
smooth graphs, indicating that no noise is present and that the determinant is computed correctly.
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the ground state energy and the eigenenergy of these states increases monotonically with
increasing coupling strength. The gap between the no-crossing states is proportional to
γ, being of the order 10−2 for γ = 10−4 and of the order 1 for γ = 10−2. For γ = 10−2

the |↑↓↓↓↓↓↓↓〉g state exhibits avoided crossing with the ground state at each Read-Green
point, g = 1

7 , g = 1
5 , g = 1

3 and g = 1. This is clearly not the case for γ = 10−4,
where avoided crossing only occurs at g = 1

7 . Because Figure 7.3a clearly indicates that
the ground state is involved in interactions with other eigenstates at each of the Read-
Green points, we can presume that this is caused by other excitation sectors. Figure 7.6a
confirms this: the eigenstates from other excitation sectors also exhibit avoided crossing
with the ground state. From Figure 7.6c it is clear that indirectly the other excitation
sectors are responsible for the repeated avoided crossing of the state |↑↓↓↓↓↓↓↓〉g with the
ground state. Because of the stronger interaction between the different excitation sectors,
avoided crossing can now also occur between two excitation sectors with both at least
one excitation. We see that the one-excitation sector eigenstate is repelled by the two-
excitations sector eigenstate and is thus "pushed back" towards the ground state. The
two-excitations sector eigenstate is at its turn repelled by the three-excitation sector. It is
remarkable that for higher excitations sectors, for instance the four-excitation sector and
the five-excitation sector, there is no avoided crossing present. For γ = 10−1, we see that
avoided crossing with the ground state is no longer present. From section 7.2 we know
that the character of the eigenstates changes when they are involved in an avoided crossing.
This change in character is reflected in the occupancy of the state. This helps to explains
the results shown in Figure 7.7. At each avoided crossing, which occur at the Read-Green
points, the occupancy of state |↑↓↓↓↓↓↓↓〉g changes to the occupancy of the state with
which it is involved in the non-crossing. For instance, for the γ = 10−3 case, we see that
the occupancy is 1 before g = 1

7 , the first Read-Green point. As the state |↑↓↓↓↓↓↓↓〉g
belongs to the first excitation sector, this is what we would expect. At g = 1

7 there is
an avoided crossing with the ground state, that has zero occupancy, see Figure 7.2b. The
occupancy of both eigenstates is exchanged. At g = 1

6 the state |↑↓↓↓↓↓↓↓〉g has an avoided
crossing with a state from the second excitation sector and thus its occupancy becomes
2. It is remarkable how abrupt the occupancy changes at this point. This indicates that
both states interact very weakly with each other. This weak interaction is probably the
reason why for γ = 10−4 we don’t see any changes: the numerical accuracy is insufficient
to capture this very weak interaction. At g = 1

5 there is again an avoided crossing with
the ground state, that has an occupancy of 1 from its previous interaction with the state
|↑↓↓↓↓↓↓↓〉g.
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.6: The eigenenergy of the eigenstate that, for each excitation sector, interacts
most strongly with the vacuum state as a function of the coupling strength.

The vacuum state

We know that the vacuum state is involved in the transition at the Read-Green points. It
is therefore interesting to look at the overlap of the vacuum state with the most important
eigenstates. To get an idea of what eigenstate are most important, we plot the maximal
overlap encountered for each of the eigenstates while sweeping the coupling strength from
0 to 1.2. This is shown in Figure 7.8d. We see that as γ increases, there appear more
high peaks. The overlaps are shown in Figure 7.9. We see that for higher γ, there are
more states involved. It is remarkable how the number of excitations in the vacuum state
in the strong-coupling limit seems to depend on strongly γ. Of course, it might be that
for coupling strengths higher than 1.2 there are still changes in the number of excitations
of the vacuum state, but considering that from g = 1 onwards all excitation sectors have
entered the strong coupling regime this seems highly unlikely.
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.7: The occupation of the lowest exited state,|↑↓↓↓↓↓↓↓〉g, as a function of the
coupling strength.

In Figure 7.9c we see that at g = 1
4 the overlap of state x92, |↓↓↓↓↓↑↑↑〉 1

4

3, suddenly drops
and that of |↓↓↓↓↑↑↑↑〉 1

4
peaks. Looking a the energies of these two eigenstates, see Figure

7.10, we find that the states are degenerate at this value of the coupling strength. For lower
values of γ, we also find this degeneracy, but for numerical reasons the overlaps with the
vacuum state are too small to draw reliable conclusions on whether the overlap behaves in
the same manner as for the γ = 10−2 case.

