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1 Hamiltonian derivation of equations of motion for the (N, P,σa =

0, H) ensemble

1.1 Derivation of the Hamiltonian

In this section, a set of equations of motion is proposed, based on a Hamiltonian derivation. To

obtain this set of equations, we start from the Lagrangian proposed by Parrinello and Rahman.1

This Lagrangian describes a system consisting of N masses mj under influence of a hydrostatic

pressure P1 and a potential V , but without temperature control, thus describing the (N, P,σa =

0, H) ensemble (see Table 1 in the main text for the used notation):

LNPH(s
N , ṡN , h, ḣ) =

N

∑
j=1

mj
ṡT

j hThṡj

2
− V − P det h + W

Tr(ḣTḣ)
2

, (S1.1)

with W the barostat mass. In this equation, the fractional coordinates sj are introduced, which

are related to the real coordinates rj of the particles through the unit cell tensor h = [a, b, c]:

rj = hsj (S1.2)

In the remainder of the derivation, periodic boundary conditions are assumed.

To facilitate the derivation, it is assumed that the time derivative of the unit cell tensor h is

much smaller than the time derivative of the fractional coordinates, so that

ṙj =
d
dt

(hsj) = ḣsj + hṡj
∼= hṡj (S1.3)

The first two terms of the Lagrangian in Eq. (S1.1) correspond to the usual kinetic and potential

energy of the system of N particles, while the third and fourth terms can be regarded as the

potential, respectively kinetic energy associated with the unit cell tensor h, with W a fictitious

mass associated with the cell tensor motion.

The reciprocal unit cell tensor G = [ga, gb, gc] with reciprocal basis vectors ga, gb and gc, is

defined as

hTG = 1⇒ G = [hT]−1, (S1.4)
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so that µ · gν = δµ,ν.

Using the Lagrangian of Eq. (S1.1), the atomic momenta are derived as

ps,j = ∇ṡjLNPH = mjhThṡj
∼= mjhTṙj (S1.5)

and the cell momentum tensor ph is given by

ph,µν =
∂LNPH

∂ḣµν

= Wḣµν ⇒ ph = Wḣ (S1.6)

Hence, the Hamiltonian associated with the Lagrangian proposed by Parrinello and Rahman in

Eq. (S1.1) takes the following form:

HNPH(s
N ,pN

s , h, ph) =
N

∑
j=1
ps,j · ṡj + ph : ḣ−LNPH (S1.7)

=
N

∑
j=1

pT
s,jG

TGps,j

2mj
+ V +

Tr(pT
h ph)

2W
+ P det h (S1.8)

Note that the cell momentum tensor ph derived above is not the cell momentum tensor pg used

in the MTTK and Langevin barostat equations employed in the main text.

1.2 Derivation of the equations of motion

The equations of motion belonging to the Hamiltonian of Eq. (S1.8) are:

ṡj = ∇ps,jHNPH = GTG
ps,j

mj
(S1.9a)

ṗs,j = −∇sjHNPH = −∇sjV (S1.9b)

ḣµν =
∂HNPH

∂ph,µν
=

ph,µν

W
⇒ ḣ =

ph

W
(S1.9c)

ṗh,µν = −∂HNPH

∂hµν
= −

N

∑
j=1

pT
s,j

2mj

∂(GTG)

∂hµν
ps,j −

∂V
∂hµν

− PGµν det h (S1.9d)

where we used that:

d
dAµν

det(A) = det(A)Tr
(

A−1δµν

)
= det(A)[A−1]νµ (S1.10)
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in which δµν is the 3× 3 matrix for which all elements are zero, except for the element on row µ

and column ν.

Eq. (S1.9d) can be further simplified, using the definition of the reciprocal unit tensor G (S1.4):

−
N

∑
j=1

pT
s,j

2mj

∂(GTG)

∂hµν
ps,j = −

N

∑
j=1

pT
s,j

mj

∂h−1

∂hµν
Gps,j (S1.11)

=
N

∑
j=1

pT
s,j

mj
h−1 ∂h

∂hµν
h−1Gps,j (S1.12)

=
N

∑
j=1

1
mj

[(
Gps,j

)
⊗
(

GTGps,j

)]
µν

(S1.13)

=

[
N

∑
j=1

pj ⊗ (GTpj)

mj

]
µν

(S1.14)

Here, the real momenta pj = Gps,j were introduced in a similar way as in the derivation of the

equations of motion corresponding to a Nosé–Hoover chain.2

The potential energy V only depends on the relative position of the atoms:

V = V({r′k − rj}j,k) (S1.15)

In the case of periodic boundary conditions, this dependency on the relative positions can be

written out so that only atoms from one unit cell need to be taken into account. Since only

those interatomic interactions are counted for which at least one of the atoms is located in the

simulation cell, we may assume that rj lies in this simulation cell, while r′k is the position of an

arbitrary atom. Due to the periodicity, r′k can always be expressed as rk +Rn, where rk lies in

the simulation cell and

Rn = hn, with n ∈ Z3 (S1.16)

In this way, the dependence of the potential energy on the relative distances over the borders of

the simulation cell transforms into

V = V({djkn}j,k,n) (S1.17)

with

djkn = rk − rj +Rn (S1.18)
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and both rj and rk in the simulation cell. The second term of Eq. (S1.9d) reduces to:

− ∂V
∂hµν

= − ∑
κ=x,y,z

∑
j≤′k

∑
n

∂V
∂djkn,κ

∂djkn,κ

∂hµν
(S1.19)

= − ∑
κ=x,y,z

∑
j≤′k

∑
n

∂V
∂djkn,µ

(rk,κ − rj,κ + Rn,κ)Gκν (S1.20)

making use of the relation sj = h−1rj = GTrj. The symbol ≤′ indicates that j should be smaller

than or equal to k if n 6= 0, and both indices should indicate atoms lying in the simulation cell; if

n = 0, the previous restrictions apply, and moreover, j and k cannot be equal, since they would

point to the same atom otherwise.

Eq. (S1.20) can be further simplified using the definition of the virial tensor:3

Ξµκ = ∑
j≤′k

∑
n

(rk,µ − rj,µ + Rn,µ)
∂V

∂djkn,κ
(S1.21)

so that

− ∂V
∂hµν

= −[ΞTG]µν (S1.22)

Substituting Eqs. (S1.20, S1.22) in Eq. (S1.9d) yields the equation of motion for the barostat

momentum tensor ph, with V = det h:

ṗh =

[
1
V

N

∑
j=1

pj ⊗ pj

mj
− Ξ

V
− P1

]T

VG (S1.23)

where we exploited the symmetry of pj ⊗ pj and the unit tensor, and the identity pj ⊗ (GTpj) =

(pj ⊗ pj)G.

The first two terms between brackets form the internal pressure tensor Pi, counteracting the

external pressure P1. This leads to the expression used in the main text:

Pi =
1
V

[
N

∑
j=1

pj ⊗ pj

mj
− Ξ

]
(S1.24)
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and the equations of motion

ṙj =
pj

mj
(S1.25a)

ṗj = −∇rjV = Fj (S1.25b)

ḣ =
ph

W
(S1.25c)

ṗh = (Pi − P1)T VG (S1.25d)

where again the assumption expressed in Eq. (S1.3) was used, as well as a similar expression

for the atomic momenta. These equations of motion correspond to the ones implemented by

Parrinello and Rahman.1

1.3 Interpretation of the equations of motion

This last equation of motion is very similar to Newton’s second law for the atomic momenta pj,

since we can identify (Pi − P1)T VG with a force tensor Fpress. To see this, we will introduce

the net pressure tensor Pnet = Pi − P1 and assume, for simplicity, a tetragonal cell with unit cell

tensor h = [a, b, c] = diag(a, b, c), so that

VG =


bc 0 0

0 ac 0

0 0 ab

 =


|(b× c) · 1a| 0 0

0 |(a× c) · 1b| 0

0 0 |(a× b) · 1c|

 (S1.26)

Here, VG contains the projected surface areas. In general, the element VGµν denotes the area

of the surface spanned by the two cell vectors not contained in the µth column of the unit cell

tensor h, projected on the surface normal to the ν axis. This results in

ṗh = (Pi − P1)T VG =


bcPnet

xx acPnet
yx abPnet

zx

bcPnet
xy acPnet

yy abPnet
zy

bcPnet
xz acPnet

yz abPnet
zz

 (S1.27)

Hence, the time derivative of the cell momentum tensor ph is given by a tensor whose ele-
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ments Fpress,µν denote the pressure parallel to the µ axis, exerted on the surface normal to the ν

axis, and multiplied by the signed area of this surface, a result that still holds for less symmetric

cell tensors. This latter can be interpreted as a force along the µ axis, on this given surface. The

equations of motion (S1.25a–S1.25d) thus consist of two equations of the form ẋ = p/m (S1.25a,

S1.25c) and two equations of the form ṗ = F (S1.25b, S1.25d).

While the here derived equations of motion also yield the correct (N, P,σa = 0, T) ensemble

when coupled to a thermostat, their form does not allow for an easy implementation. However,

they closely resemble the equations of motion as introduced by Martyna, Tuckerman, Tobias

and Klein,4,5 which are discussed in the main text, but cannot be directly derived using this

Hamiltonian approach.
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2 Characterization of the (meta)stable states

In this section, the stable and metastable states of MIL-53(Al) and the stable state of MOF-5

are analysed. First, it is stated how both the large-pore (LP) and closed-pore (CP) averages for

MIL-53(Al) can be determined based on one simulation starting in the LP phase. Furthermore,

the average cell parameters of the three structures and the corresponding standard errors are

reported. Special attention is given to the cell parameters in the LP phase, where significant

discrepancies have been noticed between the Berendsen predictions and those of the two other

barostats.

The MD simulations were carried out in the (N, P,σa = 0, T) ensemble, with P = 100 kPa and

T = 300 K, for a total duration of 800 ps (MIL-53(Al)), respectively 600 ps (MOF-5). The Verlet

timestep was 0.5 fs (MIL-53(Al)) or 0.75 fs (MOF-5) and a thermostat relaxation constant τT of 0.1

ps was chosen. In the case of MIL-53(Al), the simulation cell contains 152 atoms, corresponding

to two conventional unit cells, while for MOF-5 one conventional unit cell of 424 atoms was

sufficient.

The same procedure was also carried out at other pressures, from 300 kPa up to 30 MPa for

MOF-5, and up to 1 GPa for MIL-53(Al). However, the difference in cell parameters was seen to

be smaller than the standard deviation on the simulation results, and these cell parameters are

hence not reported. This observation is confirmed by the large bulk modulus, as reported in the

main paper.

2.1 Definition of the LP and CP averages

In Figure S1, one of the (N, P,σa = 0, T) simulations at 1 MPa and 300 K for MIL-53(Al) is shown.

Pressure control in that simulation was achieved using the MTTK barostat with a relaxation time

τP = 5 ps. During this simulation, a LP-to-CP transition is observed after about 320 ps. As

mentioned in the methodology section (Eq. 2.8), the time to transition tLP→CP is defined as the

time needed for the system to first cross the threshold volume Vtr, here taken to be 1000 Å3. This

threshold volume, as well as the time to transition, are indicated in gray on Figure S1.