3We introduce the notation |↓↓↓↓↓↑↑↑〉a to indicate the eigenstate at g = a that can be adiabatically
connected to the direct product state |↓↓↓↓↓↑↑↑〉
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.8: The maximal encountered overlap of the vacuum with each of the eigenstates
when sweeping the coupling strength from 0 to 1.2.

7.3.2 A single excited state

In the previous subsection, we examined the properties of the entire system. We will now
look at the properties of a single state. We choose to discuss the state with single particle
energy ε8, because of its importance in the avoided crossing with the ground state.
In Figure 7.11 we see that the occupancy of the single level with respect to the ground
state behaves in a very similar manner as that of the total system. At the Read-Green
points, the occupancy of the orbital changes abruptly. Between these points the occupancy
drops, which is different from the entire system, where the occupancy remains constant.
For the interaction strength between the different excitation sectors, we also find a de-
meanor almost identical to the entire system. This suggests that the decreasing occupancy
between the Read-Green points is caused by the interactions of the states belonging to the
same excitation sector.
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.9: The overlap of the vacuum with the most important eigenstates as a function
of the coupling strength.

(a) γ = 10−2 (b) γ = 10−4

Figure 7.10: The eigenenergies of states x92 and x162.
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.11: The occupation of the ground state as a function of the coupling strength.

7.4 Dynamics
In this section we will numerically analyze the behavior of 〈i(t)|Ŝ†|i(t)〉 and 〈i(t)|Ŝ0|i(t)〉
with |i(t = 0)〉 a direct product state. The first expectation value is an indication for how
strong states within different excitation sectors interact with each other. The second will
learn us more about the occupancy of the system. These properties enable us to better
understand the dynamics of the model. We will consider both an eight level system and a
four level system.
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(a) γ = 10−4 (b) γ = 10−3

(c) γ = 10−2 (d) γ = 10−1

Figure 7.12: The expectation value of Ŝ†i of the ground state as a function of the coupling
strength.

7.4.1 The eight level system

The vacuum state

In Figure 7.14 the time evolution of the vacuum is shown. We see a periodical behavior
suggesting the presence of quantum revival effects. For γ = 10−4, see Figure 7.13c, the
figure somewhat resembles a modulated sine function. However, we should point out that
the magnitude of the occupancy in this case is about 10−8, which might be lower than the
numerical accuracy of the the computations4. For γ = 10−2, we still find an occupancy
of the order 10−5, indicating that the expectation value for the occupancy with respect to
the vacuum differs very little from that of the isolated p + ip model, even for γ = 10−2.
For γ = 10−1, we find an order of magnitude of 10−2, indicating a much stronger variance

4By comparing the values of the matrix elements at t = 0 to their exact values, we find an accuracy of
at least 10−6.
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in the occupancy over time. As discussed before, for this value of γ the system exhibits a
fundamentally different behavior.

(a) γ = 10−1 (b) γ = 10−2 (c) γ = 10−4

Figure 7.13: The occupation the vacuum state as a function of time at g = −1.2.

In figure 7.14, we again see a more or less periodic behavior. The magnitude of the
expectation value is proportional to the value of γ, ranging from 10−1 for γ = 10−1 to 10−4

for γ = 10−4. Here, the behavior of the γ = 10−4 case is very similar to that of the other
values of γ. In Figure 7.15a we see that at small timescales, the figure resembles a sinc2

(a) γ = 10−1 (b) γ = 10−2 (c) γ = 10−4

Figure 7.14: The expectation value of Ŝ†tot the vacuum state as a function of the time at
g = −1.2.

function with the peak centered around 1
8 , independent of the value of γ. For larger time

scales the graph becomes less smooth and for γ = 10−1 there is a peak at g = 1
3 , which is

a Read-Green point. From Figures 7.17l and 7.15c it is clear that the magnitude of this
peak oscillates strongly through time. For γ = 10−2 we observe similar peaks at the values
g = 1

5 , g = 1
6 and g = 1

7 . For smaller values of γ, only the 1
6 peak can be observed and

for γ = 10−4 there is also a small peak at g = 1. The occupancy again exhibits a periodic
behavior through time for each value of the coupling strength5.