Since we are interested in cell parameters of the stable or metastable state, part of the simula-

tion corresponding to the transition region should be discarded. As mentioned in the computa-

S8



Simulation time [ps]

In
st

an
ta

n
eo

u
s 

v
o

lu
m

e 
[ 

   
]

large-pore region closed-pore region

Figure S1: Instantaneous volume as a function of the simulation time for an (N, P,σ=0, T)
simulation at 1 MPa and 300 K for MIL-53(Al), using a MTTK barostat with a relaxation time
τP = 5 ps. Indicated in this figure are the threshold volume Vtr, the time to transition tLP→CP, and
the regions which are considered for the calculation of the LP and CP averages in Section 4.1.

tional details section, a transition interval of 4τP is taken into account, centered around tLP→CP.

This interval, which is omitted in the calculation of the averages, is indicated with the gray box in

Figure S1. This ensures that the reported averages of the cell parameters and internal coordinates

in Section 4.1 correspond to the large-pore, respectively the closed-pore phase.

2.2 Cell parameters

In Tables S1–S3, the cell parameters are reported for the stable and metastable structures of MIL-

53(Al), as well as for the stable structure of MOF-5. The a and c cell lengths are visualised in

Figure 3 of the main article, while b is measured perpendicular to those directions. The α cell

angle is defined as the angle in between the unit cell vectors b and c, while β is the angle in

between c and a, and γ is enclosed by the vectors a and b. In these tables, we use the following

convention to indicate the standard error: 16.506(4) should be read as 16.506 ± 0.004, while

17516(29) indicates 17516± 29.
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2.3 Distribution of the MIL-53(Al) LP averages

Langevin

Berendsen
MTTK

Langevin

Berendsen
MTTK

Cell length    [   ] Cell length    [   ]

Figure S2: Probability density functions for the cell lengths a (left) and c (right) in the LP phase
during one of the (N, P,σa = 0, T) MD simulations of MIL-53(Al) at 300 K and 0.1 MPa used to
generate Figure 3 of the main text. A barostat relaxation time of 10 ps has been used.

Figure 3 in the main manuscript displays the cell parameters for the LP and CP equilibrium

states of MIL-53(Al) and MOF-5 as derived from (N, P,σa = 0, T) simulations. While the three

barostats predict similar unit cell vectors for the MIL-53(Al) CP phase and the stable state of

MOF-5, the discrepancy noticed in the LP phase of MIL-53(Al) in the reproduction of the soft

directions a and c requires some elucidation. In Figure S2, we plot the PDFs of these two cell

lengths a and c as resulting from an (N, P,σa = 0, T) simulation at 300 K and 0.1 MPa for the

three barostats and a barostat relaxation time of 10 ps. It was shown in Figure 3 of the main

manuscript that the barostat relaxation time does not influence the average cell parameters.

Two apparent conclusions emerge from Figure S2: (i) the in the PDFs corresponding with the

Berendsen barostat is much narrower, and (ii) the shift of the positions of the peaks with respect

to the mean values of the cell vectors a and c predicted by the MTTK and Langevin barostats.

The sharp peak observed in both PDF plots suggests an extremely small area of possible

(a, c) values encountered during the MD simulation when using the Berendsen barostat. The

small red strip in the correlation diagram of Figure S3, corresponding to the Berendsen barostat,

highly contrasts with the broad blue scatter region belonging to the MTTK barostat. This is
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]

Figure S3: Scatter plot for the plane spanned by the cell lengths a and c (left) and the plane
spanned by the diagonal length D and the interdiagonal angle θ (right) in the LP phase during
one of the (N, P,σa = 0, T) MD simulations of MIL-53(Al) at 300 K and 0.1 MPa used to generate
Figure 3 of the main text. For both the Berendsen (red) and MTTK (blue) barostat, a barostat
relaxation time of 10 ps has been used.

a direct consequence of the reduced pressure fluctuations of the Berendsen barostat, since the

large pressure fluctuations are responsible for the large fluctuations in cell lengths. We note the

striking linear correlation observed between the a and c cell lengths with a correlation coefficient

of −0.97. Hence, a reduction in the unit cell length a will lead to an increase in the cell length c,

and vice versa, indicating a clear coupling of these soft modes. The corresponding free energy

profile in the (a, c) plane corresponding to the LP phase is hence characterised by an elongated,

narrow minimum, shown in the left pane of Figure S3.

Instead of the (a, c) correlation diagram, we could also construct a scatter diagram displaying

the diagonal length D and interdiagonal angle θ, as shown in the first row of Figure S3. Although

the two scatter plots of Figure S3 contain the same information, the two observables D and θ are

less correlated, leading to a better defined global minimum in the free energy (or maximum

in the probability distribution). Also here, the Berendsen results are confined to a small strip

succeeding in determining the correct mean diagonal length D, but failing in reproducing the

S13



interdiagonal angle θ. From the right pane of Figure S3, it is clear that the Berendsen barostat

only allows a very small range of diagonal lengths around 21.3 Å, which corresponds to the

minimum obtained with the MTTK barostat. To achieve the global minimum in the (D, θ) plane,

θ should be decreased, while the allowed change in D is limited for the Berendsen barostat.

Hence, a should be increased and c should be decreased simultaneously to decrease θ, while

limiting the change in D. Any deviation from this estimate corresponds to an increase in free

energy. This free energy barrier can be overcome by sufficiently large pressure fluctuations.

However, these fluctuations are exactly what is suppressed when using the Berendsen scheme.

As a result, the Berendsen scheme will be noticeably slower to converge in a narrow, elongated

free energy minimum as present here.
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3 Free energy profile

To obtain the pressure and free energy profiles of Figure 6 and Figure 7, (N, V,σa = 0, T)

simulations were carried out on a volume grid with a spacing amounting to 5 Å3 (MIL-53(Al))

or 10 Å3 (MOF-5), with the same computational details as in the previous section. The average

internal pressure was fitted to polynomial as a function of volume, and the resulting data were

extracted from this fit. For MIL-53(Al), this polynomial was of eleventh order, while a fifth-order

polynomial sufficed for MOF-5. The coefficients of these polynomials are reported in the next

paragraph. Subsequently, the properties derived from these simulations are reported. Finally, we

also investigate the fluctuations in cell shape during (N, V,σa = 0, T) simulations for MIL-53(Al),

focussing on the cell lengths a and c. We also analyze the internal pressure as a function of these

cell lengths, and explain how the linear behavior of the internal pressure can explain the observed

coinciding pressure profiles of Figures 6 and 7 of the main paper. Finally, we investigate the free

enthalpy profile as an alternative to the pressure and the free energy profiles provided in the

main text, determining the different stable and metastable states at a given pressure. Moreover,

we prove via a committor analysis that the local maximum of the free energy profile corresponds

to a transition state.

3.1 Coefficients of the polynomial fit

To reduce the noise, the average internal pressure 〈Pi〉 as a function of the volume V for each set

of barostat and barostat relaxation time is fitted to a polynomial, following:

〈Pi(V)〉 =
n

∑
i=0

ci

(
V
V

)i

(S3.1)

Here, V indicates the average of the volume range over which the fit is carried out, ci are the

expansion coefficients, and n is the order of the polynomial. While the inclusion of the scaling

factor V is optional, it results in dimensionless coefficients ci. As indicated before, n = 11 for

MIL-53(Al), while n = 5 for MOF-5. In Table S4 (MIL-53(Al)) and Table S5 (MOF-5), these

coefficients and the average volume are reported.
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3.2 Derived properties

For both MIL-53(Al) and MOF-5, we generated one pressure profile for each barostat and baro-

stat relaxation time. One such profile consists of a set of MD trajectories, one per volume grid

point. Afterwards, the bootstrap method was applied to generate 99 extra trajectories per MD

trajectory.6,7 These bootstrapped trajectories are generated by random sampling of the configu-

rations from the original trajectory with replacement. In this way, bootstrapped pressure profiles

can be generated, and an estimate can be made of the average of and the sampling error on

the simulated results, such as the equilibrium volumes and transition pressures. The sampling

errors provided in Tables S6–S7 are calculated in this way, and give a reliable estimate of the

uncertainty on the equilibrium volumes and the transition pressures. For the bulk moduli and

differences in free energy, one should also take into account that there is not only an uncertainty

in the calculated property, but also in the volume at which this property is calculated, so that

the tabulated uncertainties for these properties are only a lower bound. Moreover, note that this

sampling error only consists of the error which could be introduced by a nonconverged simula-

tion. Other errors, such as those introduced by the force field or nonergodicity of the algorithms,

are contained in the statistical error, which is not calculated here.
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3.3 Cell shape fluctuations
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Figure S4: Probability density functions for the cell lengths a (top row) and c (bottom row) during
an (N, V,σa = 0, T) MD simulation of MIL-53(Al) at 300 K. The two left panes are generated for
a unit cell volume of 900 Å3 (close to the CP phase), while the two right panes correspond to
V = 1400 Å3 (close to the LP phase). For all distributions, a barostat relaxation time of 10 ps has
been used.

In the left pane of Figure 2 of the main paper, it was shown that the pressure fluctuations

were suppressed when using the Berendsen barostat in (N, P,σa = 0, T) simulations. This also

leads to a reduction of the true volume fluctuations in the simulations, of the fluctuations in the

distribution function for the internal coordinates in the LP phase, shown in Figure 4 and Figure

5 of the main paper, and of the fluctuations in the distribution function for the cell parameters

in the LP phase, as shown in Figure S2 of the Supporting Information. For the (N, V,σa = 0, T)

simulations discussed in this section, the volume is kept constant. However, the reduced pressure

fluctuations are still expected to affect the distribution of the five cell shape parameters. Here,
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Figure S5: Internal pressure as a function of the cell lengths a (top row) and c (bottom row)
for the (N, V,σa = 0, T) simulations with the MTTK barostat corresponding to Figure S4. The
results are obtained by discretising the cell lengths during the simulation, and averaging the
internal pressure for each of the discretised intervals.

we will again focus on the two cell parameters a and c of MIL-53(Al), which can still fluctuate

independently since only the volume is kept fixed. As shown in Figure S4, the fluctuations of

these cell lengths in the (N, V,σa = 0, T) ensemble are largely underestimated when using a

Berendsen barostat, while the MTTK and Langevin barostat yield coinciding distributions.

Based on this observation, it might seem quite surprising that the pressure profiles obtained

with the three barostats coincide, since the Berendsen barostat does not sample the complete

distribution of the cell parameters. However, as shown in Figure S5, the internal pressure is

in good approximation a linear function of the cell lengths a and c. Hence, any symmetric

distribution of the cell length PDFs will yield the same result for the average internal pressure,

provided that the mean of the distribution is correct. This is indeed the case for Berendsen, as
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can be seen in Figure S4, which explains the coinciding internal pressure profiles of Figure 6 and

Figure 7 of the main paper. However, as stated in the main paper, any nonlinear function of these

cell lengths, for instance including the variation in the cell lengths, will be able to distinguish

between the Berendsen barostat on the one hand, and the MTTK and Langevin barostats on the

other hand.