5This cannot be observed based on the plots shown. When we make a movie showing the evolution
through time, we can however clearly discern periodicity through time.
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(a) γ = 10−1 and t = 100 (b) γ = 10−1 and t = 1000 (c) γ = 10−1 and t = 10000

(d) γ = 10−2 and t = 100 (e) γ = 10−2 and t = 1000 (f) γ = 10−2 and t = 10000

(g) γ = 10−3 and t = 100 (h) γ = 10−3 and t = 1000 (i) γ = 10−3 and t = 10000

(j) γ = 10−4 and t = 100 (k) γ = 10−4 and t = 1000 (l) γ = 10−4 and t = 10000

Figure 7.15: The occupation of the vacuum state as a function of the coupling strength
and at several times.

For the expectation value of Ŝ†tot, see Figure 7.16 we find that for small t the behavior is
very similar for each value of γ. For larger t, however, there is a clear difference in behavior
between the g = 10−1 case and the other value of γ. For g = 10−1 no clear peaks can be
discerned. For γ = 10−2 there are oscillating peaks at g = 1

7 ,
1
6 ,

1
5 . For smaller values of γ

there is only a peak at g = 1
7 .



7.4. DYNAMICS 93

(a) γ = 10−2 and t = 100 (b) γ = 10−2 and t = 1000 (c) γ = 10−1 and t = 10000

(d) γ = 10−2 and t = 100 (e) γ = 10−2 and t = 1000 (f) γ = 10−2 and t = 10000

(g) γ = 10−3 and t = 100 (h) γ = 10−3 and t = 1000 (i) γ = 10−3 and t = 10000

(j) γ = 10−4 and t = 100 (k) γ = 10−4 and t = 1000 (l) γ = 10−4 and t = 10000

Figure 7.16: The expectation value of Ŝ† of the vacuum state as a function of the coupling
strength and at several times.

7.4.2 The four-level system

In this subsection we examine the dynamics of a four-level system, because there are some
remarkable differences between the dynamics of this system and that of the eight-level
system. In Figure 7.17 we see that for γ = 10−4 and γ = 10−3, there is one small peak
at g = 1

3 that increases monotonously through time. Note that the scaling of the y-axis
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(a) γ = 10−1 and t = 100 (b) γ = 10−1 and t = 1000 (c) γ = 10−1 and t = 10000

(d) γ = 10−2 and t = 100 (e) γ = 10−2 and t = 1000 (f) γ = 10−2 and t = 10000

(g) γ = 10−3 and t = 100 (h) γ = 10−3 and t = 1000 (i) γ = 10−3 and t = 10000

(j) γ = 10−4 and t = 100 (k) γ = 10−4 and t = 1000 (l) γ = 10−4 and t = 10000

Figure 7.17: The occupation of the vacuum state as a function of the coupling strength
and at several times.
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increases by roughly a factor 10 for each plot when going from left to right. For γ = 10−2,
there is a broad peak at g = 1

3 and a small one at g = 1
2 . The magnitude of the small peak

oscillates through time. For γ = 10−1, there is a small peak at g = 1 and a very broad
peak at g = 1

2 . The behavior for γ = 10−1 and γ = 10−2 is clearly very different from that
of the eight-level system, where no small peaks were present at those values of the coupling
strength. In Figure 7.18, we see that there is a peak at g = 1

3 for γ = 10−4, γ = 10−3 and
γ = 10−2. The broadness of the peak increases for increasing values of γ. For γ = 10−1

the peak has become so broad that is no longer clearly distinguishable. In contrast to the
occupancy, the points g = 1

2 and g = 1 don’t seem to play an important role here.
The appearance of the small peaks in the expectation value of Ŝ0

tot for γ = 10−1 and
γ = 10−2 is a feature that was not present in the eight-level system. It is unclear whether
this discrepancy has a physical reason or it is due to a lack of accuracy in the computations
for the eight-level system.
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(a) γ = 10−2 and t = 100 (b) γ = 10−2 and t = 1000 (c) γ = 10−1 and t = 10000

(d) γ = 10−2 and t = 100 (e) γ = 10−2 and t = 1000 (f) γ = 10−2 and t = 10000

(g) γ = 10−3 and t = 100 (h) γ = 10−3 and t = 1000 (i) γ = 10−3 and t = 10000

(j) γ = 10−4 and t = 100 (k) γ = 10−4 and t = 1000 (l) γ = 10−4 and t = 10000

Figure 7.18: The expectation value of Ŝ† of the vacuum state as a function of the coupling
strength and at several times.
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Chapter 8

Conclusion and outlook

The aim of this thesis was to extend the integrable p+ ip model by adding terms that are
linear in the creation and annihilation operator to the Hamiltonian in order to break the
particle-number conservation and to study the dynamics of this system. The model can
then be considered to interact with an environment, allowing for dissipative effects. These
dissipative effects can for instance be used to model spin decoherence in two state systems,
which is useful for quantum computing.