3.4 Free enthalpy profile of MIL-53(Al)

In Figure 6 of the main text, both the pressure and the free energy profile are shown as a function

of the unit cell volume for MIL-53(Al). A completely similar discussion as in Section 4.2 for MIL-

53(Al) can be carried out using the free enthalpy profile as a function of the unit cell volume. The

free enthalpy G as a function of the unit cell volume V, defined as

G(P, T; V) = F(T; V) + PV, (S3.2)

is the thermodynamic potential whose minima as a function of V indicate the stable and metastable

states under isothermal-isobaric conditions at a temperature T and pressure P.

In Figure S6, different free enthalpy profiles are provided, corresponding to different values of

the external pressure P and at 300 K. The global minimum of each of these profiles corresponds

to the stable state at the given (P, T) conditions for MIL-53(Al). For some intermediate pressures,

another local minimum appears, which corresponds to a metastable state at the given (P, T)

conditions. For these profiles, also a local maximum arises between the local and the global

minima, indicating a transition state, as will be explicitly shown with a committor analysis below.

From the free enthalpy profiles in Figure S6, we easily locate the stable state at each pressure,

and in addition also the transition pressures are readily derived. We observe that for some

pressures these free enthalpy profiles show multiple minima, while for others only one minimum

is observed. In the case that two local minima arise, one corresponds with the stable state (red

circle, global minimum) and the other with the metastable state (black circle, local minimum).

Both the CP and the LP state can be stable or metastable, depending on the applied pressure.

The LP-to-CP transition pressure corresponds to that pressure for which the LP metastable phase

disappears, around 29 MPa. Likewise, the CP metastable phase disappears for pressure below
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Figure S6: Free enthalpy G as a function of the constrained unit cell volume V for MIL-53(Al)
at different pressures, resulting from (N, V,σa = 0, T) simulations at T = 300 K. This plot
was generated using the Langevin barostat with a relaxation time of 1 ps. Stable states (global
minima) are indicated with filled red circles, metastable states (local minima) are indicated with
black filled circles, and transition states (local maxima) are indicated with black crosses.

circa −180 MPa, indicating the CP-to-LP transition pressure.

For instance, at 300 K and starting from a pressure of −250 MPa, we see that the single mini-

mum near the LP phase represents the global minimum. When increasing the pressure to −180

MPa, a second minimum arises near the CP state. However, this is only a metastable state at

this pressure, which is separated from the global minimum by means of a local maximum: the

transition state (black cross). When increasing the presure to about −60 MPa, the CP state be-

comes the global minimum and thus the stable state, while the LP state is now a local minimum.

For higher pressures the LP minimum completely disappears, and only a stable CP minimum

remains.

From this discussion, we can also determine the transition pressure, assuming that a transition

is a collective motion, so that any nonzero barrier cannot be overcome.8,9 Indeed, suppose we

start in the LP phase at 0 MPa, and increase the pressure. As long as the pressure is sufficiently

low, this state will be metastable, and will be retained if no steering force is present. Only when

the pressure is increased above 29 MPa, the LP minimum disappears, and the structure will

transform towards the CP state. Hence, this pressure corresponds to the LP-to-CP transition
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Figure S7: Overview of the stable CP state, the metastable LP state, and the transition state of
MIL-53(Al): cell parameters and symmetry groups. All information is obtained from (N, V,σa =
0, T) simulations with the Langevin barostat and a barostat relaxation time of 1 ps. The reported
structures are averaged over the whole trajectory.

pressure. Likewise, when starting in the CP phase at about 0 MPa, and decreasing the pressure,

the structure will only transform to the LP phase when the CP minimum disappears, around

−180 MPa. Hence, PCP→LP = −180 MPa. These observations all agree with the discussion in

Section 4.2 of the main text.

To further characterise the three states of interest, the stable, metastable and transition state,

we will look at the free enthalpy profile as a function of the unit cell volume at 0 MPa (corre-

sponding to the free energy), shown in Figure S7. Due to the interpolation scheme, the volumes

VCP, Vtr and VLP reported in Table S6 differ slightly from those reported in Figure S7, which cor-

respond to the values for which (N, V,σa = 0, T) simulations were carried out. For each of these

three simulations, the average structure throughout the simulation is determined. This leads to
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the structures and cell parameters as shown in Figure S7. The symmetry group is determined

using the PLATON software.10

To verify that the local maximum indeed corresponds to a transition state, a committor anal-

ysis is performed.11,12 For this, 100 snapshots are taken from the (N, V,σa = 0, T) simulation

with volume closest to Vtr. For each of these snapshots, an (N, P,σa = 0, T) simulation is carried

out at P = 0 MPa and T = 300 K, where the velocities are randomly distributed according to the

Maxwell-Boltzmann distribution. The basins of the closed pore and large pore are chosen to be

symmetric with respect to Vtr. The volume is regarded as the collective variable to determine if

the structure belongs to the CP or LP basin:

ΩCP =
{

V|V < 1170 Å
3
}

ΩLP =
{

V|V > 1370 Å
3
}

. (S3.3)

For 57 of the 100 simulations, the LP is first encountered before transforming to the CP. This

corresponds to a committor value pLP = 0.57, confirming that the found maximum is a transition

state.
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4 Dynamic determination of the transition pressure

In this section, the transition from the large-pore to the closed-pore structure in MIL-53(Al) is

further investigated. The simulation results reported here are obtained from 100 (N, P,σa = 0, T)

simulations with T = 300 K and various pressures P ranging from 0.1 MPa to 1 GPa, using both

the MTTK and Langevin barostat and different barostat relaxation times τP. We will propose two

models, a Poisson and a Gaussian model, to explain the observed times to transitions. In the

Poisson process, it is assumed that the LP-to-CP transition is stochastic and occurs very rarely.

This corresponds to the situation where the applied pressure is low, so that the large energy

barrier between the CP and LP states cannot be crossed based on this mean applied pressure.

In the Gaussian process, however, the applied pressure steers the material over the barrier, so

that the time to transition is a peaked distribution, with low variance due to the different initial

configurations.

In the first two paragraphs, we will determine how we can best fit the data to a Poisson or

Gaussian process, and how estimators for the parameters describing these distributions can be

derived based on the principle of maximum entropy.13,14 Afterwards, a criterion is established

to determine whether the data can best be explained by a Gaussian or Poisson process. Finally,

we report the simulated probability density functions for the MTTK barostat with τP = 1 ps. By

comparing these distributions with the best exponential fit to the data, we can visually confirm

the validity of this criterion.

4.1 Derivation of the parameters of the Poisson process

A first possible distribution which can be used to model the time to transition is given by the

exponential distribution E . This distribution is completely determined by one parameter, the

decay constant t0. The variable X is exponentially distributed with parameter t0 if

prob(X|t0) = E(X; t0) =
1
t0

exp
(
−X

t0

)
(S4.1)

and X ≥ 0. Here, we used the notation prob(X|t0) to denote the conditional probability of

finding a time to transition equal to X given the exponential parameter t0. This distribution
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hence completely determines the probability density function for the time to transition, given

this last parameter.

However, in this work, we do not a priori know this parameter t0, and will need to estimate

this parameter from the given sampling dataX = {X1, ..., XN}with sample size N. In accordance

with the principle of maximum entropy, we will estimate this parameter as the value of t0 which

maximises the conditional probability prob(t0|X , I), where I contains all available background

information—for instance earlier experiments. This probability is proportional to prob(X |t0, I)

through Bayes’ theorem:

prob(t0|X , I) =
prob(X |t0, I) prob(t0|I)

prob(X |I) ∝ prob(X |t0, I) prob(t0|I) (S4.2)

While the proportionality constant prob(X |I), which does not depend on t0, is important

for normalization, we will omit it here, since we are only interested in finding the value of t0

corresponding to the maximum probability. The factor prob(t0|I), the so-called prior, expresses

how we expect the parameter t0 to be distributed given the background information I. For

instance, it seems straightforward to assume that the time to transition should be nonnegative,

and hence also t0 > 0. However, to avoid any bias, we will assume that this prior is a flat

distribution. As such, this factor can be adsorbed as a constant of proportionality, yielding

prob(t0|X , I) ∝ prob(X |t0, I) (S4.3)

If each of the data points contained inX are independent, this latter probability can be expressed

as a product of the contributing partial probabilities, which we assumed to be exponentially

distributed:

prob(t0|X , I) ∝
N

∏
k=1

prob(Xk|t0, I) =
N

∏
k=1
E(Xk; t0) (S4.4)

After some algebraic manipulations, we arrive at a workable expression for the distribution
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of t0:

prob(t0|X , I) ∝
N

∏
k=1

1
t0

exp
(
−Xk

t0

)
(S4.5)

∝
1

tN
0

exp

(
−∑N

k=1 Xk

t0

)
(S4.6)

∝
1

tN
0

exp
(
−NX

t0

)
(S4.7)

where X denotes averaging over the sample size:

X =
1
N

N

∑
k=1

Xk (S4.8)

To find the maximum of this probability distribution, it is easier to work with the logarithm of

this expression:

L = ln{prob(t0|X , I)} = c− N ln t0 −
NX

t0
(S4.9)

where c expresses that this probability is only known up to a constant of proportionality. The

maximum of this distribution is then found by differentiating this expression with respect to t0,

the parameter we are trying to optimise:

dL
dt0

∣∣∣∣
t∗0

= −N
t∗0

+
NX
t∗20

= 0⇒ t∗0 = X (S4.10)

Hence, the best estimator for t0 is given by the sample mean X , which is independent of the

sample size. This value indeed corresponds to the maximum in the distribution, since

d2L
dt2

0

∣∣∣∣
t∗0

=
N
t∗20
− 2NX

t∗30
= − N

X
2 < 0 (S4.11)

Moreover, the standard deviation on this estimator can be derived from this second order deriva-

tive:15

σ2
t∗0
=

[
− d2L

dt2
0

∣∣∣∣
t∗0

]−1

=
X

2

N
(S4.12)
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Hence, we see that the 1σ confidence interval for the best t∗0 , the estimator of t0, is given by

t∗0 = X ± X√
N

(S4.13)

and hence becomes narrower the higher the sample size N, as could be expected.

4.2 Derivation of the parameters of the Gaussian process

The second model for the time to transition is given by the Gaussian or normal distribution N ,

characterised by a mean µ and standard deviation σ:

prob(X|µ, σ) = N (X; µ, σ) =
1√
2πσ

exp
(
− (X− µ)2

2σ2

)
(S4.14)

As in the previous section, we are interested in the best estimate for the parameters µ and

σ given the data X . Assuming that these two parameters are independent, we can tackle this

problem sequentially, starting with µ. Hence, we are interested in the marginal distribution, by

integrating out σ:

prob(µ|X , I) =
∫ ∞

0
prob(µ, σ|X , I)dσ ∝

∫ ∞

0
prob(X |µ, σ, I)dσ (S4.15)

For this expression, we again applied Bayes’ theorem and assumed a flat prior prob(µ, σ|I).