From our study of the harmonic oscillator, we have learned that it is possible to obtain
damping or amplification by adding linear terms in the creation and annihilation operators
to the Hamiltonian. However, to obtain this we had to give up the hermicity of the Hamil-
tonian. This leads to a time evolution operator that is no longer unitary and therefore the
norm of the wavefunction is not longer conserved through time. As we were unable to give
a clear interpretation to this unnormalized wavefunction, we proceeded to consider other
methods to include interaction with an environment in a quantum system. We found that
the density operator formalism is a very natural method for describing these open quantum
systems.

We have discussed the Richardson-Gaudin models in general and illustrated it with the
reduced BCS Hamiltonian, which is a historically important example. We then proceeded
to discuss the phase diagram in the p+ip model and briefly discussed some of the dynamics
of the model, making use of the particle-number conservation to separate the Hilbert space.

In chapter 6 we derived formulas for the overlap of a direct product state with an eigen-
state, for the expectation value of the creation operator with respect to a time-dependent
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direct product state and for the expectation value of the occupancy of an orbital with
respect to that state. Using these formulas we can numerically analyze the dynamics of
the model. We found that avoided crossing plays a very important role at the Read-Green
points and that for small values of γ avoided crossings only occur when the ground state
is involved. For larger γ we also observe repulsion between the states of different non-zero
excitation sectors.

It would be interesting to discuss the p + ip model interacting with a bath within the
density operator formalism, as it is more natural to describe open quantum systems. It
would also be interesting to study the properties of the system when γ is time-dependent.
To do this an approach similar as in [61] can be taken. This approach seems promising
when γ is small and the terms in the Hamiltonian that break particle conservation can
be treated as a perturbation. The intrinsic disadvantage of this approach is that (i) it
is approximative, so we no longer obtain exact solutions (ii) the error increases as time
propagates.

The study of the time evolution of (open) quantum systems is a very actual and inter-
esting subject with many questions left to be answered. Hopefully, the findings in this
thesis can contribute to a better understanding of this fascinating topic.
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Appendix A

The classical harmonic oscillator

A.1 The classical harmonic oscillator
The Hamiltonian of a single harmonic oscillator is given by

H = p2

2m + mω2x2

2 . (A.1)

The coordinate x and the momentum p are called the canonical variables of the system.
Using these variables, we can define the Poisson bracket

{f, g} = ∂f

∂q

∂g

∂p
− ∂f

∂p

∂g

∂q
. (A.2)

Clearly, we have that

{q, q} = {p, p} = 0 (A.3)
{q, p} = 1. (A.4)

These relations should hold for each set of canonical variables.
Applying Hamilton’s equation

dp

dt
= −∂H

∂x
(A.5)

dx

dt
= ∂H

∂p
(A.6)

we find
dp

dt
= −mω2x (A.7)
dx

dt
= p

m
, (A.8)
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which can be combined to obtain the familiar equation of motion

d2x

dt2
= −ω2x. (A.9)

Imposing the boundary conditions x(0) = A and dx
dt

(0) = 0, we find as solution

x(t) = A cos(ωt). (A.10)

A.2 A set of coupled oscillators
The Hamiltonian is now given by

H =
N∑
i

p2
i

2mi

+ 1
2

N∑
i,j

Kijxixj. (A.11)

Making use of Hamilton’s equations, we find the following equation of motion

M
d2x

dt2
= −Kx. (A.12)

To solve for the eigenmodes, we propose a solution of the kind x = c cos(ωt+ φ), with c a
real vector. The equation becomes

Mω2c = Kc (A.13)

or, with K ′ = M−1/2KM−1/2 and c′ = M1/2c

K
′
c
′ = ω2c

′
, (A.14)

which is a regular eigenvalue problem. We therefore obtain that c′ has to be an eigenvalue
of K ′ or, equivalently, c has to be an eigenvalue ofM−1K. The general form of the solution
is therefore, with the notation from before

xk =
N∑
i=1

ci
Vki√
mk

cos(ωit+ φi) (A.15)