Assuming that the different samples are independent, we arrive at the counterpart of Eq. (S4.4):

prob(µ|X , I) ∝
∫ ∞

0

N

∏
k=1

prob(Xk|µ, σ, I)dσ =
∫ ∞

0

N

∏
k=1
N (Xk; µ, σ)dσ (S4.16)

Inserting the analytical expression for the normal distribution then yields:

prob(µ|X , I) ∝
∫ ∞

0

N

∏
k=1

1√
2πσ

exp
(
− (Xk − µ)2

2σ2

)
dσ (S4.17)

∝
1

(2π)N/2

∫ ∞

0

1
σN exp

(
−∑N

k=1(Xk − µ)2

2σ2

)
dσ (S4.18)
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Adsorbing the constant of proportionality, this expression reduces to

prob(µ|X , I) ∝
∫ ∞

0
wN−2 exp

(
−w2

2

N

∑
k=1

(Xk − µ)2

)
dw (S4.19)

∝
∫ ∞

0
wN−2 exp

(
−w2 N

2
(X2 − 2µX + µ2)

)
dw (S4.20)

∝

[
2

N(X2 − 2µX + µ2)

](N−1)/2 ∫ ∞

0
zN−2 exp(−z2)dz (S4.21)

∝

[
1

X2 − 2µX + µ2

](N−1)/2

(S4.22)

In this derivation, we adsorbed all constants of proportionality, in particular the last integral

which does not depend on the mean, since these constants only result in a global scaling of the

probability distribution. Furthermore, we used the transformations w = σ−1 and

z = w

√
N
2
(X2 − 2µX + µ2) (S4.23)

Again considering the logarithm of this expression, we arrive at

L = ln{prob(µ|X , I)} = c− N − 1
2

ln
[
X2 − 2µX + µ2

]
(S4.24)

The derivative of this expression yields:

dL
dµ

∣∣∣∣
µ∗

= −(N − 1)
µ∗ −X

X2 − 2µ∗X + µ∗2
= 0⇒ µ∗ = X (S4.25)

Hence, the best estimator for the mean of the normal distribution, µ, is again given by the sample

mean X , as long as the denominator is nonzero. This restriction is always fulfilled if X 6= 0,

since

X2 − 2µ∗X + µ∗2 ≥ X2 − 2µ∗X + µ∗2 = (X − µ∗)2 ≥ 0 (S4.26)

If however X = 0, Eq. (S4.24) reduces to L = c− (N − 1) ln( X2 + µ2)/2, with a maximum for

µ∗ = 0 = X .
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To estimate the error on this estimator, we need the second order derivative:

d2L
dµ2

∣∣∣∣
µ∗

= −(N − 1)
X2 − 2µ∗X + µ∗2 − 2(µ∗ −X)2(

X2 − 2µ∗X + µ∗2
)2 (S4.27)

= −(N − 1)
X2 −X2(
X2 −X2

)2 (S4.28)

= −N − 1
s2
X

(S4.29)

where we introduced the sample variance

s2
X = X2 −X2

=
1
N

N

∑
k=1

X2
k −

[
1
N

N

∑
k=1

Xk

]2

(S4.30)

This yields:

σ2
µ∗ =

[
− d2L

dµ2

∣∣∣∣
µ∗

]−1

=
s2
X

N − 1
(S4.31)

Hence, the 1σ interval for estimator of µ is given by

µ∗ = X ±

√
s2
X

N − 1
(S4.32)

and can again be narrowed down by increasing the sample size N.

In an analogous fashion an estimator for σ can be considered. With the same manipulations

as used to arrive at Eq. (S4.18), we find

prob(σ|X , I) =
∫ ∞

−∞
prob(µ, σ|X , I)dµ (S4.33)

∝
∫ ∞

−∞
prob(X |µ, σ, I)dµ (S4.34)

∝
1

σN

∫ ∞

−∞
exp

(
−∑N

k=1(Xk − µ)2

2σ2

)
dµ (S4.35)

∝
1

σN

∫ ∞

−∞
exp

(
−N(X2 − 2µX + µ2)

2σ2

)
dµ (S4.36)

∝
1

σN exp
(
−N

2
s2
X

σ2

) ∫ ∞

−∞
exp

(
−N(X − µ)2

2σ2

)
dµ (S4.37)
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Carrying out the remaining integration, we find

prob(σ|X , I) ∝
1

σN−1 exp
(
−N

2
s2
X

σ2

)
(S4.38)

In this derivation, we used the identity X2 = X
2
+ s2

X to introduce the sample variance. The

logarithm of Eq. (S4.38) is then given by

L = ln{prob(σ|X , I)} = c− (N − 1) ln σ− N
2

s2
X

σ2 (S4.39)

with derivative
dL
dσ

∣∣∣∣
σ∗

= −N − 1
σ∗

+ N
s2
X

σ∗3
= 0⇒ σ∗ =

√
N

N − 1
s2
X (S4.40)

For the error on this estimate, we consider the second order derivative:

d2L
dσ2

∣∣∣∣
σ∗

=
N − 1

σ∗2
− 3N

s2
X

σ∗4
= −2

(N − 1)2

N
1

s2
X

(S4.41)

Hence:

σ2
σ∗ =

[
− d2L

dσ2

∣∣∣∣
σ∗

]−1

=
N

2(N − 1)2 s2
X (S4.42)

and the 1σ confidence interval is given by

σ∗ =

√
N

N − 1
s2
X ±

√
N

2(N − 1)2 s2
X (S4.43)