We impose the following initial conditions

dx

dt

∣∣∣∣
t=0

= 0, (A.16)

xk(0) = Aδk,0. (A.17)
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The first condition leads to φi = 0, ∀i, whereas the second leads to

bi = AV0i
√
m0. (A.18)

We thus obtain

xk = A

√
m0

mk

N∑
i=1

V0iVki cos(ωit) = A

√
m0

mk

N∑
i=1

VikVi0cos(ωit). (A.19)
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Appendix B

The Baker–Campbell–Hausdorff
formula

Throughout this appendix capital letters will represent operators. The most general form
of the Baker–Campbell–Hausdorff formula reads

log(expX expY ) =
∑
n>0

(−1)n−1

n

∑
ri+si>0
1≤i≤n

(∑n
i=1(ri + si))−1

r1!s1! · · · rn!sn! [Xr1Y s1Xr2Y s2 . . . XrnY sn ],

(B.1)

where sn and rn are non-negative integers and we have used the following notation

[Xr1Y s1 . . . XrnY sn ] = [X, [X, . . . [X︸ ︷︷ ︸
r1

, [Y, [Y, . . . [Y︸ ︷︷ ︸
s1

, . . . [X, [X, . . . [X︸ ︷︷ ︸
rn

, [Y, [Y, . . . Y︸ ︷︷ ︸
sn

]] . . .]].

(B.2)

This term is zero if sn > 1 or if sn = 0 and rn > 1 [62]. Explicitly writing out the first few
terms, we find

log(expX expY ) (B.3)

= X + Y + 1
2[X, Y ] + 1

12 ([X, [X, Y ]] + [Y, [Y,X]]) (B.4)

− 1
24[Y, [X, [X, Y ]]] (B.5)

− 1
720 ([Y, [Y, [Y, [Y,X]]]] + [X, [X, [X, [X, Y ]]]]) (B.6)

+ 1
360 ([X, [Y, [Y, [Y,X]]]] + [Y, [X, [X, [X, Y ]]]]) (B.7)

+ 1
120 ([Y, [X, [Y, [X, Y ]]]] + [X, [Y, [X, [Y,X]]]]) + · · · . (B.8)
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This formula is very general, but rather unwieldy. We will make use of a more specific and
compact version of the Baker–Campbell–Hausdorff formula:

eXY e−X = Y + [X, Y ] + 1
2! [X, [X, Y ]] + 1

3! [X, [X, [X, Y ]]] + · · · . (B.9)

This formula can be proven, see [63], by assuming that esXY e−sX with s real can be written
as esXY e−sX = f(s)Y . Taking the derivative to s on both sides of the equation, we find

d

ds
f(s)Y = XeXY e−sX − esXY e−sXX = [X, f(s)Y ]. (B.10)

Denoting [X, Y ] as adX Y and using the fact that f(s = 0) = 1, we find that

f(s) = es adX , (B.11)

which after putting s = 1 proves equation (B.9).
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Appendix C

The Newton-Raphson method

The Newton-Raphson is an iterative method to numerically determine the roots of a dif-
ferentiable function. Suppose we have a function f(x) of which we want to determine a
root. We start by making an initial guess, x0. If we know the numeric values of f(x0) and
f
′(x0), we can find an improved guess

x1 = x0 −
f(x0)
f ′(x0) . (C.1)

This formula is derived found by linearly approximating f(x) around x0 and by looking
for the root of this approximation

f(x1) ≈ f(x0) + (x1 − x0)f ′(x0) = 0. (C.2)

Solving this for x1, we indeed find equation C.1. Repeating this procedure for the new
guess x1, we find that in general

xn+1 = xn −
f(xn)
f ′(xn) . (C.3)

Figure C.1 illustrates the algorithm. We indeed see that method can converge very quickly
under the right circumstances. However, the above discussion applies only to a function in
one variable. For a set of k functions in k variables, the above generalizes to

J(xn)(xn+1 − xn) = −F (xn), (C.4)

where J(xn) is the Jacobian and F is the vector function consisting out of the k functions. It
can be proven that, under certain conditions, the method converges quadratically, meaning
that the error in iteration n + 1 is proportional to the square of the error in iteration n

[65]. The method has a few disadvantages. The function under consideration should be
differentiable and it has to be possible to efficiently evaluate the first derivative. Also, if a
bad initial guess is made the method might not converge.
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Figure C.1: A graphical illustration of the Newton-Raphson method. [64]
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