4.3 Choosing the appropriate model

In the previous paragraphs, we derived estimators for each of the possible models describing

the time to transition. However, we did not yet mention how we can determine which of these

models best explains the simulated data. To do so, let G denote the hypothesis that the data can

be explained by a Gaussian, and P the hypothesis that the data supports the Poisson process. We

will investigate the ratio R of the two conditional probabilities

R =
prob(G, µ∗, σ∗|X , I)

prob(P, t∗0 |X , I)
(S4.44)
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Using Bayes’ theorem, this ratio can be further expressed as:15

R =
prob(G|I)
prob(P|I) ×

prob(X |G, µ∗, σ∗, I)
prob(X |P, t∗0 , I)

× σσ∗

∆σ∗
σµ∗

∆µ∗
∆t∗0
σt∗0

(S4.45)

This ratio is thus the product of three factors. The first factor expresses the preference for

one hypothesis over the other, given only the background information I. Since we want to

focus on the most probable model given the data, without interference of the a priori known

distribution, we will set this factor equal to one. The second factor, expressing that the data can be

explained by a Gaussian, respectively a Poisson process with the best estimate for its parameters,

was already encountered in the previous paragraphs, and can readily be inserted. Finally, the

last factor, called the Ockham parameter, corrects for the fact that the Gaussian model has two

parameters, whereas the Poisson process is described by only one parameter. Since we expect

that increasing the number of parameters will improve the goodness of fit, this extra parameter

should be penalised to avoid a model with a vast amount of parameters. The factors σx∗ express

the uncertainty on the estimator x∗, and were calculated before. The factors ∆x∗ = x∗max − x∗min

contain a priori information on the range in which we expect to find the best estimator x∗ for x.

To simplify this Ockham parameter, we will first assume that ∆σ∗ ∼= σσ∗ , hence that we have a

good idea about the width of the Gaussian distribution. While this assumption can be relieved,

it is not expected that this factor becomes very small, and will hence not largely influence the

final result. Furthermore, since t∗0 and µ∗ are both estimated by the mean of the sample data, we

can expect that our a priori information about both is the same: ∆t∗0 = ∆µ∗. Inserting Eq. (S4.12)

for σt∗0 and Eq. (S4.31) for σµ∗ then yields:

R =
∏N

k=1 prob(Xk, G, µ∗, σ∗, I)

∏N
k=1 prob(Xk, P, t∗0 , I)

√
s2
X

N − 1

√
N
X

(S4.46)

Since we know the Gaussian and Poisson distribution with the optimal estimators as calcu-
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Figure S8: Logarithm of the ratio as expressed in Eq. (S4.51) with N = 100 as a function of the
pressure for different barostat and barostat relaxation times. The more negative the value, the
more the LP-to-CP transition can be seen as a Poisson process, while positive values indicate a
Gaussian process. The darker the color, the higher the barostat relaxation time, chosen from 1, 5
and 10 ps.

lated in the previous section, this can be simplified to:

R =

√
N

N − 1
sX
X

∏N
k=1

1√
2πσ∗

exp
(
− (Xk−µ∗)2

2σ∗2

)
∏N

k=1
1
t∗0

exp
(
−Xk

t∗0
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2
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This ratio can vary hugely. Hence, it is more appropriate to express the logarithm of this

ratio:

ln R = −N
2

ln(2π) +
N − 1

2
[
ln(N − 1)− ln(N) + 2 lnX − ln s2

X

]
+

N + 1
2

(S4.51)

In Figure S8, this logarithm is shown as a function of the applied pressure P for the different

barostat and barostat relaxation times of Figure 8 of the main paper. We observe a clear switch
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between the Poissonlike process up to 10 MPa, and the Gaussianlike process as of 30 MPa—only

the MTTK simulation with a barostat time constant of 1 ps deviates from this result. Note that, to

obtain the ratio R, we should exponentiate this result, indicating that adapting our assumptions

regarding some of the factors in Eq. (S4.45)—the Ockham factor and the a priori ratio—will

not largely influence the result. If we define the transition pressure as the pressure needed to

switch the LP-to-CP transition from a rare event (Poissonlike) to a normal event (Gaussianlike),

it is observed from Figure S8 that this pressure is found in the range [10 MPa, 30 MPa]. Both

processes are equally as probable to explain the given data for a pressure of about 18 MPa,

in accordance with previous results in this paper and elsewhere.16 As a last remark, note that

while the Langevin barostat for small pressures indicates a Poisson process, this tendency is less

pronounced than when using the MTTK barostat. This could be due to the stochastic nature of

the Langevin barostat, in which one of the terms in the equation of motion for the cell momentum

tensor pg is normally distributed.

4.4 Overview of the distributions

In Figure S9, the probability density functions for the time to transition simulated with the

MTTK barostat with τP = 1 ps and at various pressures are reported. The distribution for

pressures of 1 MPa and 1 GPa are also shown in Figure 8 of the main paper. Each of the figures

is complemented by the analytical exponential distribution, for which the parameter t∗0 is taken

as the best estimator for this parameter as defined above. These distributions visually confirm

the conclusion expressed in Figure S8: up to (and, for this combination of barostat and relaxation

time, including) 30 MPa, the given data can be well fitted to an exponential function with the

given estimator t∗0 , while this is no longer the case for higher pressures.
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Figure S9: Probability density function (PDF) of the time to transition from 100 (N, P,σa = 0, T)
simulations at T = 300 K for MIL-53(Al) and different pressures applied with the MTTK barostat
with a relaxation time of 1 ps.
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